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Abstract

We formulate the metric learning problem as that of minimizthe differen-
tial relative entropy between two multivariate Gaussiandar constraints on the
Mahalanobis distance function. Via a surprising equivederwe show that this
problem can be solved as a low-rank kernel learning probl8pecifically, we
minimize the Burg divergence of a low-rank kernel to an inearnel, subject to
pairwise distance constraints. Our approach has sevevahtafjes over exist-
ing methods. First, we present a natural information-tegéoformulation for the
problem. Second, the algorithm utilizes the methods d@esldy Kulis et al.
[6], which do not involve any eigenvector computation; imtfaular, the running
time of our method is faster than most existing techniquégdT the formulation
offers insights into connections between metric learnimg)leernel learning.

1 Introduction

We propose a new formulation for learning a Mahalanobisadist under constraints. We model the
problem in an information-theoretic setting by leveragamequivalence between the multivariate
Gaussian distribution and the Mahalanobis distance. We shat the problem of learning an op-

timal Mahalanobis distance translates to learning themgdtiGaussian with respect to an entropic
objective. Thus, our problem can be thought of as maximittiegntropy of a multivariate Gaussian
subject to pairwise constraints on the associated Mahhbisugstance.

To solve our problem, we show an interesting connection tecantly proposed low-rank kernel
learning problem [6]. Here, a low-rank kerngl is learned that satisfies a set of given distance
constraints as well as minimizes the Burg matrix divergegndbe given kerneK,. It was shown
that this problem can be optimized using an iterative ogtittion procedure with co€?(cd?) per
iteration, wheree is the number of distance constraints, ahid the dimensionality of the data. In
particular, this method does not require costly eigenvabmputations, unlike many other metric
learning algorithms [4, 10, 11].

2 Problem Formulation

Given a set ofi points{z, ..., z,, } in R, we seek a positive definite matrikwhich parameterizes
the Mahalanobis distance:

da(mi, x;) = (zi — x;)" A(w; — ;).

We assume that some prior knowledge about the distancegéetivese points is known. Specifi-
cally, we consider relationships constraining the sintifaor dissimilarity between pairs of points.
Two points are similar if the Mahalanobis distance betwd®mt is smaller than a given upper
bound,d(z;,z;) < u for a relatively small value of.. Similarly, two points are dissimilar if
da(xi, ;) > [ for sufficiently largel.



In particular, for a classification setting where class lsbee known for each instance (as in Glober-
son and Roweis [4]), distances between points in the saras cén be constrained to be small, and
distances between two points in different classes can betredmed to be large.

Our problem is to learn a matrid which parameterizes a Mahalanobis distance that satisifies
given set of constraints. Typically, this learned distafggction is used fork-nearest neighbor
searchjk-means clustering, etc. We note that, in the absence of kniowledge, these algorithms
typically use the standard squared Euclidean distancequvaently, the Mahalanobis distance
parameterized by the identity matrix

In general, the set of distance functions in our feasiblevgiébe infinite (we discuss later how to
re-formulate the problem for the case when the feasiblessanpty). Therefore, we regularize the
problem by choosing the Mahalanobis matfixhat is as close as possible to the identity mafrix
(which parameterizes the baseline Euclidean distanceifur)c To quantify this more formally, we
propose the following information-theoretic framework.

There exists a simple bijection between the set of Mahaliarthstances and the set of multivariate
Gaussians with fixed meam. Given a Mahalanobis distance parameterizedibyve express its
corresponding multivariate Gaussians; m, A) = + exp (—3da(z,m)), whereZ is a nor-
malizing constant. Using this bijection, we define the distabetween two Mahalanobis distance
functions parametrized byt; andA, as the (differential) relative entropy between their cepand-
ing multivariate Gaussians:

p(wv m, Al)

p(e;m, Az) . @)

KL (p(a; m, Av) lp(; m, 45)) = / p(w;m, Ay) log

Given a set of pairs of similar poinsand pairs of dissimilar point®, our distance metric learning
problem is

min KL (p(z; m, 4)||p(z;m, I))
subjectto da(z;, z;) <wu (i,7) € S, 2)
dA(wiij) Zl (l,j)GD

Note thatm is an arbitrary fixed vector.

3 Algorithm

In this section, we demonstrate how to solve the informati@oretic metric learning problem (2)
by proving its equivalence to a low-rank kernel learningipeon. Using this equivalence, we appeal
to the algorithm developed in [6] to solve our problem.

3.1 EquivalencetoLow-Rank Kernel Learning

Let X = [z, x> ... ,,], and the Gram matrix over the input points Kg = X7 X. Consider the
following kernel learning problem, to be solved far.

min DBurg(K, KO)
subjectto K;; + Kj; —2K;; <u  (4,7) € S,

3
Kii+ij—2KijZl (i,j)GD, ( )
K > 0.
The Burg matrix divergence is a Bregman matrix divergenagegged by the convex function
#(X) = —logdet X over the cone of semi-definite matrices, and it is defined as
Deug(K, Ko) = Tr(KK; ') — logdet(KKy!') — n. (4)

Formulation (3) attempts to find the nearest kernel matriBimg-divergence to the input Gram
matrix, subject to linear inequality constraints. It canshewn that the Burg divergence between
two matrices is finite if and only if their range spaces are ghme [6]. This fact allows us to



conclude that the range spacesiofand K, are the same if the problem has a feasible solution.
Furthermore, the learned mattk can be written as a rankkernel K = XTWTW X, for some
(d x d) full-rank matrix W'.

We now state a surprising equivalence between problemsn@)3). By solving (3) forK =
XTWTW X, the optimalA for (2) can be easily constructed via= WTW. We will not provide
a detailed proof of this result; however, we present the tesolemmas.

Lemma 1: Dgug(K, Ko) = 2KL (p(z; m, A)||p(z; m, I)) + ¢, wherecisa constant.

Lemma 1 establishes that the objectives for informatia@®ethtic metric learning and low-rank ker-
nel learning are essentially the same. It was recently stigjhat the differential relative entropy
between two multivariate Gaussians can be expressed asnfiexccombination of a Mahalanobis
distance between mean vectors and the Burg matrix diveegleeitwveen the covariance matrices.
Here, the two mean vectors are the same, so their Mahaladistésice is zero. Thus, the relative
entropy, KW(p(xz; m, A)||p(x; m, I)), is proportional to the Burg matrix divergence frodrto 1.

Therefore, the proof of the Lemma 1 reduces to showingIhaty( K, Ko) and Deurg(A4, I) differ
by only a constant. Interestingly, trdémensions of the matrices in these two divergences are
different: K and K, are(n x n), while A andI are(d x d).

Lemma2: Given K = XTAX, Aisfeasblefor (2) if and only if K is feasible for (3).

This lemma confirms that if we have a feasible kernel makrigatisfying the constraints of (3), the
corresponding Mahalanobis distance parameterized batisfies the constraints of (2). Note that
by associating the kernel matrix with the Mahalanobis dista we can generalize to unseen data
points, thus circumventing a problem often associated kétinel learning.

3.2 Metric Learning Algorithm

Given the connection stated above, we can use the methofistmgolve (3). Since the output of
the low-rank kernel learning algorithm i&’, and we prefed in its factored formiW W for most
applications, no additional work is required beyond rugrilre low-rank kernel learning algorithm.

Our metric learning algorithm is given as Algorithm 1; eadmstraint projection cost9(d?) per
iteration and requires no eigendecomposition. Thus, aatiten of the algorithm (i.e., looping
through allc constraints) require@(cd?) time. Note that a naive implementation would cO$td®)
time per iteration (because of the multiplicatibh W), but the Cholesky factorization can be com-
bined with the matrix multiplication into a sing{g(d?) routine, leading to the more efficie@cd?)
per iteration running time.

The low-rank kernel learning algorithm which forms the der Algorithm 1 repeatedly computes
Bregman projections, which project the current solutiotoansingle constraint. By employing the
Sherman-Morrison-Woodbury inverse formula appropnatidlis projection—which generally has
no closed-form solution—can be computed analyticallytfi@enmore, it can be computed efficiently
on a low-rank factorization of the kernel matrix.

4 Discussion

In this work we formulate the Mahalanobis metric learningldem in an information-theoretic
setting and provide an explicit connection to low-rank lerearning. We now briefly discuss
extensions to the basic framework, and we contrast our appnaith other work on metric learning.

We consider finding the Mahalanobis distance closest todkellme Euclidean distance as measured
by differential relative entropy. In some applicationsniy be more appropriate to consider finding
a Mahalanobis distance closest to some other baselinexdonge, one could use the Mahalanobis
distance parametrized by the inverse of the sample cowarianatrixS as a baseline, in which case
the resulting Burg divergence problem becomes a minintinatif Dg.g(A4, S~). We note that
extensions of this sort can be solved by variants of our gegdéramework.



ALGORITHM 1: Algorithm for information-theoretic metric learning

ITMETRICLEARN(X, S, D, u,l)

Input: X: inputd x n matrix, S: set of similar pairs,D: set of dissimilar pairsy, [
distance thresholds

Output: W: output factor matrix, wher® W = A

1. SetW =1 and)\ij =0 V’L,]

2. Repeat until convergence:

¢ Pick a constrain(:, j) € S or (i,j) € D
o LetvT be row: of X minus row;j of X
e Set the following variables:
1. w=Wuv
2. if (similarity constraint)
~ = min (/\,'j, m — %)
B =7/~ 1llwl3)
elseif (dissimilarity constraint)
~ = min (/\ij,% — m)
B = —/(1+llwlf3)
3. =i —
e Compute the Cholesky factorizatidi.” = I + Sww?”
o SetW « LW
3. Returni

We consider simple distance constraints for similar ansitigar points, though it is straightforward
to incorporate other constraints. For example, Schutzaachims [8] consider a formulation where
the distance metric is learned subject to relative nearoesstraints on the input points (as in,
the distance betweenhandj is closer than the distance betweeandk). Our approach can be
adapted to handle this setting. In fact, it is possible t@iporate arbitrary linear constraints into
our framework.

Finally, our basic formulation assumes that there existsasgible point that satisfies all of the dis-
tance constraints, but in practice, this may fail to hold. ilie extension to our framework can
incorporate slack variables on the distance constrairtianale such infeasible cases.

4.1 Related Work

Xing et al. [11] use a semidefinite programming formulation learning a Mahalanobis distance
metric. Their algorithm aims to minimize the sum of squaristieshces between input points that are
“similar”, while at the same time aiming to separate the $ifslar”’ points by a specified minimum
amount. Our formulation differs from theirs in two respeéisst, we minimize a Burg-divergence,
and second, instead of considering the sum of distortiores digsimilar points, we consider pairs
of constrained points.

Weinberger et al. [10] formulate the metric learning probie a large margin setting, with a focus
on kNN classification. They formulate the problem as a sefimie programming problem and
consequently solve it using a combination of sub-gradiestdnt and alternating projections. Our
formulation does not solely have kNN as a focal point, antedifsignificantly in the algorithmic
machinery used.

The paper of Globerson and Roweis [4] proceeds to learn a Miablis metric by essentially
shrinking the distance between similar points to zero, apaeding the distance between dissimilar
points to infinity. They formulate a convex optimization ptem which they propose to solve by
a projected-gradient method. Our approach allows moreeefinterpoint constraints than just a
zero/one approach.



Chopra et al. [1] presented a discriminative method basqzhoa of convolutional neural networks.
Their method aims to learn a distance metric, wherein trexaiint constraints are approximately
enforced by penalizing large distances between similantpar small distances between dissim-
ilar points. Our method is solved more efficiently, and thastmints are enforced incrementally.
Furthermore, as discussed above, by including slacks ocomstraints, we can accommodate “soft-
margin” constraints.

Shalev-Shwartz et al. [9] consider an online metric leagrsietting, where the interpoint constraints
are similar to ours. They also provide a margin interpretatsimilar to that of [10]. Their formula-
tion considers distances between all pairs of similar assiigiilar points, whereas we consider only
a fixed set of input pairwise constrained points.

Other notable work includes the articles [2, 5, 7, 8]. Cramateal. [2] applies boosting to kernel
learning, for a connection of our method kernel learning Seetion 3. Lanckriet et al. [7] study
the problem of kernel learning via semidefinite programmi{ggldberger et al. [5] proposed neigh-
borhood component analysis to explicitly aid KNN; howetlee, formulation is non-convex and can
lead to local optima.
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