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Abstract
A wide variety of distortion functions are used for cluster-
ing, e.g., squared Euclidean distance, Mahalanobis distance
and relativ e entropy. In this paper, we propose and ana-
lyze parametric hard and soft clustering algorithms based
on a large class of distortion functions known as Bregman
divergences. The proposed algorithms unify centroid-based
parametric clustering approaches, such as classical kmeans
and information-theoretic clustering, which arise by special
choices of the Bregman divergence. The algorithms main-
tain the simplicit y and scalabilit y of the classical kmeans
algorithm, while generalizing the basic idea to a very large
class of clustering loss functions. There are two main con-
tributions in this paper. First, we pose the hard clustering
problem in terms of minimizing the loss in Bregman infor-
mation, a quantit y motiv ated by rate-distortion theory, and
present an algorithm to minimize this loss. Secondly, we
show an explicit bijection betweenBregman divergencesand
exponential families. The bijection enablesthe development
of an alternativ e interpretation of an e±cient EM schemefor
learning models involving mixtures of exponential distribu-
tions. This leads to a simple soft clustering algorithm for all
Bregman divergences.

1 In tro duction

Data clustering is a fundamental \unsup ervised" learn-
ing procedure that has been extensively studied across
varied disciplines over several decades[14]. It has pro-
ducedseveral parametric clustering methods which par-
tition the data into a pre-speci¯ed number of parti-
tions with a cluster representativecorresponding to ev-
ery cluster, such that a well-de¯ned cost function involv-
ing the data and the representativ es is minimized. For
hard clustering, wherein the partitions are disjoint, the
most well-known and widely usedalgorithm of this type
is the iterativ e relocation scheme of Euclidean kmeans
[14]. The popularit y of this algorithm stems from its
simplicit y and scalability. The corresponding soft 1 clus-
tering algorithm obtained by applying EM [9] to a mix-
ture model of Gaussianswith identical, isotropic covari-
ances,is also popular and can be scaled to large data
sets [6].

Underlying both hard and soft Euclidean kmeans
is a Gaussian \noise" model, which corresponds to a
squared-Euclidean distortion function [15]. This dis-
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tortion function is also implicit in several other scal-
able techniques in the data mining literature. How-
ever, in many data mining applications, this distortion
function is not a good match with the data, and conse-
quently kmeansperforms poorly as compared to other
approaches[25]. In fact, in such situations kmeansoften
becomesa convenient strawman to show the superior-
it y of a competing technique! This has also led to the
search for more appropriate distance functions for spe-
ci¯c applications [1, 25].

Is it possibleto devisean algorithm which has the
simplicit y and scalability of kmeansbut can cater to a
much larger class of distortion functions? A hint to-
wards an a±rmativ e answer to this question is provided
by the Linde-Buzo-Gray (LBG) algorithm [17] basedon
the Itakura-Saito distance, which has beenused in the
signal-processingcommunit y for clustering speech data.
The more recent information theoretic clustering algo-
rithm [10] for clustering probabilit y distributions also
has a °avor similar to kmeans. This algorithm usesthe
KL-div ergenceas the distortion function and is well-
suited for variousclustering tasksin the analysisof high-
dimensional text data.

Our questioncannow beposedas: what classof dis-
tortion functions admit an iterative relocation scheme
where a global objective function based on the distortion
with cluster centroids is progressivelydecreased? In this
paper, we give a precise answer to this question: we
show that such a schemeworks for arbitrary Bregman
divergences. In fact, it can be shown [4] that such a
schemeonly works for Bregman divergences.The scope
of this result is vast sinceBregman divergencesinclude
a large number of useful loss functions such as square
loss,KL divergence,logistic loss,Mahalanobis distance,
Itakura-Saito distance, hinge loss,etc.

We posethe hard clustering problem as one of ob-
taining an optimal quantization in terms of minimizing
the loss in Bregman information , a quantit y motivated
by rate-distortion theory. A simple analysis then yields
a versionof the lossfunction that readily suggestsa nat-
ural algorithm to solve the clustering problem for arbi-
trary Bregman divergences.Partitional hard clustering
to minimize the loss in mutual information , a topic of
recent study [10], is seen to be a special case of our
approach. Thus, this paper uni¯es several parametric



partitional clustering approaches.
Further, wepresent a fundamental theoretical result

by showing that there exists a bijection between Breg-
man divergencesand exponential families. Sincegenera-
tiv emodel-basedsoft clustering algorithms typically use
mixtures of exponential distributions to model data, we
revisit EM for mixture model estimation for this class
of problems. We show that, with proper representa-
tion, the bijection givesan alternativ e interpretation of
a well known e±cient EM scheme[22] applicable in this
case. The schemesimpli¯es the computationally inten-
sive maximization-step of the EM algorithm, resulting
in a general soft-clustering algorithm for all members
of the exponential family, e.g., Poisson, Bernoulli, Bi-
nomial and Multinomial models. Both hard and soft
clustering versionshave essentially the samescalability
as kmeans. Moreover they can be readily adapted to
mixed data types, where di®erent distortion functions
within the family of Bregman divergencesare appro-
priate for di®erent subsetsof features. This makes our
theory and techniques suitable for a much wider class
of data mining applications.

The remainder of this article is organizedasfollows.
We intro duce the concept of Bregman information to
motivate the Bregman hard clustering problem and
propose an algorithm to solve this clustering problem
in section 2. In section 3, we establish a connection
betweenexponential families and Bregman divergences
and useit develop a soft Bregman clustering algorithm
in section4. In section5, we present someexperimental
results that illustrate the usefulnessof the Bregman
clustering algorithm. In section 6, we discuss related
work. Finally, in section 7, we present concluding
remarks.

A word about the notation: bold faced variables,
e.g.,x ; ¹ , etc., represent vectors,setsare represented by
calligraphic upper-casealphabets, e.g., X ; Y, etc., and
enumerated as f x i gn

i =1 wherex i are the elements of the
set. R; R++ and Rd denote the set of reals, the set of
positive reals and the d-dimensional real vector space
respectively. kxk denotes the L 2 norm. Probabilit y
density functions are denoted by lower casealphabets,
e.g., p;q, etc. Probabilit y measureon a set is denoted
by º . If a random variable X is distributed as p, we
denote this by X » p. Expectation of functions of a
random variable X » p are denoted by Ep[¢] when the
random variable is clear from the context. The inverse
of a function f is denoted by f ¡ 1.

2 Bregman Hard Clustering

In this section, we intro duce a new concept called the
Bregman information of a random variable based on
ideas from Shannon's rate-distortion theory. Then, we

motivate the Bregman hard clustering problem as a
quantization problem that involvesminimizing the loss
in Bregman information and show its equivalenceto a
more direct formulation, i.e., the problem of ¯nding a
partitioning and a representativ e for each of the parti-
tions such that the expectedBregman divergenceof the
points from their representativ esis minimized. We also
proposea clustering algorithm that is a generalizationof
the kmeansalgorithm and is guaranteed to convergeto a
local minimum of the Bregmanhard clustering problem.

We begin by de¯ning Bregman divergence[21]. Let
Á : S 7! R be a strictly convex function de¯ned on
a convex set S µ Rd, such that Á is di®erentiable
on int (S), the interior of S [23]. The Bregman
div ergence DÁ : S £ int (S) 7! [0; 1 ) is de¯ned as
DÁ(x ; y ) = Á(x) ¡ Á(y ) ¡ hx ¡ y ; r Á(y )i ; where r Á is
the gradient of Á. Table 1 contains a list of someconvex
functions and their corresponding Bregmandivergences.
Bregmandivergenceshave several interesting and useful
properties, such asnon-negativity, convexity in the ¯rst
argument, etc. For details see[3] and [5].

2.1 Bregman Information The dual formulation
of Shannon's celebrated rate distortion problem [13]
involves¯nding a coding schemewith a given rate, such
that the expecteddistortion betweenthe sourcerandom
variable and the decoded random variable is minimized.
The achieved distortion is called the distortion-r ate
function, i.e., in¯m um distortion achievable for a given
rate. Now consider a simple coding scheme for a
random variable X that takesvaluesin a ¯nite set X =
f x i gn

i =1 ½ S µ Rd (S is convex), following a discrete
probabilit y measureº and the distortion function is a
Bregman divergenceDÁ. The encoding schemeinvolves
representing the random variable by a constant vector
s, i.e., codebook sizeis one,or rate is zero. The solution
to the rate-distortion problem in this caseis the trivial
assignment. The corresponding distortion-rate function
is given by E º [DÁ(X ; s)] that dependson the choice of
the representativ e s and can be further optimized by
picking the right representativ e. We call this optimal
distortion-rate function, i.e.,

(2.1) min
s2 S

E º [DÁ(X ; s)] = min
s2 S

nX

i =1

º i DÁ(x i ; s);

the Bregman information of the random variable X
for the Bregmandivergence,DÁ and denoteit by I Á(X ).
The optimal s that achievesthe minimal distortion will
be called the Bregman representative or, simply the
representativeof X . The following theorem states that
this representativ e always exists, is uniquely determined
and, surprisingly, does not depend on the choice of the
Bregman divergence.



Table 1: Bregman divergencescorresponding to someconvex functions.

Domain Á(x ) D Á (x ; y ) Div ergence
R x2 (x ¡ y)2 Square loss
R++ x log x x log( x

y ) ¡ (x ¡ y)
f 0; 1g x log x + (1 ¡ x) log(1 ¡ x) x log( x

y ) + (1 ¡ x) log( 1¡ x
1¡ y ) Logistic loss 2

R++ ¡ log x x
y ¡ log( x

y ) ¡ 1 Itakura-Saito distance
R n f 0g jxj maxf 0; ¡ 2sign(y)xg Hinge loss
Rd kxk2 kx ¡ y k2 Squared Euclidean distance
Rd x T Ax (x ¡ y )T A(x ¡ y ) Mahalanobis distance 3

d-Simplex
P d

j =1 x j log x j
P d

j =1 x j log( x j
y j

) KL-div ergence

Rd
+

P d
j =1 x j log x j

P d
j =1 x j log( x j

y j
) ¡

P d
j =1 (x j ¡ yj ) Generalized I-div ergence

Theorem 1 Let X be a random variable taking values
in X = f x i gn

i =1 ½ S µ Rd following º . Given a
Bregman divergence DÁ : S £ int (S) 7! [0; 1 ), the
problem

min
s2 S

Eº [DÁ(X ; s)]

has a unique minimizer given by s¤ = ¹ = E º [X ].

Proof. The function we are trying to minimize is
JÁ(s) = Eº [DÁ(X ; s)] =

P n
i =1 º i DÁ(x i ; s): We prove

the required result by showing that for 8s 2 S;

JÁ(s) ¡ JÁ(¹ ) =
nX

i =1

º i DÁ(x i ; s) ¡
nX

i =1

º i DÁ(x i ; ¹ )

= Á(¹ ) ¡ Á(s) ¡ h(
nX

i =1

º i x i ) ¡ s; r Á(s)i

+ h(
nX

i =1

º i x i ) ¡ ¹ ; r Á(¹ )i

= Á(¹ ) ¡ Á(s) ¡ h¹ ¡ s; r Á(s)i

= DÁ(¹ ; s) ¸ 0;

with equality only when s = ¹ by the strict convexity of
Á [3]. Hence,¹ is the unique minimizer of the function,
JÁ. Now, we argue that ¹ 2 S. SinceX ½ S and S is a
convex set, co(X ) ½ S, where co(X ) is the convex hull
of X . But ¹ = Eº [X ] 2 co(X ), so ¹ 2 S.

The above result shows that the representativ e, i.e.,
the minimizer of the expected Bregman divergence,is
always the expectation of the set. Interestingly, the
converseof theorem 1 is also true, i.e., for all random
variablesX , if E º [X ] minimizes the expecteddistortion

2x log( x
y ) + (1 ¡ x) log( 1¡ x

1¡ y ) = log(1 + exp(¡ f (x)g(y))), i.e.,

logistic loss where f (x) = 2x ¡ 1 and g(y) = log( y
1¡ y )

3 It is the Mahalanobis distance when A is the inverse of the
covariance matrix. In general, A is positiv e de¯nite.

of the elements of the set to a ¯xed point for a distortion
function F (x; y), then, under mild conditions, it can be
shown that F (x; y) is a Bregman divergence[4]. Thus,
Bregman divergencesare exhaustive with respect to the
property proved in theorem 1.

Using theorem 1, we can now give a more direct
de¯nition of the Bregman information as follows:

De¯nition 1 Let X be a random variable taking values
in X = f x i gn

i =1 ½ S following º . Let ¹ = E º [X ] =P n
i =1 º i x i and let DÁ : S £ int (S) 7! [0; 1 ) be a

Bregman divergence. Then, Bregman Information
of X in terms of DÁ is de¯ned as

I Á(X ) = Eº [DÁ(X ; ¹ )] =
nX

i =1

º i DÁ(x i ; ¹ ) :

To start appreciating the potential of such a treatment,
we note that the elements of X can be quite general.
For instance, the elements can be probabilit y distribu-
tions, functionals, operators or just plain vectors.
Example 1: One simple exampleof Bregman informa-
tion is the variance. Let X = f x i gn

i =1 be a set in Rd,
and consider the uniform measure,i.e., º i = 1

n , over X .
The Bregman information of X with squaredEuclidean
distance as the Bregman divergenceis given by

I Á(X ) =
nX

i =1

º i DÁ(x i ; ¹ ) =
1
n

nX

i =1

kx i ¡ ¹ k2

which is just the samplevariance.

Example 2: Another example involves a set of prob-
abilit y distributions, which can also be interpreted as
conditional distributions given a random variable. In
particular, we show that if random variables (U; V )
are jointly distributed accordingto ff p(u i ; v j )gn

i =1 gm
j =1 ,

then the mutual information I (U; V ) is the Bregman
information of a random variable taking values in the



set of conditional distributions f p(V ju i )gn
i =1 following

f p(u i )gn
i =1 , with KL-div ergenceas the Bregman diver-

gence.By de¯nition,

I (U; V ) =
nX

i =1

mX

j =1

p(u i ; v j )
µ

log
p(u i ; v j )

p(u i )p(v j )

¶

=
nX

i =1

p(u i )
mX

j =1

p(v j ju i )
µ

log
p(v j ju i )

p(v j )

¶

=
nX

i =1

p(u i )K L( p(V ju i ) k p(V ) ):

Consider a random variable Zu that takes values in
the set of probabilit y distributions Z u = f p(V ju i )gn

i =1
following the probabilit y measuref º i gn

i =1 = f p(u i )gn
i =1

over this set. For Zu , the mean distribution is given by

¹ = Eº [p(V ju)] =
nX

i =1

p(u i )p(V ju i ) = p(V ) :

) I (U; V ) =
nX

i =1

p(u i )K L( p(V ju i ) k p(V ) )

=
nX

i =1

º i DÁ(p(V ju i ); ¹ ) = I Á(Zu );

i.e., mutual information is a special case of Breg-
man information . Further, for a random variable Zv

taking values in the set of probabilit y distributions
Z v = f p(Ujv j )gm

j =1 following the probabilit y measure
º j = p(v j ) over this set, one can similarly show that
I (U; V ) = I Á(Zv ). The Bregman information of Zv

and Zu can also be interpreted as the Jensen-Shannon
divergenceof the setsZ u and Z v [10].

2.2 Clustering Form ulation If X is a random vari-
able with large Bregman information, it may not su±ce
to have a single representativ e for X if a low quanti-
zation error is desired. In such a situation, partition-
ing the set X into k relatively homogeneousgroups,
each with its own Bregman representativ e, such that
the set M of these representativ es along with the in-
duced measureon M preserve Bregman information of
X , seemsa natural goal. The Bregman hard clus-
tering problem is thus to ¯nd a partitioning of X , or,
equivalently , the set of representativ es M , such that if
M is a random variable taking values in M following
the induced measurefor the corresponding partitions of
X , the lossin Bregmaninformation due to quantization,
L Á(M ) = I Á(X ) ¡ I Á(M ), is minimized. This lossfunc-
tion can be re-written in a form that suggestsa natural
solution to this problem.

Theorem 2 Let X be a random variable taking values
in X = f x i gn

i =1 ½ S µ Rd following º . Let fX h gk
h=1

be a partitioning of X and let ¼h =
P

x i 2X h
º i be the

induced measure ¼ on the partitions. Let f X h gk
h=1 be

random variables taking values in fX h gk
h=1 following

f º j¼h gk
h=1 respectively. If M = f ¹ h gk

h=1 denotesthe set
of representatives,and M be a random variable taking
valuesin M following ¼, then

L Á(M ) = I Á(X ) ¡ I Á(M ) = E¼[I Á(X h )]

=
kX

h=1

¼h

X

x i 2X h

º i

¼h
DÁ(x i ; ¹ h ):

Proof. Let ¹ = E º [X ]. After somealgebra [5], it can
be shown that

I Á(X ) =
nX

i =1

º i DÁ(x i ; ¹ ) =
kX

h=1

X

x i 2X h

º i DÁ(x i ; ¹ )

=
kX

h=1

¼h

X

x i 2X h

º i

¼h
DÁ(x i ; ¹ h ) +

kX

h=1

¼h DÁ(¹ h ; ¹ )

= E¼[I Á(X h )] + I Á(M ) :

Rearranging terms completesthe proof.

Hence, the Bregman clustering problem of minimizing
the loss in Bregman information can be written as

(2.2) min
M

L Á(M ) = min
M

kX

h=1

X

x i 2X h

º i DÁ(x i ; ¹ h ):

Thus, the loss in Bregman information is minimized if
the set of representativ es M is such that the expected
Bregman divergenceof points in the original set X to
their corresponding representativ es is minimized.

2.3 Clustering Algorithm Eq. 2.2 suggestsa nat-
ural algorithm (Algorithm 1) to solve the Bregman
hard clustering problem. It is easy to see that clas-
sical kmeans, the LBG algorithm [17] and the infor-
mation theoretic clustering algorithm [10] are special
casesof Bregman hard clustering for squaredEuclidean
distance, Itakura-Saito distance and KL-div ergencere-
spectively. For all these cases,the induced partitions
are known to have linear separators. It is easy to see
that this is true for all Bregman divergencessince the
locus of points that are equidistant to two ¯xed points
in terms of a Bregman divergenceis always a hyper-
plane. The following theoremsprove the convergenceof
the Bregman hard clustering algorithm.

Prop osition 1 The Bregmanhard clustering algorithm
(A lgorithm 1) monotonically decreasesthe lossfunction
in (2.2).



Algorithm 1 Bregman hard-clustering
Input: Set X = f x i gn

i =1 ½ S µ Rd , probabilit y measure º
over X , Bregman divergenceD Á : S £ int( S) 7! R, num.
of clusters k.

Output: M ¤ = argmin
M

P k
h =1

P
x i 2X h

º i D Á (x i ; ¹ h ) where

M = f ¹ h gk
h =1 , corresponding partitioning fX h gk

h =1 of X .
Metho d:

Initialize f ¹ h gk
h =1 at random with ¹ h 2 S

rep eat
f The Assignment Stepg
Set Xh Ã '; h = 1; ¢¢¢; k
for i = 1 to n do

Xh Ã Xh [ f x i g
where h = h¤ (x i ) = argmin

h 0
D Á (x i ; ¹ h 0)

end for
f The Re-estimation Stepg
for h = 1 to k do

¼h Ã
P

x i 2X h
º i

¹ h Ã
P

x i 2X h

º i
¼h

x i

end for
un til convergence

Proof. Let fX ( t )
h gk

h=1 be the partitioning of X after the

t th iteration. Let M ( t ) = f ¹ ( t )
h gk

h=1 be the correspond-
ing set of cluster representativ esand M ( t ) be the corre-
sponding random variable. Then,

L Á(M ( t ) ) =
kX

h=1

X

x i 2X ( t )
h

º i DÁ(x i ; ¹ ( t )
h )

¸
kX

h=1

X

x i 2X ( t )
h

º i DÁ(x i ; ¹ ( t )
h¤ (x i ) )

¸
kX

h=1

X

x i 2X ( t +1)
h

º i DÁ(x i ; ¹ ( t +1)
h )

= L Á(M ( t +1) );

where the ¯rst inequality follows trivially from the
criteria usedfor the assignment of each of the points in
the assignment step, and the secondinequality follows
from the re-estimation procedure using Theorem 1.
Note that if equality holds, i.e., if the lossfunction value
is equal at consecutive iterations, then the algorithm
terminates.

Prop osition 2 The Bregmanhard clustering algorithm
(A lgorithm 1) terminates in a ¯nite number of steps
at a partition that is locally optimal, i.e., the total loss
cannot be decreased by either (a) reassignmentof points
to di®erent clustersor by (b) changingthe means of any
existing clusters.

Proof. The result follows sincethe algorithm monoton-
ically decreasesthe objective function value, and the
number of distinct clusterings is ¯nite.

3 Bijection with Exp onential Families

We now turn our attention to soft clustering with Breg-
man divergences.To this end, we establish a bijection
betweenBregman divergencesand exponential families
in this section. We also list examplesof Bregman diver-
gencesobtained from somepopular exponential families.
The bijection will be usedto develop the Bregman soft
clustering algorithm in section 4.

It has been observed in the literature [3, 11] that
exponential families and Bregman divergences have
certain relationships that can be exploited for several
learning problems. We provide a constructive proof of
an explicit bijection betweenBregman divergencesand
exponential families. This result is useful as it enables
us to obtain the appropriate divergencefor any given
exponential family. To present the bijection result, we
needto review the following background material.

3.1 Exp onential families Consider a family F of
probabilit y densitieson a measurablespace(­ ; B) where
B is a ¾-algebra on the set ­ [12]. Suppose every
probabilit y density, pµ 2 F , is parameterizedby d real-
valued variables µ = f µj gd

j =1 so that

F = f pµ = f (! ; µ)j! 2 B; µ 2 ¡ µ Rdg:

Then, F is called a d-dimensional parametric model on
(­ ; B). Let H : B 7! G be a (B-G measurable)function
that transforms any random variable U : B 7! R to
a random variable V : G 7! R with V = H (U).
Then, given the probabilit y density pµ of U, this
function uniquely determinesthe probabilit y density qµ

governing the random variable V .

De¯nition 2 If 8! 2 B, pµ (! )=qµ (! ) exists and does
not depend on µ, then H is called a su±cient statistic
for the model F .

If a d-dimensional model F = f pµ jµ 2 ¡ g can be ex-
pressedin terms of (d+ 1) real-valued linearly indepen-
dent functions f C; H 1; ¢¢¢; Hdg on B and a function Ã
on ¡ as

f (! ; µ) = exp

8
<

:

dX

j =1

µj H j (! ) ¡ Ã(µ) + C(! )

9
=

;
;

then F is calledan exp onential family , and µ is called
its natural parameter . It can be easily seen that



if x 2 Rd is such that x j = H j (! ), then the density
function g(x; µ) given by

g(x; µ) = exp

8
<

:

dX

j =1

µj x j ¡ Ã(µ) ¡ ¸ (x)

9
=

;
;

for a uniquely determined function ¸ (x), is such that
f (w; µ)=g(x; µ) does not depend on µ. Thus, x is a
su±cient statistic for the family. For our analysis, it is
convenient to work with the su±cient statistic x and
hence,we rede¯ne exponential families in terms of the
probabilit y density of the su±cient statistic variable in
Rd, noting that the original ¾-algebraB can actually be
quite general.

De¯nition 3 A multivariate parametric family F Ã of
distributions f p(Ã ;µ) jµ 2 ¡ µ Rdg is called an exponen-
tial family if the probability density is of the form

p(Ã ;µ) (x) = exp(hx; µi ¡ Ã(µ) ¡ ¸ (x)) :

The function Ã(µ) is known as the log partition
function or the cum ulan t function and it uniquely
determines the exponential family F Ã . Further, given
an exponential family FÃ , the log-partition function, Ã
is uniquely determined up to a constant additiv e term.
It can be shown [2] that ¡ is a convex set in Rd and Ã is
a strictly convex and di®erentiable function on int (¡).

3.2 Exp ectation parameters and Legendre du-
alit y Considera d-dimensional real random variable X
following an exponential family density p(Ã ;µ) speci¯ed
by the natural parameter µ 2 ¡. The expectation of
X with respect to p(Ã ;µ) , also called the exp ectation
parameter , is given by

(3.3) ¹ = ¹ (µ) = Ep( Ã ; µ ) [X ] =
Z

Rd
xp(Ã ;µ) (x)dx:

It can be shown [2] that the expectation and natural
parameters have a one-one correspondence with each
other and span spacesthat exhibit a dual relationship.
To specify the dualit y more precisely, we ¯rst de¯ne
Legendre conjugates [23]. The Legendre conjugate Ãc

of the function Ã is given by

Ãc(s) = sup
µ

fhs; µi ¡ Ã(µ)g:

As Ã is a strictly convex and di®erentiable function over
its domain ¡, we can obtain the µ corresponding to the
supremum by setting the gradient of the corresponding
function to zero, i.e.,

r (hs; µi ¡ Ã(µ)) jµ= µ¤ = 0 ) s = r Ã(µ¤)

From the above equation, we can seethat the conjugate
function is well de¯ned on the gradient space of the
function Ã, say ¡ c. Further, the strict convexity of Ã
implies that r Ã is monotonic and hence,is a bijection
from ¡ to ¡ c. Hence, for every s 2 ¡ c, there exists
a µ = µ(s) 2 ¡ and for every µ 2 ¡, there exists a
s = s(µ) 2 ¡ c such that s = r Ã(µ). It is, therefore,
possibleto de¯ne the inversefunction (r Ã) ¡ 1 : ¡ c 7! ¡
and write the conjugate function Ãc in a closedform as

Ãc(s) = h(r Ã)¡ 1(s); si ¡ Ã(( r Ã)¡ 1(s)) :

It can be shown [23] that the function Ãc is also a
strictly convex and di®erentiable function on its domain
and that the pairs (Ã; ¡) and (Ãc; ¡ c) are Legendre
conjugatesof each other. This is stated more formally
below.

De¯nition 4 [23] Let Ã : ¡ 7! R be a strictly convex,
di®erentiable function, then the Legendre conjugate of
(Ã; ¡) is given by (Ãc; ¡ c) where ¡ c is the image of ¡
under the gradient mapping r Ã and Ãc : ¡ c 7! R is a
strictly convex, di®erentiable function given by

Ãc(s) = h(r Ã)¡ 1(s); si ¡ Ã(( r Ã)¡ 1(s)) :

Further, (Ã; ¡) is the Legendre conjugate of (Ãc; ¡ c).
The gradient functions r Ã : ¡ 7! ¡ c and r Ãc : ¡ c 7! ¡
are both continuous, one-one functions and also form
inversesof each other.

Let us now look at the relationship betweenµ and the
expectation parameter ¹ de¯ned in (3.3). Di®erenti-
ating the identit y

R
p(Ã ;µ) (x)dx = 1 with respect to µ

gives us ¹ = ¹ (µ) = r Ã(µ), i.e., the expectation pa-
rameter ¹ is the image of the natural parameter µ un-
der the gradient mapping r Ã. Let S be the expectation
parameter space,µ(¹ ) = (r Ã)¡ 1(¹ ) be the natural pa-
rameter corresponding to ¹ and the function Á : S 7! R
be de¯ned as

(3.4) Á(¹ ) = hµ(¹ ); ¹ i ¡ Ã(µ(¹ )) :

Then, the pairs (Ã; ¡) and (Á;S) form Legendre con-
jugates of each other, i.e., Á = Ãc and S = ¡ c and
the mappings betweenthe dual spacesare given by the
Legendretransformation,

(3.5) ¹ (µ) = r Ã(µ) and µ(¹ ) = r Á(¹ ):

3.3 Bijection Theorem We are now ready to state
the connection between exponential families of distri-
butions and Bregman divergences. As mentioned ear-
lier, connectionsbetweenBregman divergencesand ex-
ponential families have beenobserved earlier in the lit-
erature. In particular, [11] showed that the negative log-
likelihood of an exponential distribution can be written



asthe sum of a Bregman divergenceand a function that
doesnot depend on the parameters, i.e.,

(3.6) ¡ logp(x jµ) = DÁ(x ; ¹ ) + f (x):

This result was used later on by [7] to extend PCA to
exponential families. We make the relationship between
Bregman divergencesand exponential families exact
by showing that there is actually a bijection between
Bregman divergencesand exponential families. More
precisely, we show that for a given exponential family,
DÁ and f in (3.6) are uniquely determined (one-one);
further, there is an exponential family corresponding to
every Bregmandivergence(onto). Note that the dualit y
betweenexpectation and natural parametersmentioned
in [11], [3], and [7] is basically the Legendredualit y and
the bijection result follows using properties of Legendre
conjugates.

Theorem 3 Let (Á;S) and (Ã; ¡) be Legendre conju-
gates of each other. Let DÁ : S £ int (S) 7! R be the
Bregman divergence derived from Á. For µ 2 ¡ , let
p(Ã ;µ) be the exponential probability density derived us-
ing Ã(µ) as the log-partition function with µ as the nat-
ural parameter. Let ¹ be the corresponding expectation
parameter. Then,

(3.7) p(Ã ;µ) (x) = exp(¡ DÁ(x ; ¹ )) f Á(x);

where f Á : S 7! R is a uniquely determined function.
Hence, there is a bijection between exponential densities
p(Ã ;µ) (x) and Bregman divergences D Á(x ; ¹ ).

Proof. We prove the bijection between the exponential
densities p(Ã ;µ) and the Bregman divergencesDÁ(¢; ¹ )
by ¯rst showing that each exponential density p(Ã ;µ)

corresponds to a unique Bregman divergenceD Á(¢; ¹ )
(one-one) and then arguing that there exists an expo-
nential density corresponding to every Bregman diver-
gence(onto). By de¯nition,

p(Ã ;µ) (x) = exp(hx; µi ¡ Ã(µ) ¡ ¸ (x))

= exp(hx; r Á(¹ )i + (Á(¹ ) ¡ h¹ ; r Á(¹ )i )

¡ ¸ (x)) (using (3.4) and (3.5))

= exp(¡f Á(x) ¡ Á(¹ ) ¡ h(x ¡ ¹ ); r Á(¹ )ig

+ f Á(x) ¡ ¸ (x)g)

= exp(¡ DÁ(x ; ¹ )) f Á(x):

We observe that p(Ã ;µ) uniquely determines the log-
partition function Ã to a constant additiv e term so that
the gradient space of all the possible functions Ã is
the same and the corresponding conjugate functions,
Á di®er only by a constant additiv e term. Hence, the
Bregman divergenceDÁ(x ; ¹ ) derived from any of these

conjugate functions will be identical, i.e., the mapping
is one-one, since linear additiv e terms to a convex
function do not change the corresponding Bregman
divergence[5]. This also implies that f Á is a uniquely
determined function on S.

Now, considerany Bregman divergenceD Á(¢; ¹ ) on
S. There exists at least one strictly convex, di®eren-
tiable function Á on S that generatesthis divergence.
The Legendreconjugatesof (Á;S), i.e., (Ã; ¡) are well-
de¯ned. Hence, there exists an exponential density
p(Ã ;µ) that is related to DÁ(¢; ¹ ) by (3.7), i.e., the map-
ping is onto. That completesthe proof.

Tables 2 and 3 shows the various functions of interest
for somepopular exponential distribution families. For
all the casesshown in the table, x is itself the su±cient
statistic.

4 Bregman Soft Clustering

Using the bijection between exponential families and
Bregman divergences,we ¯rst pose the Bregman soft
clustering problem as a parameter estimation problem
for mixture models basedon exponential distributions.
Then, we revisit the Expectation-Maximization (EM)
framework for estimating mixture densitiesand develop
the Bregman soft clustering algorithm (Algorithm 3).
We also present the Bregman soft clustering algorithm
for a set with a probabilit y measure. Finally, we show
how the hard clustering algorithm can be interpreted as
a special caseof the soft clustering algorithm.

4.1 Soft Clustering as Mixture Densit y Esti-
mation Given a set X = f x i gn

i =1 drawn indepen-
dently from a stochastic source, consider the problem
of modeling the sourceusing a single parametric expo-
nential distribution. This is the problem of maximum
likelihood estimation, or, equivalently , minimum neg-
ative log-likelihood estimation of the parameter(s) of
the parametric density belonging to a given exponen-
tial family. Now, from the bijection theorem (theorem
3), minimizing the negative log-likelihood is the sameas
minimizing the corresponding expectedBregman diver-
gence.Using Theorem 1, we concludethat the optimal
distribution is the onewith ¹ = E[X ] asthe expectation
parameter where the expectation is over the empirical
distribution. Further, note that the minimum negative
log-likelihood of X under a particular exponential model
with log-partition function Ã is the Bregman informa-
tion of X , i.e., I Á(X ), up to additiv e constants, where
Á is the Legendredual of Ã.

Now, considerthe problem of modeling the stochas-
tic source with a mixture of k densities of the same
exponential family. This also yields a soft clustering



Table 2: Various functions of interest for somepopular exponential distributions

Distribution p(x ; µ) µ Ã(µ)

1-D Gaussian 4 1p
(2 ¼¾2 )

exp(¡ ( x ¡ a ) 2

2¾2 ) a
¾2

¾2
2 µ2

1-D Poisson ¸ x e¡ ¸
x ! l og¸ eµ

1-D Bernoulli qx (1 ¡ q)1¡ x log ( q
1¡ q ) log (1 + eµ )

1-D Binomial 4 N !
( x )!( N ¡ x )! qx (1 ¡ q)N ¡ x log ( q

1¡ q ) N log (1 + eµ )
1-D Exp onential ¸ exp( ¡ ¸x ) ¡ ¸ ¡ log ( ¡ µ)

d-D Sph. Gaussian 4 1p
(2 ¼¾2 ) d

exp( ¡ k x ¡ a k 2

2¾2 ) a
¾2

¾2
2 kµk2

d-D Multinomial 4 N !
Q d

j =1 ( x j )!

Q d
j =1 (qj ) x j [log (

qj
qd

)] d ¡ 1
j =1 N log (1 +

P d ¡ 1
j =1 eµ j )

Table 3: Various functions of interest for somepopular exponential distributions (contd.)

Distribution p(x ; µ) ¹ Á(¹ ) D Á (x ; ¹ )

1-D Gaussian 1p
(2 ¼¾2 )

exp( ¡ ( x ¡ a ) 2

2¾2 ) a 1
2¾2 ¹ 2 1

2¾2 (x ¡ ¹ )2

1-D Poisson ¸ x e¡ ¸
x ! ¸ ¹ log ¹ ¡ ¹ x log ( x

¹ ) ¡ (x ¡ ¹ )

1-D Bernoulli qx (1 ¡ q)1¡ x q ¹ log ¹ + (1 ¡ ¹ ) l og(1 ¡ ¹ ) x log ( x
¹ ) + (1 ¡ x ) log ( 1¡ x

1¡ ¹ )

1-D Binomial N !
( x )!( N ¡ x )! qx (1 ¡ q)N ¡ x N q ¹ log ( ¹

N ) + (N ¡ ¹ ) l og( N ¡ ¹
N ) x log ( x

¹ ) + (N ¡ x ) log ( N ¡ x
N ¡ ¹ )

1-D Exp onential ¸ exp( ¡ ¸x ) 1=¸ ¡ ln ¹ ¡ 1 x
¹ ¡ ln

³
x
¹

´
¡ 1

d-D Sph. Gaussian 1p
(2 ¼¾2 ) d

exp( ¡ k x ¡ a k 2

2¾2 ) a 1
2¾2 k¹ k2 1

2¾2 kx ¡ ¹ k2

d-D Multinomial N !
Q d

j =1 x j !

Q d
j =1 q

x j
j [N qj ]d ¡ 1

j =1

P d
j =1 ¹ j log (

¹ j
N )

P d
j =1 x j log (

x j
¹ j

)

whereclusterscorrespond to the components of the mix-
ture model, and the soft membership of a data point
in each cluster is proportional to the probabilit y of the
data point beinggeneratedby the corresponding density
function. Thus, the Bregman soft clustering prob-
lem can be stated to be that of learning the maximum
likelihood parameters £ = f ¹ h ; ¼h gk

h=1 of a mixture
model of the form

(4.8) p(x j£) =
kX

h=1

¼h f Á(x) exp(¡ DÁ(x ; ¹ h )) ;

where the last equality follows from the bijection theo-
rem (theorem 3). The above problem is a special case
of the general maximum likelihood parameter estima-
tion problem for mixture models and can be solved by
applying the EM algorithm. Note that, by the bijection
betweenBregman divergencesand exponential families,
(4.8) encompassesthe soft clustering problem for all ex-
ponential families.

4.2 EM for Mixture Mo dels based on Bregman
Div ergences Algorithm 2 describesthe well known ap-
plication of EM for mixture density estimation. This
algorithm has the property that the likelihood of the
data, L X (£) is non-decreasingat each iteration. Fur-
ther, if there exists at least one local maximum for the

4The variance ¾and the number of trials N are assumed to be
constant for the distributions.

likelihood function, then the algorithm will convergeto
a local maximum of the likelihood. For a detailed proof
and other related results, pleasesee[18].

As stated earlier, the Bregman soft clustering prob-
lem is to estimate the maximum likelihood parameters
for a mixture model of the form given in (4.8). Apply-
ing the EM algorithm to this problem gives us locally
optimal parameters £ ¤ for this mixture model. The
resulting mixture model also provides a soft clustering
of the dataset based on the Bregman divergenceD Á.
Hence,we call this application of the EM algorithm the
Bregman soft clustering algorithm. The Bregman di-
vergenceviewpoint gives an alternativ e interpretation
of a well known e±cient EM schemeapplicable to mix-
ture of exponential distributions [22]. This signi¯cantly
simpli¯es the algorithm, especially the computationally
intensive M-step. The resulting update equations look
very similar to thosefor learning mixture modelsof unit
varianceGaussians.However, note that theseequations
are applicable to mixtures of any exponential distribu-
tions, and, asmentioned earlier, x denotesthe su±cient
statistic vector in the generalcase.

The following proposition shows how theorems 1
and 3 can be used to simplify the M-step of the
clustering algorithm. Note that proposition 3 has
appeared in various forms in the literature (see, for
example, [22, 18]). We give an alternativ e proof using
results involving Bregman divergencesdeveloped in the
earlier sections.



Algorithm 2 EM for Mixture Density Estimation [18]

Input: Set X = f x i gn
i =1 ½ S µ Rd, num. of clusters k.

Output: £ ¤, local maximizer of
L X (£) =

Q n
i =1 (

P k
h=1 ¼h ph (x i jµh )) where £ =

f µh ; ¼h gk
h=1 , soft partitioning ff p(hjx i )gk

h=1 gn
i =1 .

Metho d:
Initialize f µh ; ¼h gk

h=1 with someµh 2 S;
¼h ¸ 0;

P k
h=1 ¼h = 1

rep eat
f The Expectation Stepg
for i = 1 to n do

for h = 1 to k do
p(hjx i ) Ã ¼h ph (x i j µh )P k

h 0=1 ¼h 0ph 0(x i j µh 0)

end for
end for
f The Maximization Stepg
for h = 1 to k do

¼h Ã 1
n

P n
i =1 p(hjx i )

µh Ã argmax
µ

P n
i =1 log(ph (x i jµ))p(hjx i )

end for
un til convergence
return £ ¤ = f µh ; ¼h gk

h=1

Prop osition 3 For a mixture model with density given
by (4.8), the maximization step for the density parame-
ters in the EM algorithm (A lgorithm 2), 8h; 1 · h · k,
reduces to:

(4.9) ¹ h =
P n

i =1 p(hjx i )x iP n
i =1 p(hjx i )

:

Proof. The maximization step for the density parame-
ters in the EM algorithm, 8h; 1 · h · k, is given by

µh = argmax
µ

nX

i =1

log(ph (x i jµ))p(hjx i ):

For the given mixture density, the component densities,
8h; 1 · h · k, are given by

ph (x jµh ) = f Á(x) exp(¡ DÁ(x ; ¹ h )) :

Substituting the above into the maximization step,
we obtain the update equations for the expectation
parameters¹ h : 8h; 1 · h · k,

¹ h = argmax
¹

nX

i =1

log(f Á(x i ) exp(¡ DÁ(x i ; ¹ ))) p(hjx i )

= argmax
¹

nX

i =1

(log(f Á(x i )) ¡ DÁ(x i ; ¹ ))p(hjx i )

Algorithm 3 Bregman Soft Clustering

Input: Set X = f x i gn
i =1 ½ S µ Rd, Bregman

divergenceDÁ, num. of clusters k.
Output: £ ¤, local maximizer ofQ n

i =1 (
P k

h=1 ¼h f Á(x i ) exp(¡ DÁ(x i ; ¹ h ))) where
£ = f ¹ h ; ¼h gk

h=1 , soft partitioning ff p(hjx i )gk
h=1 gn

i =1
Metho d:

Initialize f ¹ h ; ¼h gk
h=1 with some¹ h 2 S; ¼h ¸ 0, and

P k
h= ¼h = 1

rep eat
f The Expectation Stepg
for i = 1 to n do

for h = 1 to k do
p(hjx i ) Ã ¼h exp( ¡ D Á (x i ;¹ h ))

P k
h 0=1 ¼h 0 exp(¡ D Á (x i ;¹ h 0))

end for
end for
f The Maximization Stepg
for h = 1 to k do

¼h Ã 1
n

P n
i =1 p(hjx i )

¹ h Ã
P n

i =1 p(h jx i )x iP n
i =1 p(h jx i )

end for
un til convergence
return £ ¤ = f ¹ h ; ¼h gk

h=1

= argmin
¹

nX

i =1

DÁ(x i ; ¹ )p(hjx i )

(as f Á(x) is independent of ¹ h )

= argmin
¹

nX

i =1

DÁ(x i ; ¹ )
p(hjx i )P n

i 0=1 p(hjx i 0)
;

so that the weights on the divergencesform a valid
probabilit y measure (i.e. sum to 1). From Theorem
1, we know that the expected Bregman divergenceis
minimized by the expectation of x,

argmin
¹

nX

i =1

DÁ(x ; ¹ ))p(hjx i ) =
P n

i =1 p(hjx i ) x iP n
i =1 p(hjx i )

:

Therefore, the update equation for the parameters is a
weighted averaging step,

¹ h =
P n

i =1 p(hjx i )x iP n
i =1 p(hjx i )

; 8h; 1 · h · k:

The update equationsfor the posterior probabilities (E-
step) 8x 2 X ; 8h; 1 · h · k; are given by

p(hjx) =
¼h exp(¡ DÁ(x ; ¹ h ))

P k
h0=1 ¼h0 exp(¡ DÁ(x ; ¹ h0))

as the f Á(x) factor cancels out. The prior update
equationsare independent of the parametric form of the



densities and remain unaltered. Hence, for a mixture
model with density given by (4.8), the EM algorithm
(Algorithm 2) reducesto the Bregman soft clustering
algorithm (Algorithm 3).

So far, we consideredthe Bregman soft clustering
problem for a set X where all the elements are equally
important and assumed to have been independently
sampledfrom someparticular exponential distribution.
In practice, it might be desirable to associate weights
with the individual samples and optimize a weighted
log-likelihood function. A slight modi¯cation to the
M-step of the Bregman soft clustering algorithm is
su±cient to address this new optimization problem.
The E-step remainssameand the new update equations
for the M-step 8h; 1 · h · k, are given by

¼h =
nX

i =1

º i p(hjx i );(4.10)

¹ h =
P n

i =1 º i p(hjx i )x iP n
i =1 º i p(hjx i )

:(4.11)

Finally, we note that the Bregman hard clustering
algorithm is a limiting caseof the above soft clustering
algorithm. For every convex function Á and positive
constant ¯ , ¯ Á is also a convex function with the
corresponding Bregman divergenceD ¯ Á = ¯ DÁ (see
[5]). In the limit, when ¯ ! 1 , both the E and
M steps of the soft clustering algorithm reduce to the
assignment and re-estimation stepof the hard clustering
algorithm. Further, this view suggeststhe possibility of
designingannealingschemesfor Bregmansoft clustering
interpreting 1=¯ as the temperature parameter.

5 Exp erimen ts

There are a number of experimental results in existing
literature [17, 10, 20, 16] that illustrate the usefulness
of Bregman divergencesand the Bregman clustering
algorithms in speci¯c domains. The classical kmeans
algorithm, which is a special caseof the Bregman hard
clustering algorithm for the squaredEuclidean distance
has been successfully applied to a large number of
domains where a Gaussian distribution assumption is
valid. Besidesthis, there are at least two other domains
wherespecial casesof Bregmanclustering methods have
beenshown to provide good results.

The ¯rst is the text-clustering domain where the
information-theoretic clustering algorithm [10] and the
EM algorithm based on the Naive-Bayes model [20],
which are, respectively, special casesof the Bregman
hard and soft clustering algorithms for KL-div ergence
have been shown to provide superior results to other
existing algorithms on large real datasets such as the
20-Newsgroups,Reuters and Dmoz datasets. This is to

be expected as text documents can be e®ectively mod-
eled using multinomial distributions whosecorrespond-
ing Bregman divergenceis just the KL-div ergencebe-
tweenthe word distributions. Recently , [16] showedthat
a convex combination of KL-div ergence and squared
Euclidean distance seemsto give even better perfor-
manceon this domain. Wenote that [16] essentially uses
a Bregman divergencederived from a convex function
that is convex combination of two convex functions [23],
and hence, is a special caseof the proposed Bregman
clustering framework.

Speech coding is another domain where a special
caseof the Bregman clustering algorithm basedon the
Itakura-Saito distance, namely the Linde-Buzo-Gray
(LBG) algorithm [17], has beenwidely and successfully
applied. Again, this is to be expected as speech power
spectra tend to follow exponential family density of
the form p(x) = ¸e ¡ ¸x , whosecorresponding Bregman
divergenceis the Itakura-Saito distance.

Since special cases of Bregman clustering algo-
rithms have already been known to provide substan-
tial improvements over other existing methods in cer-
tain domains, we do not experimentally re-evaluate the
Bregman clustering algorithms against other methods.
Instead, weonly focuson showing that the quality of the
clustering dependson the match betweenthe data char-
acteristics and the choice of Bregman divergenceused
for clustering.

In order to do this, we performed two experiments
using datasets of increasing level of di±cult y. For
our ¯rst experiment, we created three 1-dimensional
datasetsof 100 sampleseach, basedon mixture models
of Gaussian,Poissonand Binomial distributions respec-
tiv ely. All the mixture models had three components
with equal priors centered at 10, 20 and 40 respectively.
The standard deviation, ¾of the Gaussiandensitieswas
set to 5 and the number of trials N of the Binomial dis-
tribution was set to 100 so as to make the three mod-
els somewhat similar to each other. The datasets were
then each clusteredusing three versionsof the Bregman
hard clustering algorithm corresponding to the Breg-
man divergencesobtained from the Gaussian(kmeans),
Poisson and Binomial distributions respectively. The
quality of the clustering was measuredin terms of the
normalized mutual information 6 [24] between the pre-
dicted clusters and the original clusters and the results
wereaveragedover 10 trials. Table 4 shows the normal-
ized mutual information values for the di®erent diver-
gencesand datasets. From the table, we can seethat
clustering quality depends on the choice of Bregman

6 It is meaningless to compare the clustering objectiv e function
values as they are di®erent for the three versions of the Bregman
clustering algorithm.



divergenceand is signi¯cantly better when the appro-
priate Bregman divergenceis used.

Table 4: Clustering results for the ¯rst set of datasets

Mo del D Gaussian D P oisson D Binomial

Gaussian 0:70 § 0:033 0:63 § 0:043 0:64 § 0:035
Poisson 0:69 § 0:063 0:73 § 0:057 0:69 § 0:059
Binomial 0:77 § 0:061 0:75 § 0:048 0:83 § 0:046

The second experiment involved a similar kind
of comparison of clustering algorithms for multi-
dimensionaldatasetsdrawn from multiv ariate Gaussian,
Binomial and Poisson distributions respectively. The
datasets were sampled from mixture models with 15
overlapping components and had 2000 10-dimensional
sampleseach. The results of the Bregman clustering al-
gorithms shown in table 5 lead to the sameconclusionas
before, i.e., the choice of the Bregman divergenceused
for clustering is crucial for obtaining good quality.

Table 5: Clustering results for the secondset of datasets

Mo del D Gaussian D P oisson D Binomial

Gaussian 0:73 § 0:005 0:66 § 0:007 0:67 § 0:005
Poisson 0:79 § 0:013 0:82 § 0:014 0:80 § 0:013
Binomial 0:82 § 0:006 0:83 § 0:011 0:85 § 0:012

6 Related W ork

This work is largely inspired by three broad and over-
lapping ideas. First, consideringthe clustering problem
from an information theoretic viewpoint is very insight-
ful. Such considerations occur in several techniques,
from classical vector quantization to information the-
oretic clustering [10] and the information bottleneck
method [26]. In particular, the information theoretic
clustering [10] approach solved the problem of distri-
butional clustering with a formulation involving loss in
Shannon'smutual information. In this paper, we have
signi¯cantly generalizedthat work by proposing tech-
niques for obtaining optimal quantizations by minimiz-
ing loss in Bregman information corresponding to arbi-
trary Bregman divergences.

Second,our soft clustering approach is basedon the
relationship between Bregman divergencesand expo-
nential distributions and the suitabilit y of Bregman di-
vergencesas distortion or lossfunctions for data drawn
from exponential distributions. It has been previously
shown [3] that the KL-div ergence,which is the most
natural distance measurefor this parameter space,be-
tweentwo members pµ and p~µ of an exponential family,
is always a Bregman divergence.In particular, it is the
Bregman divergenceDÃ (µ; ~µ) corresponding to the cu-
mulant function Ã of the exponential family. In our
work, we extend this concept to say that the Bregman
divergenceof the Legendre conjugate of the cumulant
function is, in somesense,a natural distance function
for the data drawn accordingto that exponential family.

The third broad idea is that many learning algo-
rithms can be viewed as solutions for minimizing loss
functions basedon Bregman divergences.Elegant tech-
niques for the design of algorithms and the analysis of
relative lossboundsin the online learning setting exten-
sively usethis framework [3]. In the unsupervisedlearn-
ing setting, useof this framework typically involvesde-
velopment of alternate minimization procedures[8]. For
example, [21, 27] analyze and develop iterativ e alter-
nate projection proceduresfor solving unsupervisedop-
timization problems involving objective functions based
on Bregman divergencesunder various kinds of con-
straints. Further, [7] develops a generalization of PCA
for exponential families using lossfunctions basedon the
corresponding Bregman divergencesand proposesalter-
nate minimization schemesfor solving the problem.

There has also been work on learning algorithms
that involve minimizing loss functions basedon distor-
tion measuresthat are somewhat di®erent from Breg-
man divergences.For example,[19] presents the convex-
kmeansclustering for distortion measuresthat are al-
ways non-negative and convex in the secondargument,
using the notion of a generalizedcentroid. Bregman di-
vergences,on the other hand, are not necessarilyconvex
in the secondargument and also, the minimizer of the
Bregman clustering loss function always happens to be
the actual centroid, i.e., the expectation of the set.

7 Conclusion

In this paper, we presented hard and soft clustering
algorithms minimizing loss functions involving Breg-
man divergences.This analysis presents a uni¯ed view
of an entire class of parametric clustering algorithms.
First, in the hard-clustering framework, we show that
a kmeans type iterativ e relocation scheme solves the
Bregman hard-clustering problem for all Bregman di-
vergences. Further, from a related result, we seethat
Bregman divergencesare the only distortion functions
for which such a centroid-basedclustering schemeis pos-
sible. Secondly, using insights from existing literature,
we show that there is a bijection betweenBregman di-
vergencesand exponential families. This result is useful
in developing an alternativ e interpretation of the EM
algorithm for learning mixtures of exponential distri-
butions, eventually resulting in a set of Bregman soft-
clustering algorithms.

As discussedin the paper, special casesof this anal-
ysishavebeendiscoveredand widely usedby researchers
in applications ranging from speech coding to text clus-
tering. There are four salient featuresof this framework
that make these results particularly useful for data-
mining applications. First, the computational complex-
it y of the entire classof Bregman clustering algorithms



is linear in the data-points. Hence, the algorithms are
extremely scalableand appropriate for large-scaledata-
mining tasks. Secondly, the modularit y of the proposed
class of algorithms is evident from the fact that only
one component in the proposedschemes,viz the Breg-
man divergenceused in the assignment step, needsto
be changedto get an algorithm for a new lossfunction.
This simpli¯es the implementation and application of
this classof algorithms to various data types. Thirdly ,
the algorithms discussedare applicable to mixed data
types that are commonly encountered in data-mining.
Since the linear combination of convex functions with
non-negative coe±cients is always convex [23], one can
have di®erent convex functions appropriately chosenfor
di®erent setsof features. The Bregman divergencecor-
responding to any linear combination of the component
convex functions can now be used to cluster the data.
This vastly increasesthe scope of the proposed tech-
niques. Finally, becauseof the similarit y of Bregman
hard clustering to kmeans, existing techniquesthat em-
ploy kmeansin varioussettingssuch asdata streamclus-
tering, privacy preserving clustering, etc., can be easily
extendedto the generalframework of Bregman cluster-
ing.
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