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Conversion in CIC

CC + Inductive Definitions = Calculus of Inductive Constructions

conversion rule;

Ere:t ERt<¢
Fre:t

(conv)

— = —>5U—>L
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Conversion in CIC

CC + Inductive Definitions = Calculus of Inductive Constructions

conversion rule;

Ere:t ERt<¢

(i) Eke:t

— = —>BU—>L

Larger conversion results in simpler and smaller proofs
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Adding rewriting

Symbol + : nat — nat — nat
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Adding rewriting

Symbol + : nat — nat — nat
Rules 0 + m — m
(Sn) +m— S (n +m
n+0—n
n+(Sm) — S (n+ m
(n+m) +1 —n+ (m+1).
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Rules 0 + m — m
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n+0—n
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Adding rewriting

Symbol + : nat — nat — nat

Rules 0 + m — m
(Sn) +m— S (n +m
n+0—n
n+(Sm) — S (n+ m
(n+m) +1 —n+ (m+1).

Axiom fact : P (O + (m + 0)).

Goal (P m).
exact fact.
Qed.
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Adding rewriting

Symbol + : nat — nat — nat

Rules 0 + m — m
(Sn) +m— S (n +m
n+0—n
n+(Sm) — S (n+ m
(n+m) +1 —n+ (m+1).

Axiom fact : P (O + (m + 0)).

Goal (P m).
exact fact.
Qed.
(conv) Etre:t EkFtst
Ere:t
— = _’ﬁU_’R
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Rewriting in the calculus of constructions

e rewriting packages in environments
E;Rew(f :t; {...fl—r...}); F
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Rewriting in the calculus of constructions

e rewriting packages in environments
E;Rew(f :t; {...fl—r...}); F

e conversion depends on the environment

e f can be higher order, polymorphic, dependent

e syntactic matching

ello], —r e[rolp
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Rewriting in the calculus of constructions

e rewriting packages in environments
E;Rew(f :t; {...fl—r...}); F

e conversion depends on the environment
e f can be higher order, polymorphic, dependent

e syntactic matching

ello], —r e[rolp

CC+Rew = CC + Ind types + Rew packages + new conversion
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Rewriting in the calculus of constructions

e rewriting packages in environments
E;Rew(f :t; {...fl—r...}); F

e conversion depends on the environment
e f can be higher order, polymorphic, dependent

e syntactic matching
ello], —r e[rolp

CC+Rew = CC + Ind types + Rew packages + new conversion

ElFe:t Erts ¢

(conv) Ere:t
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Known metatheoretical properties of CC+Rew

@ termination of — g U —3
General Schema (F.Blanqui, PhD 2001),
HORPO (D.Walukiewicz, PhD 2003)

@ confluence: (F.Miiler, 1992)

@ subject reduction
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Known metatheoretical properties of CC+Rew

@ termination of — g U —3
General Schema (F.Blanqui, PhD 2001),
HORPO (D.Walukiewicz, PhD 2003)

@ confluence: (F.Miiler, 1992)
@ subject reduction

@ logical consistency, completeness of definitions by rewriting
(D.Walukiewicz & J.Ch., 1JCAR 2006, LMCS 2008)

@ missing: logical power of CC+Rew,(conservativity 7)
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Complete definitions by rewriting

Symbol + : nat — nat — nat
Rules 0 + m — m
(Sn) +m — S (n + m)
n+0—n
n+ (Sm) — S (n+ m
(n+m) +1 — n+ (m+ 1)
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Symbol head : V k:nat, vector (S k) — bool
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Complete definitions by rewriting
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Symbol head : V k:nat, vector (S k) — bool
Rules head k (vcons a k 1) — a
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Complete definitions by rewriting

Symbol + : nat — nat — nat
Rules 0 + m — m
(Sn) +m — S (n + m)
n+0 —n
n+ (Sm) — S (n+ m
(n+m) +1 — n+ (m+ 1)

<— complete

Symbol head : V k:nat, vector (S k) — bool
Rules head k (vcons a k 1) — a

Symbol K : V (A:Set) (a:A) (P:eq A a a — Set),
P (refl Aa) - Vp:eqghaa, Pp

Rules K A a Ph (refl Aa) — h
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Complete subsystem and other rules

R { ; ;} - complete (often a pattern-matching definition of f)
2 —— T2

R flz—rs
fl?l—>7“4
fls—rs
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Complete subsystem and other rules

R { ; ;} - complete (often a pattern-matching definition of f)
2 —— T2

R flz—rs
fl?l—>7“4
fls—rs

How are the rules in R’ \ R related to R ? I

D.Walukiewicz, J.Chrzgszcz Inductive Consequences in the Calculus of Constructions ITP 2010, p. 7/20



First order case

Other rules are inductive consequences:

If R C R’ and they are both terminating, confluent and R is complete,
then for alll — r € R'\ R, for all o closed, lo @R ro.
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First order case

Other rules are inductive consequences:

If R C R’ and they are both terminating, confluent and R is complete,
then for alll — r € R'\ R, for all o closed, lo @R ro.

(conclusion from an old and simple theorem)

D.Walukiewicz, J.Chrzgszcz Inductive Consequences in the Calculus of Constructions ITP 2010, p. 8/20



Our contribution

Our contribution

Extension of inductive consequences lemma to higher-order rewriting on:
@ non-functional inductive types

@ functional inductive types
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Inductive consequences for non-functional types
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Inductive consequences for non-functional types

If R C R’ and they are both terminating, confluent and R is complete
and critical pairs are joinable without — g\ r under a binder,

then for all | — r € R'\ R, for all o closed, lo =g ro.
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Inductive consequences for non-functional types

If R C R’ and they are both terminating, confluent and R is complete
and critical pairs are joinable without — g r under a binder,

then for all | — r € R'\ R, for all o closed, lo =g ro.

R/
lo ro

by induction on —p U —35 U >
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Inductive consequences for non-functional types

Inductive list : Set := nil : list | cons : bool—list—list
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Inductive consequences for non-functional types

Inductive list : Set := nil : list | cons : bool—list—list

Symbol map : (bool—bool) — list — list
Rules map F nil — nil
map F (cons a 1) — cons (F a) (map F 1)
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Inductive consequences for non-functional types

Inductive list : Set := nil : list | cons : bool—list—list

Symbol map : (bool—bool) — list — list
Rules map F nil — nil

“map F (cons a 1) — cons (F a) (map F 1)
R'\R > map \z.x 1 — 1

map Ax.r nil
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Inductive consequences for non-functional types

Inductive list : Set := nil : list | cons : bool—list—list

Symbol map : (bool—bool) — list — list
Rules map F nil — nil
" map F (cons a 1) — cons (F a) (map F 1)
R'\R > map \z.x 1 — 1

map Az.r nil —p nil
IR

nil

map Az.z (cons a 1)
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Inductive consequences for non-functional types

Inductive list : Set := nil : list | cons : bool—list—list

Symbol map : (bool—bool) — list — list
Rules map F nil — nil
" map F (cons a 1) — cons (F a) (map F 1)
R'\R > map \z.x 1 — 1

map Az.r nil —p nil

IR

nil

map Az.z (cons a 1) ——p cons a l

IR

cons (A\z.x a) (map Az.z 1)
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Inductive consequences for non-functional types

If R C R’ and they are both terminating, confluent and R is complete
and critical pairs are joinable without — g\ r under a binder,

then for all | — r € R'\ R, for all o closed, lo =g ro.
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Inductive consequences for functional types
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Inductive consequences for functional types

Inductive ord : Set :=
| o : ord

| s : ord — ord

| 1im : (nat — ord) — ord.

D.Walukiewicz, J.Chrzgszcz
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Inductive consequences for functional types
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| 1im : (nat — ord) — ord.

Symbol id : ord — ord
Rules id o — o
id (s x) — s (id x)
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Inductive consequences for functional types

Inductive ord : Set :=
| o : ord

| s : ord — ord

| 1im : (nat — ord) — ord.

Symbol id : ord — ord
Rules id o — o
id (s x) — s (id x)
id (1im F) — 1lim (\ n. id (F n))

id (id x) — id x
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Inductive consequences with functional inductive types

R 5> id (1im F) — lim (A n. id (F n))
R'\R > id (id x) — id x
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Inductive consequences with functional inductive types

R 5> id (1im F) — lim (A n. id (F n))
R'\R > id (id x) — id x

id (id (l1im F)) —pg id (lim F)

IR
id (im (A n’. id (F n?)))
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R'\R > id (id x) — id x
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IR
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Inductive consequences with functional inductive types

R 5> id (1im F) — lim (A n. id (F n))
R'\R > id (id x) — id x

id (id (1im F)) —pg id (1im F) —pg lim (A n’.id (F n’))
IR
id (1im (A n’. id (F n’)))

lr
lim (A n’. id ((\ n’. id (F n?)) n’?))
la
lim (A n’’. id (id (F n’?))) R

one needs one step of — g/ under A under 1im.
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Inductive consequences with functional inductive types

Symbol n20 : nat — ord

Rules n20 0 — o
n2o0 (S x) — s (n2o0 x)
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Inductive consequences with functional inductive types

Symbol n20 : nat — ord

Rules n20 0 — o
n2o0 (S x) — s (n2o0 x)

id (id x) — id x l—r

Now, for 0 = {x — lim (A n. n20 n)} one has:
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Inductive consequences with functional inductive types

Symbol n2o0

: nat — ord

Rules n20 0 — o
n2o0 (S x) — s (n2o0 x)

id (id x) — id x l—r

Now, for 0 = {x — lim (A n. n20 n)} one has:
lo=id (id (1im (A n. n2o0 n)))

— id (1im (A n’. id ((A n. n20 n) n’)))
—— id (1im (A n’. id (n20 n?’)))

— lim (A
— 1lim ()

ro=id (lim
— lim (A
— 1lim ()

n’’. id ((A n’. id (n20 n’)) n’?))
n’’. id (id (n20 n’?)))

(A n. n20 n)) l0'+;4ngra
n’. id ((A n. n20 n) n?’))
n’. id (n20 n?’))
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Inductive consequences with functional inductive types

If R C R’ and they are both terminating, confluent and R is complete and
o SN(—p U —p U =)
@ critical pairs are joinable with — g\ r under constructors and lambda

then for all | — r € R’ \ R, for all o closed, lo ~, 0.

D.Walukiewicz, J.Chrzgszcz Inductive Consequences in the Calculus of Constructions ITP 2010, p. 18/20



Inductive consequences with functional inductive types

If R C R’ and they are both terminating, confluent and R is complete and
o SN(—p U —p U =)
@ critical pairs are joinable with — g\ r under constructors and lambda

then for all | — r € R’ \ R, for all o closed, lo ~, 0.

e w-equivalence: ~,

D.Walukiewicz, J.Chrzgszcz Inductive Consequences in the Calculus of Constructions ITP 2010, p. 18/20



Inductive consequences with functional inductive types

If R C R’ and they are both terminating, confluent and R is complete and
9 SN(—p U —35 U )
@ critical pairs are joinable with — g/\ p under constructors and lambda
then for all | — r € R'\ R, for all o closed, lo ~, ro.

o . . *
e w-equivalence: ~, is the least congruence containing «—pg and w-rule:

Vo closed, s ~, td

S~ t

D.Walukiewicz, J.Chrzgszcz Inductive Consequences in the Calculus of Constructions ITP 2010, p. 18/20



Inductive consequences with functional inductive types

If R C R’ and they are both terminating, confluent and R is complete and
9 SN(—p U —pg U )
@ critical pairs are joinable with — g/\ p under constructors and lambda
then for all | — r € R'\ R, for all o closed, lo ~, ro.

o . . *
e w-equivalence: ~, is the least congruence containing «—pg and w-rule:

Vo closed, s ~, td

S~ t

e proof by induction on —p U —5 U >,

S X D¢ X
lim F >, F t (for every typable t)

D.Walukiewicz, J.Chrzgszcz Inductive Consequences in the Calculus of Constructions ITP 2010, p. 18/20



Inductive consequences with functional inductive types

If R C R’ and they are both terminating, confluent and R is complete and
@ R and R’ are terminating by HORPO or General Schema
@ critical pairs are joinable with — g/\ p under constructors and lambda
then for all | — r € R'\ R, for all o closed, lo ~, ro.

o . . *
e w-equivalence: ~, is the least congruence containing «—pg and w-rule:

Vo closed, s ~, td

S~ t

e proof by induction on —p U —5 U >,

S X D¢ X
lim F >, F t (for every typable t)

D.Walukiewicz, J.Chrzgszcz Inductive Consequences in the Calculus of Constructions ITP 2010, p. 18/20



Conclusions

We work on adding rewriting to the Calculus of Constructions.
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Conclusions

We work on adding rewriting to the Calculus of Constructions.

@ Definitions by rewriting are made from a complete subset

and “other” rules.
@ We show that (under reasonable conditions) the “other” rules are
inductive consequences of the complete subset.

General question:
What is the logical power of CC+Rew 7

Ideally: conservativity of CC+Rew over CIC+K+ext+7
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