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Abstract

A wide variety of distortion functions are used for cluster-
ing, e.g., squared Euclidean distance, Mahalanobis distance
and relative entropy. In this paper, we propose and ana-
lyze parametric hard and soft clustering algorithms based
on a large class of distortion functions known as Bregman
divergences. The proposed algorithms unify cerntroid-based
parametric clustering approaches, such as classical kmeans
and information-theoretic clustering, which arise by special
choices of the Bregman divergence. The algorithms main-
tain the simplicity and scalability of the classical kmeans
algorithm, while generalizing the basic idea to a very large
class of clustering loss functions. There are two main con-
tributions in this paper. First, we posethe hard clustering

problem in terms of minimizing the lossin Bregman infor-

mation, a quantit y motivated by rate-distortion theory, and
presert an algorithm to minimize this loss. Secondly we
show an explicit bijection betweenBregman divergencesand
exponertial families. The bijection enablesthe development

of an alternativ e interpretation of an excient EM schemefor
learning models involving mixtures of exponertial distribu-

tions. This leadsto a simple soft clustering algorithm for all

Bregman divergences.

1 Intro duction

Data clustering is a fundamental \unsup ervised" learn-
ing procedure that has been extensiwely studied across
varied disciplines over seeral decades[14]. It has pro-
ducedse\eral parametric clustering methods which par-
tition the data into a pre-speci ed number of parti-
tions with a cluster representativecorresponding to ev-
ery cluster, such that a well-de ned costfunction involv-
ing the data and the represertativ esis minimized. For
hard clustering, wherein the partitions are disjoint, the
most well-known and widely usedalgorithm of this type
is the iterativ e relocation scheme of Euclidean kmeans
[14]. The popularity of this algorithm stems from its
simplicity and scalability. The corresponding soft* clus-
tering algorithm obtained by applying EM [9] to a mix-
ture model of Gaussianswith identical, isotropic covari-
ances,is also popular and can be scaledto large data
sets[6].

Underlying both hard and soft Euclidean kmeans
is a Gaussian\noise" model, which corresponds to a
squared-Euclideandistortion function [15. This dis-
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tortion function is also implicit in sewral other scal-
able techniques in the data mining literature. How-
ever, in many data mining applications, this distortion

function is not a good match with the data, and conse-
quertly kmeansperforms poorly as comparedto other
approades|[25]. In fact, in such situations kmeansoften
becomesa corveniernt strawman to show the superior-
ity of a competing technique! This has also led to the
seart for more appropriate distance functions for spe-
ci ¢ applications [1, 25].

Is it possibleto devisean algorithm which has the
simplicity and scalability of kmeansbut can cater to a
much larger class of distortion functions? A hint to-
wards an atrmativ e answer to this questionis provided
by the Linde-Buzo-Gray (LBG) algorithm [17] basedon
the Itakura-Saito distance, which has beenusedin the
signal-processingcommunity for clustering speet data.
The more recert information theoretic clustering algo-
rithm [10] for clustering probability distributions also
has a °avor similar to kmeans This algorithm usesthe
KL-div ergenceas the distortion function and is well-
suited for various clustering tasksin the analysisof high-
dimensional text data.

Our questioncannow be posedas: what classof dis-
tortion functions admit an iterative relocation scheme
wher a glotal objective function baseal on the distortion
with cluster centroids is progressivelydecreasal? In this
paper, we give a precise answer to this question: we
show that such a schemeworks for arbitrary Bregman
divergen@s In fact, it can be shown [4] that such a
schemeonly works for Bregman divergences.The scope
of this result is vast since Bregman divergencesnclude
a large number of useful loss functions suc as square
loss,KL divergence ogistic loss, Mahalanobis distance,
Itakura-Saito distance, hinge loss, etc.

We posethe hard clustering problem as one of ob-
taining an optimal quantization in terms of minimizing
the lossin Bregman information, a quartit y motivated
by rate-distortion theory. A simple analysisthen yields
aversionof the lossfunction that readily suggestsa nat-
ural algorithm to solve the clustering problem for arbi-
trary Bregman divergences.Partitional hard clustering
to minimize the lossin mutual information, a topic of
recent study [10], is seento be a special case of our
approach. Thus, this paper uni es sewral parametric



partitional clustering approadies.

Further, we preser afundamertal theoretical result
by shawing that there exists a bijection between Breg-
man divergen@sand expnential families. Sincegenera-
tive model-basedsoft clustering algorithms typically use
mixtures of exponertial distributions to model data, we
revisit EM for mixture model estimation for this class
of problems. We shaw that, with proper represerta-
tion, the bijection givesan alternativ e interpretation of
a well known excient EM scheme[22] applicablein this
case. The schemesimpli es the computationally inten-
sive maximization-step of the EM algorithm, resulting
in a general soft-clustering algorithm for all menmbers
of the exponertial family, e.g., Poisson, Bernoulli, Bi-
nomial and Multinomial models. Both hard and soft
clustering versionshave essetially the samescalability
as kmeans Moreover they can be readily adapted to
mixed data types, where di®erert distortion functions
within the family of Bregman divergencesare appro-
priate for di®erert subsetsof features. This makesour
theory and techniques suitable for a much wider class
of data mining applications.

The remainder of this article is organizedasfollows.
We introduce the concept of Bregman information to
motivate the Bregman hard clustering problem and
propose an algorithm to solve this clustering problem
in section 2. In section 3, we establish a connection
betweenexponertial families and Bregman divergences
and useit dewelop a soft Bregman clustering algorithm
in section4. In section5, we presert someexperimertal
results that illustrate the usefulnessof the Bregman
clustering algorithm. In section 6, we discussrelated
work. Finally, in section 7, we presen concluding
remarks.

A word about the notation: bold faced variables,
e.g.,x;1, etc., represen vectors, setsare represered by
calligraphic upper-casealphabets, e.g., X;Y, etc., and
erumerated asfx;glL; wherex; arethe elemers of the
set. R;R.+ and RY denote the set of reals, the set of
positive reals and the d-dimensional real vector space
respectively. kxk denotesthe L, norm. Probability
density functions are denoted by lower casealphabets,
e.g., p;q, etc. Probability measureon a set is denoted
by °©. If a random variable X is distributed as p, we
denote this by X » p. Expectation of functions of a
random variable X » p are denoted by E,[q when the
random variable is clear from the context. The inverse
of a function f is denotedby fi 1.

2 Bregman Hard Clustering

In this section, we introduce a new concept called the
Bregman information of a random variable based on
ideas from Shannon'srate-distortion theory. Then, we

motivate the Bregman hard clustering problem as a
quarntization problem that involves minimizing the loss
in Bregman information and shaw its equivalenceto a
more direct formulation, i.e., the problem of "nding a
partitioning and a represenativ e for ead of the parti-
tions such that the expected Bregman divergenceof the
points from their represerativ esis minimized. We also
proposea clustering algorithm that is a generalizationof
the kmeansalgorithm and is guaranteedto corvergeto a
local minimum of the Bregman hard clustering problem.

We begin by de ning Bregman divergence[2]]. Let
A : S 7! R be a strictly corvex function de ned on
a corvex set S u RY, sudh that A is di®ereriable
on int(S), the interior of S [23]. The Bregman
divergence D4i : S£ int(S) 7! [0;1) is de ned as
Da(x;y) = AX) i Aly)i i y;r Aly)i; wherer Ais
the gradient of A. Table 1 contains a list of somecorvex
functions and their corresponding Bregmandivergences.
Bregman divergencedave several interesting and useful
properties, such as non-negativity, corvexity in the rst
argumert, etc. For details see[3] and [5].

2.1 Bregman Information The dual formulation
of Shannon's celebrated rate distortion problem [13]
involves nding a coding schemewith a given rate, such
that the expecteddistortion betweenthe sourcerandom
variable and the decaled random variable is minimized.
The achieved distortion is called the distortion-r ate
function, i.e., in m um distortion achievable for a given
rate. Now consider a simple coding scdheme for a
random variable X that takesvaluesin a nite setX =

fxigh, 2 S u RY (S is corvex), following a discrete
probability measure® and the distortion function is a
Bregman divergenceD 4. The encading schemeinvolves
represering the random variable by a constart vector
S, i.e., codebook sizeis one, or rate is zero. The solution
to the rate-distortion problem in this caseis the trivial

assignmei. The corresponding distortion-rate function
is given by Eo. [D4(X;s)] that dependson the choice of
the represerative s and can be further optimized by
picking the right represenative. We call this optimal
distortion-rate function, i.e.,

(2.1) % Da(Xi;9);

i=1

rsglg E.[Da(X;9)] = rsrglg

the Bregman information of the random variable X
for the Bregmandivergence D 4 and denoteit by I 54(X).
The optimal s that achievesthe minimal distortion will
be called the Bregman representative or, simply the
representativeof X . The following theorem states that
this represertativ e always exists, is uniquely determined
and, surprisingly, does not degend on the choice of the
Bregman divergence.



Table 1: Bregman divergencescorresponding to somecornvex functions.

Domain A(x) Da(X;y) Div ergence

R x? (xi y)? Square loss

R+ x log x xlog({) i (Xiy)

f0;1g xlogx+ (1i x)log(1i x) xlog(X) + (Li x)log(:= Logistic loss?

R+ i logx § i Iog(;—) i1 Itakura-Saito distance

R nfOg iXj maxf 0;j 2sign(y)xg Hinge loss

R kx k2 kx| yk2 Squared Euclidean distance
RY 5 X AX (xi VVTAKX y) Mabhalanobis distance ®
d-Simplex ;3 721 X logx; b ' jdzl‘ Xj Iolg(’y(—}) KL-div ergence

RS 7.1 xj logx; 1 X Iog(%‘)i S (i y) | Generalized I-divergence

Theorem 1 Let X be a random variable taking values
in X = fxig.; % S p RY following °. Given a
Bregman divergen® D4 : S £ int(S) 7! [0;1 ), the
problem

min Eo.[DA(X;9)]

s2S

has a unique minimizer givenbys® =1 = E.[X].

Proof. The function we gre trying to minimize is
Ja(s) = E-[DA(X;8)] = inzl % DA(Xi;S): We prove
the required result by showing that for 8s 2 S;

X

Ja(s) i Ja(*) °iDa(Xi;8) i

i=1

At)i A9 K

i=1

°iDA(Xist)
i=1
X ;
°ixi)i s;r A(9)i

X i
+h( %ixi)i tir A(t)i
i=1
Aryi AS)i i sir A9)i
Da(*;s). 0

with equality only whens =t by the strict convexity of
A[3]. Hence,! is the unique minimizer of the function,
Ja. Now, we arguethat * 2 S. SinceX 2S andSis a
convex set, co(X) Y2 S, where co(X) is the convex hull
of X. But ' = Eo[X]2 co(X), sot 2 S. ]

The above result shavs that the represenativ e, i.e.,
the minimizer of the expected Bregman divergence,is
always the expectation of the set. Interestingly, the
converse of theorem 1 is also true, i.e., for all random
variables X , if Eo [X ] minimizes the expected distortion

Ixlog(¥) + (Li x)log($) = log(L + exp(i f (x)g(y), ie.,
logistic loss where f (x) = 2x i 1 and g(y) = Iog(liy—y)
31t is the Mahalanobis distance when A is the inverse of the

covariance matrix. In general, A is positive de nite.

of the elemeris of the setto a xed point for a distortion
function F(x;y), then, under mild conditions, it can be
shown that F(x;y) is a Bregman divergence[4]. Thus,
Bregman divergencesare exhaustive with respectto the
property proved in theorem 1.

Using theorem 1, we can now give a more direct
de nition of the Bregman information as follows:

De nition 1 Let X be arandom variable taking values
p X = fxigl, %2 S following °. Let* Eo.[X] =

. %x; and let D4 : SE£ int(S) 7! [0;1) be a
Bregman divergen®. Then, Bregman Information
of X in terms of D4 is de ned as

X
Ta(X) = Eo[DA(X;1)] =
i=1

° Da(xi;t) :

To start appreciating the potential of suc a treatment,
we note that the elemerns of X can be quite general.
For instance, the elemens can be probability distribu-
tions, functionals, operators or just plain vectors.
Example 1: One simple example of Bregman informa-
tion is the variance. Let X = fx;g; bea setin RY,
and considerthe uniform measure,i.e., °; = % over X.
The Bregmaninformation of X with squaredEuclidean
distance as the Bregman divergenceis given by

X

la(X) = °iDa(xi;t) = kxi i k?

i=1

i=1

which is just the samplevariance. |

Example 2: Another example involves a set of prob-
ability distributions, which can also be interpreted as
conditional distributions given a random variable. In
particular, we show that if random variables (U;V)
arejointly distributed accordingto ff p(ui;v;)gL; g, ,
then the mutual information | (U;V) is the Bregman
information of a random variable taking valuesin the



set of conditional distributions fp(Vju;)gl; following
fp(ui)gl, , with KL-div ergenceas the Bregman diver-
gence. By de nition,

XX H o T
. _ . p(ui;v;)
I(U;V) = vi) log PUEVI)
L L (D7)
X H N |
= pw)” pvu) o)

i=1

= p(ui)KL( p(Vijui) kp(V)):

i=1

Consider a random variable Z, that takes values in
the set of probability distributions Z, = fp(Vjui)g,
following the probability measuref®;g'; = fp(u;)g,
over this set. For Z,,, the meandistribution is given by

b= Eo[p(Viju)l p(ui)p(Vjui) = p(V) :

1

p(ui)KL( p(Vijui) kp(V))
1

) 1 (U;V)

= o DA(p(Vjui);t) = 1a(Zu);
i=1

i.e., mutual information is a special case of Breg-
man information. Further, for a random variable Z,
taking values in the set of probability distributions
Z, = fp(Ujvj)gjm=1 following the probability measure
°; = p(vj) over this set, one can similarly show that
I (U;V) = 1a(Zy). The Bregman information of Z,
and Z, can also be interpreted as the Jensen-Shannon
divergenceof the setsZ, and Z, [10]. ]

2.2 Clustering Form ulation If X isarandom vari-
able with large Bregman information, it may not suxce
to have a single represenativ e for X if a low quarti-
zation error is desired. In sud a situation, partition-
ing the set X into k relatively homogeneousgroups,
ead with its own Bregman represetativ e, such that
the set M of these represerativ es along with the in-
duced measureon M presene Bregman information of
X, seemsa natural goal. The Bregman hard clus-
tering problem isthusto nd a partitioning of X, or,
equivalertly, the set of represetiativesM , suc that if
M is a random variable taking valuesin M following
the induced measurefor the corresponding partitions of
X, the lossin Bregmaninformation dueto quantization,
LA(M) = 1Ta(X)i 1a(M), is minimized. This lossfunc-
tion can be re-written in a form that suggestsa natural
solution to this problem.

Theorem 2 Let X be a random variable taking values
in X = fxigl,; % S p RY followingg. Let fXhof_,
be a partitioning of X and let ¥4 =, ,, °i bethe
induced measure % on the partitions. Let fXhgk_, be
random variables taking values in fX ngk_, following
fojvnok., respctively. If M = f2, gf_; denotesthe set
of representatives,and M be a random variable taking
valuesin M following ¥ then

LA(M) = Ta(X)i 1a(M) = Eyfl a(Xn)]
X X o,
= Ya U Da(Xi;ty):
h=1  x;2Xy ™

Proof. Let * = Eo.[X]. After somealgebral[5], it can
be shawn that

X X X
Ta(X) = °iDA(Xi;t) = °iDa(xist)
i=1 h=1 x;2X p
Xk X o, Xk
= Yn - DalXi;tp) + YaDA(* ;)
h=1 Xi2X h h=1
= Eylla(Xp)] + TA(M) :
Rearranging terms completesthe proof. |

Hence, the Bregman clustering problem of minimizing
the lossin Bregman information can be written as

X X
min La(M) = min °iDa(Xi;th):
M M h=1 x;2X y

(2.2)

Thus, the lossin Bregman information is minimized if
the set of represeniativesM is such that the expected
Bregman divergenceof points in the original set X to
their corresponding represenativ esis minimized.

2.3 Clustering Algorithm Eqg. 2.2 suggestsa nat-
ural algorithm (Algorithm 1) to solve the Bregman
hard clustering problem. It is easyto seethat clas-
sical kmeans the LBG algorithm [17] and the infor-
mation theoretic clustering algorithm [10] are special
casesof Bregman hard clustering for squaredEuclidean
distance, Itakura-Saito distance and KL-div ergencere-
spectively. For all these cases,the induced partitions
are known to have linear separators. It is easyto see
that this is true for all Bregman divergencessince the
locus of points that are equidistant to two xed points
in terms of a Bregman divergenceis always a hyper-
plane. The following theoremsprove the corvergenceof
the Bregman hard clustering algorithm.

Prop osition 1 The Bregmanhard clustering algorithm
(Algorithm 1) monotonically decreasesthe lossfunction
in (2.2).



Algorithm 1 Bregman hard-clustering
Input: SetX = fxig.; % S p RY probability measure®
over X, Bregman divergenceDy : S £ int(S) 7! R, num.
of clusters k.
Output. M *® = argmin  f_,
M

P
X 2X 1 % DA(xi;* ) where

M = f1,gf_;, corresponding partitioning X ngt-; of X.
Metho d:
Initialize f1 gk, at random with 1, 2 S
rep eat
f The Assignment Stepg
SetXn A ', h=1;¢¢;k
for i = 1to n do
Xh A Xn[ fxig
where h = h"(x;) = argryin DA(Xi;t o)
end for "

f The Re-estimation Stepg
for h = bto k do

1 0.
/ﬁ A..\ P xi2Xy J
1 i .
h A Xi2X p 1/4‘-, Xi
end for

until convergene

Proof. Let fX ét)gﬁzl be the partitioning of X after the

t iteration. Let M (0 = f1 (Vgk_ be the correspond-
ing set of cluster represenativesand M () be the corre-
sponding random variable. Then,

X X ®
°iDa(xist ")
h=1 x;2x (O

X X

La(M ®)

%iDa(xi;t ﬁt")(Xi))
h=1 x;2x (O
X X
°iDA(Xi;? ﬁ“l))
h=1 X; 2X rEt+1)

— LA(M (t+1) ),

where the “rst inequality follows trivially from the
criteria usedfor the assignmen of ead of the points in
the assignmen step, and the secondinequality follows
from the re-estimation procedure using Theorem 1.
Note that if equality holds, i.e., if the lossfunction value
is equal at consecutie iterations, then the algorithm
terminates. ]

Prop osition 2 The Bregmanhard clustering algorithm
(Algorithm 1) terminates in a nite number of steps
at a partition that is locally optimal, i.e., the total loss
cannot be decreaseal by either (a) reassignmentof points
to di®erent clustersor by (b) changingthe means of any
existing clusters.

Proof. The result follows sincethe algorithm monoton-
ically decreasesthe objective function value, and the
number of distinct clusteringsis nite. |

3 Bijection with Exp onential Families

We now turn our attention to soft clustering with Breg-
man divergences.To this end, we establish a bijection
between Bregman divergencesand exponertial families
in this section. We alsolist examplesof Bregman diver-
gencesbtained from somepopular exponertial families.
The bijection will be usedto dewvelop the Bregman soft
clustering algorithm in section 4.

It has beenobsened in the literature [3, 11] that
exponertial families and Bregman divergences have
certain relationships that can be exploited for seweral
learning problems. We provide a constructive proof of
an explicit bijection betweenBregman divergencesand
exponertial families. This result is useful asit enables
us to obtain the appropriate divergencefor any given
exponertial family. To presen the bijection result, we
needto review the following badkground material.

3.1 Exp onential families Consider a family F of
probability densitieson a measurablespace(- ; B) where
B is a ¥:algebra on the set - [12]. Suppose every
probability density, p, 2 F, is parameterizedby d real-
valued variablesp = fiy g, sothat

F=fp=f(;wj!' 2B;u2i u Ry

Then, F is called a d-dimensional parametric model on
(- ;B). Let H : B 7! G be a (B-G measurable)function
that transforms any random variable U : B 7! R to
a random variable V : G 7! R with V = H(U).
Then, given the probability density p, of U, this
function uniquely determinesthe probability density o,
governing the random variable V.

De nition 2 If 8! 2 B, pu(! )=a.(! ) exists and does
not depend on p, then H is called a suxcient statistic
for the model F.

If a d-dimensional model F = fpyju 2 i g can be ex-
pressedin terms of (d+ 1) real-valued linearly indepen-
dent functions fC;H4; ¢¢¢; Hyg on B and a function A
onj as
8 9
< xd =
f(p)=exp, BH(M) P AW+ C).
i=1 ’

then F is calledan exp onential family , and u is called
its natural parameter . It can be easily seenthat



if x 2 R is such that x; = H;(!), then the density
function g(x;u) given by

8 9

< xd =

g0 ) = exp. X | AWi (X)), ;

i=1 ’
for a uniquely determined function , (x), is such that
f (w; p)=o(x; ) does not depend on u. Thus, x is a
suzcient statistic for the family. For our analysis, it is
conveniert to work with the suzcient statistic x and
hence, we rede ne exponertial families in terms of the
probability density of the sutcient statistic variable in
RY, noting that the original ¥salgebraB can actually be
quite general.

De nition 3 A multivariate parametric family Fz of
distributions fpa.yju 2 i M RYg is called an expnen-
tial family if the probability density is of the form

(A (X) = exp(h; pi | A() i, (x)):

The function A(p) is known as the log partition

function or the cumulant function and it uniquely
determines the exponertial family Fx. Further, given
an exponertial family F, the log-partition function, A
is uniquely determined up to a constart additive term.
It canbe shown [2] that j is a corvexsetin RY and A is
a strictly convex and di®ereniable function on int(j).

3.2 Exp ectation parameters and Legendre du-
alit y Considera d-dimensionalreal random variable X
following an exponertial family density p .., speci ed
by the natural parameter p 2 j. The expectation of
X with respect to p(x..), also called the exp ectation
parameter , is given by

z
(B3 1 == Epy XTI xPa (ox:
It can be shawn [2] that the expectation and natural
parameters have a one-one correspondence with ead
other and span spacesthat exhibit a dual relationship.
To specify the duality more precisely we rst de ne
Legendre conjugates[23]. The Legendre conjugate A°
of the function A is given by

AS(s) = supths; pi | A()g:
u

As A is a strictly corvex and di®ereriiable function over
its domain j, we can obtain the p corresponding to the
suprenum by setting the gradient of the corresponding
function to zero, i.e.,

r(hipi i AG) ju- e = 0) 5= 1 AR

From the above equation, we can seethat the conjugate
function is well de ned on the gradient space of the
function A, say j . Further, the strict convexity of A
implies that r A is monotonic and hence, is a bijection
from j to j°. Hence, for every s 2 ¢, there exists
ap= |us) 2 i and for every u 2 j, there exists a
s = s(y) 2 j° suc that s = r A(u). It is, therefore,
possibleto dene the inversefunction (r A)i 1:j ¢ 7! j
and write the conjugate function AC in a closedform as

A%(s) = hr A)t X(s);si i A(r A)f H(9)):

It can be shown [23] that the function A° is also a
strictly corvex and di®erertiable function on its domain
and that the pairs (A;j) and (AS;;°) are Legendre
conjugatesof ead other. This is stated more formally
below.

Denition 4 [23] Let A :j 7! R be a strictly convex,
di®erentiable function, then the Legende conjugate of
(A;j) is given by (AC;;°) wher j ¢ is the image of
under the gradient mappingr A and A°: ¢ 7! Ris a
strictly convex, di®erentiable function given by

A%(s) = hr A)T (s);si i A((r A)' H(9)):

Further, (A;j) is the Legende conjugate of (A°;j °).
The gradient functionsr A:j 7! jCandr A®:jc7! i
are both continuous, one-one functions and also form
inverses of each other.

Let us now look at the relationship betweenp and the
expectation paramgter * de ned in (3.3). Di®ererti-
ating the identity p(A;u)(x)dx = 1 with respect to u
givesus! = 1 (u) = r A(p), i.e., the expectation pa-
rameter * is the image of the natural parameter p un-
der the gradient mappingr A. Let S bethe expectation
parameter space,u(t ) = (r A)i 1(*) bethe natural pa-
rameter corresponding to ¢ and the function A: S 7! R
be de ned as

(3.4) Ar) =)t A(u)):
Then, the pairs (A;j) and (A;S) form Legendre con-
jugates of ead other, i.e., A= A°and S = ¢ and

the mappings betweenthe dual spacesare given by the
Legendretransformation,

(3.5) L(w=r A(w) and pt) = r AG):

3.3 Bijection Theorem We are now ready to state
the connection between exponertial families of distri-
butions and Bregman divergences. As mertioned ear-
lier, connectionsbetweenBregman divergencesand ex-
ponertial families have beenobsened earlier in the lit-
erature. In particular, [11] shavedthat the negative log-
likelihood of an exponertial distribution can be written



asthe sum of a Bregman divergenceand a function that
doesnot depend on the parameters,i.e.,

(3.6) i logp(xju) = Da(X;*) + f(x):

This result was used later on by [7] to extend PCA to
exponertial families. We make the relationship between
Bregman divergencesand exponertial families exact
by shawing that there is actually a bijection between
Bregman divergencesand exponertial families. More
precisely we show that for a given exponertial family,
D4 and f in (3.6) are uniquely determined (one-one);
further, there is an exponertial family corresponding to
every Bregmandivergence(onto). Note that the duality
betweenexpectation and natural parametersmentioned
in [11], [3], and [7] is basically the Legendreduality and
the bijection result follows using properties of Legendre
conjugates.

Theorem 3 Let (A;S) and (A;{) be Legende conju-
gatesof each other. Let D4 : S £ int(S) 7! R be the
Bregman divergene@ derived from A. For p 2 i, let
P(A;1) be the exmpnential prokability density derived us-
ing A(K) asthe log-partition function with p as the nat-
ural parameter. Let® be the correspnding expectation
parameter. Then,

(3.7) P(A: (X) = exp(i Da(x;))fA(x);

wher f4 : S 7! R is a uniquely determined function.
Hence, there is a bijection between exmpnential densities
P(A: (X) and Bregman divergen@s D A(x;? ).

Proof. We prove the bijection betweenthe exponertial
densities p(s.,) and the Bregman divergencesDA(¢? )
by rst shawing that ead exponertial density pg.y
corresponds to a unique Bregman divergenceD 4(¢1)
(one-one) and then arguing that there exists an expo-
nential density corresponding to every Bregman diver-
gence(onto). By de nition,

exp(; Wi i A(W) i, (X))

= exph;r AC )i+ (AR) i B AR
i , (X)) (using (3.4) and (3.5))

= exp(if AX)i A()i hxi *);r A()ig

+fAX) i, (x)9)
= exp(i Da(x;*)) fa(x):
We obsene that pg.,) uniquely determines the log-
partition function A to a constart additiv e term sothat
the gradient space of all the possible functions A is
the same and the corresponding conjugate functions,

A di®er only by a constart additive term. Hence, the
BregmandivergenceD 4(x;! ) derived from any of these

P(A:) (X)

conjugate functions will be identical, i.e., the mapping
is one-one, since linear additive terms to a corvex
function do not change the corresponding Bregman
divergence[5]. This also implies that f 4 is a uniquely
determined function on S.

Now, considerany Bregman divergenceD 4(¢* ) on
S. There exists at least one strictly convex, di®eren-
tiable function A on S that generatesthis divergence.
The Legendreconjugatesof (A;S), i.e., (A;i) are well-
dened. Hence, there exists an exponertial density
P(A:u that isrelated to DA(¢2) by (3.7), i.e., the map-
ping is onto. That completesthe proof. |

Tables 2 and 3 shaws the various functions of interest
for somepopular exponertial distribution families. For
all the casesshown in the table, x is itself the su+cient
statistic.

4 Bregman Soft Clustering

Using the bijection between exponertial families and
Bregman divergences,we rst posethe Bregman soft
clustering problem as a parameter estimation problem
for mixture models basedon exponertial distributions.
Then, we revisit the Expectation-Maximization (EM)
framework for estimating mixture densitiesand develop
the Bregman soft clustering algorithm (Algorithm 3).
We also presert the Bregman soft clustering algorithm
for a set with a probability measure. Finally, we shaw
how the hard clustering algorithm can be interpreted as
a special caseof the soft clustering algorithm.

4.1 Soft Clustering as Mixture Density Esti-
mation Given a set X = fx;gL, drawn indepen-
dertly from a stochastic source, consider the problem
of modeling the sourceusing a single parametric expo-
nertial distribution. This is the problem of maximum
likelihood estimation, or, equivalertly, minimum neg-
ative log-likelihood estimation of the parameter(s) of
the parametric density belonging to a given exponen-
tial family. Now, from the bijection theorem (theorem
3), minimizing the negative log-likelihood is the sameas
minimizing the corresponding expected Bregman diver-
gence.Using Theorem 1, we concludethat the optimal
distribution isthe onewith * = E[X ] asthe expectation
parameter where the expectation is over the empirical
distribution. Further, note that the minimum negative
log-likelihood of X under a particular exponertial model
with log-partition function A is the Bregman informa-
tion of X, i.e., I 4(X), up to additive constarts, where
A'is the Legendredual of A.

Now, considerthe problem of modeling the stochas-
tic source with a mixture of k densities of the same
exponertial family. This also yields a soft clustering



Table 2: Various functions of interest for

somepopular exponertial distributions

Distribution p(x; p) , U A(H)
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Table 3: Various functions of interest for somepopular exponertial distributions (contd.)

Distribution p(xX; 1) 1 A(t) Da(x;1)
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whereclusterscorrespond to the componerts of the mix-
ture model, and the soft membership of a data point
in ead cluster is proportional to the probability of the
data point being generatedby the corresponding density
function. Thus, the Bregman soft clustering prob-
lem can be stated to be that of learning the maximum
likelihood parameters£ = f1 h;l/«,gﬁz1 of a mixture
model of the form

(4.8)  p(xjg) = Yafa(x)exp(i Da(X;*p));

h=1

where the last equality follows from the bijection theo-
rem (theorem 3). The above problem is a special case
of the general maximum likelihood parameter estima-
tion problem for mixture models and can be solved by
applying the EM algorithm. Note that, by the bijection
betweenBregman divergencesand exponertial families,
(4.8) encompassethe soft clustering problem for all ex-
ponertial families.

4.2 EM for Mixture Mo dels based on Bregman
Div ergences Algorithm 2 describesthe well known ap-
plication of EM for mixture density estimation. This
algorithm has the property that the likelihood of the
data, Lx (£) is non-decreasingat ead iteration. Fur-
ther, if there exists at least one local maximum for the

4The variance ¥and the number of trials N are assumedto be
constant for the distributions.

likelihood function, then the algorithm will corvergeto
a local maximum of the likelihood. For a detailed proof
and other related results, pleasesee[18].

As stated earlier, the Bregman soft clustering prob-
lem is to estimate the maximum likelihood parameters
for a mixture model of the form givenin (4.8). Apply-
ing the EM algorithm to this problem gives us locally
optimal parameters £° for this mixture model. The
resulting mixture model also provides a soft clustering
of the dataset based on the Bregman divergenceD 4.
Hence,we call this application of the EM algorithm the
Bregman soft clustering algorithm. The Bregman di-
vergenceviewpoint gives an alternativ e interpretation
of a well known excient EM sdhemeapplicable to mix-
ture of exponertial distributions [22]. This signi cantly
simpli"es the algorithm, especially the computationally
intensive M-step. The resulting update equations look
very similar to thosefor learning mixture modelsof unit
variance Gaussians.However, note that theseequations
are applicable to mixtures of any exponertial distribu-
tions, and, as mertioned earlier, x denotesthe su+cient
statistic vector in the generalcase.

The following proposition shovs how theorems 1
and 3 can be used to simplify the M-step of the
clustering algorithm.  Note that proposition 3 has
appeared in various forms in the literature (see, for
example, [22, 18]). We give an alternativ e proof using
results involving Bregman divergencesdeveloped in the
earlier sections.



Algorithm 2 EM for Mixture Density Estimation [18]

Input: SetX = fx;gl; %S u RY, num. of clustersk.
Output: Q £%p ’ local maximizer of
Lx(E) = .1 ( ey YaPn(Xijun)) where £ =

fHn; Y0k~ , soft partitioning ff p(hjxi)gK-, g .
Metho d:
Initialize Blh;l/ﬁgﬁzl with somep;, 2 S;
Vo, O f Ya=1
rep eat
f The Expectation Stepg
for i = 1tondo
for h= 1tokdo/ i)
. ~ 1, Xi
p(h]X|) A e Eoﬂﬁsﬁhwhi’?;ljuho)
end for
end for
f The Maximization Stepg
for h= 1t9 k do
Va A & 1L plhixi)
un A argmax [ log(pn (xijp)) p(hix;)

end for
until convelgene@
return £° = fun; Yok,

Prop osition 3 For a mixture model with density given
by (4.8), the maximization step for the density parame-
ters in the EM algorithm (Algorithm 2), 8h;1- h- Kk,
reduces to:

P, )
_ iz PChixi)x; |

(4-9) ThE P i)

Proof. The maximization step for the density parame-
ters in the EM algorithm, 8h;1- h - Kk, is given by

Hp = argmax  log(pn (XijK))p(hjx;):
u .

i=1
For the given mixture density, the componert densities,
8h;1- h- Kk, aregivenby

Pn(Xjkn) = FA(X) exp(i Da(X;* p)):

Substituting the above into the maximization step,
we obtain the update equations for the expectation
parameters?® ,: 8h;1- h- Kk,

H
1

argmax log(f a(xi) exp(i Da(xi;*)))p(hjxi)

i=1

argmax (log(fa(xi)) i Da(xi;*))p(hjx;)

i=1

Algorithm 3 Bregman Soft Clustering
Input:  Set X = fxigL, % S p RY Bregman
divergenceD 4, num. of clustersk.
O@tﬁ)ut: P, £7, local maximizer of
iz1 O pzg Yafa(xi)exp(i Da(xisth)) where

£ =f1,;¥0k., , softpartitioning ff p(hjxi)gK-; g,
Metho d:
Igitialize f1 %0k, with some!, 2 S;% , 0,and
K Ya=1
h=
rep eat
f The Expectation Stepg
for i = 1tondo
forh=1tokdo/ (DA )
i X Yan exp(i Da(Xi;?
p(hjxi) A P on V«},zelxp(? DA(X“i )
end for
end for
f The Maximization Stepg
for h=1t9 k do
va A £ Ly p(hixi)

=
1 K iz PC(hixi)Xi
h A PR m

end for
until convemgene
return £° = f1 ;Y08

argmin D a(xi;* )p(hjxi)
i=1
(asfa(x) is independert of * )
X p(hixi) .

argmin - ;
mn ey P(Njxio)

Da(xi;*)

so that the weights on the divergencesform a valid
probability measure (i.e. sum to 1). From Theorem
1, we know that the expected Bregman divergenceis
minimized by the expectation of x,

P, .
i-1 P(hjxi) Xi .

argmin -
anin " p(hix))

i=1

Da(x;*))p(hjxi) =

Therefore, the update equation for the parametersis a
weighted averaging step,

P, .
v = _pi=1 P(hiXi)Xi
" =y p(hixi)

The update equationsfor the posterior probabilities (E-
step) 8x 2 X; 8h;1- h - Kk; aregiven by

Yo exp(i Da(x;th)
Kooy Yioexp(i DA(X;Y po))

8h;1- h- k: [

p(hjx) = P

as the f4i(x) factor cancelsout. The prior update
equationsare independert of the parametric form of the



densities and remain unaltered. Hence, for a mixture
model with density given by (4.8), the EM algorithm
(Algorithm 2) reducesto the Bregman soft clustering
algorithm (Algorithm 3).

So far, we consideredthe Bregman soft clustering
problem for a set X where all the elemerns are equally
important and assumedto have been independertly
sampledfrom someparticular exponertial distribution.
In practice, it might be desirable to assaiate weights
with the individual samplesand optimize a weighted
log-likelihood function. A slight modi cation to the
M-step of the Bregman soft clustering algorithm is
suzcient to addressthis new optimization problem.
The E-step remainssameand the new update equations
for the M-step 8h;1- h - k, are given by

X1 .

(4.10) Yo = o, p(hjxi):
i|51

(4.11) 1, = Pin:nloip(thi)Xi_

iz %ip(hixi) -

Finally, we note that the Bregman hard clustering
algorithm is a limiting caseof the above soft clustering
algorithm. For every corvex function A and positive
constart —, ~A is also a convex function with the
corresponding Bregman divergenceD-54 = D4 (see
[5]). In the limit, when — ! 1, both the E and
M steps of the soft clustering algorithm reduceto the
assignmei and re-estimation step of the hard clustering
algorithm. Further, this view suggeststhe possibility of
designingannealingsdemesfor Bregman soft clustering
interpreting 1= asthe temperature parameter.

5 Exp erimen ts

There are a number of experimental results in existing
literature [17, 10, 20, 16] that illustrate the usefulness
of Bregman divergencesand the Bregman clustering
algorithms in speci ¢ domains. The classical kmeans
algorithm, which is a special caseof the Bregman hard
clustering algorithm for the squaredEuclidean distance
has been successfully applied to a large number of
domains where a Gaussian distribution assumption is
valid. Besidesthis, there are at least two other domains
where special casesf Bregman clustering methods have
beenshownn to provide good results.

The “rst is the text-clustering domain where the
information-theoretic clustering algorithm [10] and the
EM algorithm based on the Naive-Bayes model [2Q],
which are, respectively, special casesof the Bregman
hard and soft clustering algorithms for KL-div ergence
have been showvn to provide superior results to other
existing algorithms on large real datasets such as the
20-Newsgroups Reuters and Dmoz datasets. This is to

be expected as text documerts can be e®ectively mod-

eled using multinomial distributions whosecorrespond-
ing Bregman divergenceis just the KL-div ergencebe-
tweenthe word distributions. Recerily, [16] shavedthat

a corvex combination of KL-divergenceand squared
Euclidean distance seemsto give even better perfor-
manceon this domain. We note that [16] essetially uses
a Bregman divergencederived from a corvex function

that is corvex combination of two cornvex functions [23],

and hence, is a special caseof the proposed Bregman
clustering framework.

Speed coding is another domain where a special
caseof the Bregman clustering algorithm basedon the
Itakura-Saito distance, namely the Linde-Buzo-Gray
(LBG) algorithm [17], has beenwidely and successfully
applied. Again, this is to be expected as speet power
spectra tend to follow exponertial family density of
the form p(x) = ,ei X, whosecorresponding Bregman
divergenceis the Itakura-Saito distance.

Since special cases of Bregman clustering algo-
rithms have already been known to provide substan-
tial improvemerts over other existing methods in cer-
tain domains, we do not experimentally re-ewaluate the
Bregman clustering algorithms against other methods.
Instead, we only focuson shawing that the quality of the
clustering dependson the match betweenthe data char-
acteristics and the choice of Bregman divergenceused
for clustering.

In order to do this, we performed two experimerts
using datasets of increasing level of ditculty. For
our rst experiment, we created three 1l-dimensional
datasets of 100 samplesead, basedon mixture models
of Gaussian,Poissonand Binomial distributions respec-
tively. All the mixture models had three componerts
with equal priors certered at 10, 20 and 40 respectively.
The standard deviation, %.0f the Gaussiandensitieswas
setto 5 and the number of trials N of the Binomial dis-
tribution was setto 100 so asto make the three mod-
els somewhatsimilar to ead other. The datasetswere
then ead clusteredusing three versionsof the Bregman
hard clustering algorithm corresponding to the Breg-
man divergencesobtained from the Gaussian(kmeans,
Poisson and Binomial distributions respectively. The
quality of the clustering was measuredin terms of the
normalized mutual information® [24] between the pre-
dicted clusters and the original clusters and the results
were averagedover 10 trials. Table 4 shows the normal-
ized mutual information values for the di®eren diver-
gencesand datasets. From the table, we can seethat
clustering quality depends on the choice of Bregman

Blt is meaninglessto compare the clustering objectiv e function

values as they are di®erent for the three versions of the Bregman
clustering algorithm.



divergenceand is signi cantly better when the appro-

priate Bregman divergenceis used.

Table 4: Clustering results for the rst set of datasets

Mo del D Gaussian D p oisson D Binomial

Gaussian 0:70 § 0:033 0:63 § 0:043 0:64 § 0:035
Poisson 0:69 § 0:063 0:73 § 0:057 0:69 § 0:059
Binomial 0:77 8 0:061 0:75 8§ 0:048 0:83 § 0:046

The second experiment involved a similar kind
of comparison of clustering algorithms for multi-
dimensionaldatasetsdrawn from multiv ariate Gaussian,
Binomial and Poisson distributions respectively. The
datasets were sampled from mixture models with 15
overlapping componerts and had 2000 10-dimensional
samplesead. The results of the Bregman clustering al-
gorithms shaown in table 5 leadto the sameconclusionas
before, i.e., the choice of the Bregman divergenceused
for clustering is crucial for obtaining good quality.

Table 5: Clustering results for the secondset of datasets

Mo del D Gaussian D P gisson D Binomial

Gaussian 0:73 § 0:005 0:66 § 0:007 0:67 § 0:005
Poisson 0:79 § 0:013 0:82 § 0:014 0:80 § 0:013
Binomial 0:82 § 0:006 0:83§ 0:011 0:85 § 0:012

6 Related Work

This work is largely inspired by three broad and over-
lapping ideas. First, consideringthe clustering problem
from an information theoretic viewpoint is very insight-
ful. Sudch considerations occur in sewral techniques,
from classical vector quartization to information the-
oretic clustering [10] and the information bottleneck
method [26]. In particular, the information theoretic
clustering [10] approac solved the problem of distri-
butional clustering with a formulation involving lossin
Shannon'smutual information. In this paper, we have
signi cantly generalizedthat work by proposing tech-
niques for obtaining optimal quartizations by minimiz-
ing lossin Bregman information corresponding to arbi-
trary Bregman divergences.

Second,our soft clustering approad is basedon the
relationship between Bregman divergencesand expo-
nertial distributions and the suitabilit y of Bregman di-
vergencesas distortion or lossfunctions for data drawn
from exponertial distributions. It has been previously
shown [3] that the KL-div ergence,which is the most
natural distance measurefor this parameter space,be-
tweentwo members p, and Py of an exponertial family,
is always a Bregman divergence.In particular, it is the
Bregman divergenceD i (U; ) corresponding to the cu-
mulant function A of the exponertial family. In our
work, we extend this conceptto say that the Bregman
divergenceof the Legendre conjugate of the cumulant
function is, in somesense,a natural distance function
for the data drawn accordingto that exponertial family.

The third broad idea is that many learning algo-
rithms can be viewed as solutions for minimizing loss
functions basedon Bregman divergences.Elegart tech-
niques for the design of algorithms and the analysis of
relative lossboundsin the online learning setting exten-
sively usethis framework [3]. In the unsupervisedlearn-
ing setting, use of this framework typically involvesde-
velopmert of alternate minimization procedures[8]. For
example, [21, 27] analyze and dewelop iterativ e alter-
nate projection proceduresfor solving unsupervised op-
timization problemsinvolving objective functions based
on Bregman divergencesunder various kinds of con-
straints. Further, [7] developsa generalization of PCA
for exponertial families usinglossfunctions basedon the
corresponding Bregman divergencesand proposesalter-
nate minimization schemesfor solving the problem.

There has also been work on learning algorithms
that involve minimizing lossfunctions basedon distor-
tion measuresthat are somewhat di®erert from Breg-
man divergences.For example,[19] preseris the corvex-
kmeansclustering for distortion measuresthat are al-
ways non-negative and corvex in the secondargumert,
using the notion of a generalizedcertroid. Bregman di-
vergencespn the other hand, are not necessarilycorvex
in the secondargumert and also, the minimizer of the
Bregman clustering loss function always happensto be
the actual certroid, i.e., the expectation of the set.

7 Conclusion

In this paper, we presenied hard and soft clustering
algorithms minimizing loss functions involving Breg-
man divergences.This analysis preseris a uni ed view
of an ertire classof parametric clustering algorithms.
First, in the hard-clustering framework, we show that
a kmeanstype iterativ e relocation scheme solves the
Bregman hard-clustering problem for all Bregman di-
vergences. Further, from a related result, we seethat
Bregman divergencesare the only distortion functions
for which such a certroid-based clustering schemeis pos-
sible. Secondly using insights from existing literature,
we shaw that there is a bijection between Bregman di-
vergencesand exponertial families. This result is useful
in deweloping an alternativ e interpretation of the EM
algorithm for learning mixtures of exponertial distri-
butions, evertually resulting in a set of Bregman soft-
clustering algorithms.

As discussedn the paper, special caseof this anal-
ysishave beendiscoveredand widely usedby researders
in applications ranging from speed coding to text clus-
tering. There are four saliert featuresof this framework
that make these results particularly useful for data-
mining applications. First, the computational complex-
ity of the ertire classof Bregman clustering algorithms



is linear in the data-points. Hence,the algorithms are
extremely scalableand appropriate for large-scaledata-
mining tasks. Secondly the modularity of the proposed
class of algorithms is evident from the fact that only
one componert in the proposedscemes,viz the Breg-
man divergenceused in the assignmen step, needsto
be changedto get an algorithm for a new lossfunction.

This simpli es the implementation and application of
this classof algorithms to various data types. Thirdly,
the algorithms discussedare applicable to mixed data
typesthat are commonly encourtered in data-mining.

Since the linear combination of corvex functions with

non-negative coexcients is always convex [23], one can
have di®eren corvex functions appropriately chosenfor
di®eren setsof features. The Bregman divergencecor-
responding to any linear combination of the componert

corvex functions can now be usedto cluster the data.
This vastly increasesthe scope of the proposed tech-
niques. Finally, becauseof the similarity of Bregman
hard clustering to kmeans existing techniquesthat em-
ploy kmeansin various settings such asdata stream clus-
tering, privacy preserving clustering, etc., can be easily
extendedto the generalframework of Bregman cluster-

ing.
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