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Abstract

The Generalized Minimum Residual (GMRES) iterative method and variations of
it are []'-::-::|ur||l|:¢ used for ﬂ-::-l".'ing' sy stems af lmear l:'|.|u.'|.li-::-||*.1 afl the form Ax [
where A s a large sparse nonsingular nonsymmetric matcix, We discuss ways to

recarganize the algorithm to improve e eficiency.

hey words: Geperalized Minimum Residual I:ﬂ::'-‘]lil-:ﬂ:l iterathee method,
Preconditioned GMBEES(m) Algorithm, solving large sparse systems of linear
-e~c:||1;1lin|1r:-. G RES ;1|g-::-riLhm rrnrg;1||ian'|ca|| anrl Matlabk code.

1 Introduction

The well-known Generalized Minimum Besidual {GMRES) iterative method
i= often used to =olve a svetem of linear equations

Azr=~h
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where A g a large sparse non=singular nonsymmetric 7 ® n matrix. The left-
right preconditioned sy=tom j=

(M AM S M) = Mt

where matrices M and Mg are nonsingular matrices.

2 HReview GMRES.

In this section, we present a brief review of the GMREES procedure for the case
m = 3. Knowledgeable readers should immediately skip to the nest section. In
the first phase, the Arnoldi process i= used to generate an crthonormal basie
set {wlt! w® B} for the Krylov subspace 32,(r'™ 4] where #'% = bh— Az("
iz the Tesidual vector for the initial value 2™, In the second phase, we form a
linear combination
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u=ing matrix and vector notatjon
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From the Amoldi process, we have
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where oy = ||5 — A2 and o; = |[w'"|[2. In the solution phase, we nead the
|[east =quares solution of
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T'o successively zero out the values of oy, o9, and o5, We use Givens transfor-
mation matrices €J; of the form

[ o e 00 (1 o 0o (10 o 0
S 0 ex el 01 0 0

o5 . G . s
o010 0 —sq eq 0 00 o5 s
KRR 00 01 00— 03

wherea

-

a; = B2, +af|'2, e =h
for ¢ 1.2, 3. When the Givens matrix is constructed so that when € s
applied to matrix H, it modifies the diagonal entry R — ohy + a0, and

fevy, 85 = o fay

£ =T 1

zeroe-out the o entry, It also mexdifies the rows 2 and @ + 1 from column 2 + 1
through w; namely, h"'.:" — iy 4 osm and Ky o— =Sk e for
7 =i+ 1,...,m Here ki j are the appropriately updated elements of the f,

matrix. In our Matlab code, we use the function rotg.m to determine the
elament= =; and e; in the Givens rotation matrix.

Mow we apply each Givens transformations to both sides of the linear svstem
(3} and obtain
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Where O} = Qa00=0) . Consequently, we obtain
Fac” = QHaes” = Qg = y

Finally using the first three equations in (4), we can solve this upper triangular

—[3] (3} —{4)
£y

aystem for the coefficients &), a0, and a5 .

Lot #% — W,q where g = a[1,0.0, 0y and ||#] 2. Evidently from (1)
and [2), we have

= g Hh'-zt-'l:s:l P '|-|i"1ff:gr:':3] |i[-"4|:q - H:gr:is:':l

We hawve
71 = [Wala — Ha™)||3 = [la — Hac' |13
using the second equatiom in [2). Now we have

£3]

2
=

min ||[#||3 = min ||g — Hae



i ||ISE'T|:|5E'q - f[’gc.ﬂ:':lng min || Qg — Hg-:’.'[alllg

Here Hy is factored as fy 3" Fs where € 15 an 4 = 4 arthogonal matrix
I:IE?QT /] that ig a product of three Givens rotation matrices and 5 i= an

4 » 3 upper triangular matrix. Let Qg =y = |51, v, 9. y{|r. We can write
1629 — Rac®™| 2 = |5 — Bad™|[3 + lyal*

where 5 and .f:’s are the first 3 rows of this vector and matrix. (Remember the
last raw of Hy is all zeros.) Choosing &% such that

B =

then min ||r'3]||._2, |1,11|:. The last element of ¥ N T —aEE05y.
So we obtain ||r%¥]| |yy| for each iteration without having to compute
the residuals. The value of || gives an indication of whether there is an
improverment in the approximation or stagnation has occurred. The latter is
the case when all the s; = 1 ta within the floating-point precision being used.

3 Preconditioned GMRES (m:) Algorithm.

The originally published GMRES algorithm found in Saad and Schoaltz [1986)
now appears in many others publications. (See, for example, Golub and van
Loan [1996), Greenbaum |:1£J£5I'r':|, ar Saad [i‘[][]:ij.j We do not jpelude the
statement of the traditional algorithm becanse there are many slightly daffer-
ent versions of the GAMRES algorithm (preconditioned and unpreconditioned)
in various papers and books. Rather than stating the standard GMERES algo-
rithm, we present it in a more streamlined fashion.

Generalizations and modifications of the GMRES method involving a weight-
ing norm ||z {r, 1) (Cr.r) = 27 Cr, where 7 is positive definite
symmetric, are given m Chen  [(1%7); Chen, Kineaid, and Young (1900);
Kincaid, Young and Chen (2003). We cowld have easily done that here but it
woilld made the How of the algorithm more complicated and less likely to be
understood.

An important jssue with the standard statement of the GAMRES alporithm is
the oecurrence of two applications of the n ¥ n matrix A times a vector (or
a linear operator can be used instead of a matrix). With a small amount of
reorganization, the algorithm can be writben so that the matris-vector prodidct
i= used just once as shown below. The reorganized algorithm uses a single
sorabeh array of shee .

An improved and reorganized version of the GAMREES Algorithim is as follows.



Preconditioned GMRES{m) Algorithm

1) =+ 2" {an initial solution approximation)

2] for 3 =0 to m do

3] x+— Az (matrix-vector product/overwrite) |
Hij=0 z—h—u

[z — M 'z (left preconditioner, solve/overwrite)|

e T T e e, e M N B
Er [}
T =
e’

i) for i = 1 to j do
7] hyp—t— {x, w1 r— il
3] end for
9) a5 el
{107 if (7] = d or j = m) exit loop J;
(11] T r witle—x

3
(12 |z — ."If,i.'.':: {right preconditioner, solve /overwrite])|

(131 end for

In the algorithm above, note that the outer loop starts with the index value
7 = . The advantage of one instead of two occurrences of the matris-vector
multiplication i= a simplification of the interface to the user’s code, As a con-
sequence, there js a test in the outer loop of the algorithm (Step 4] where
the inner loop is skipped when § = 0 and, in this case, the first normalized
basis vector w'’ -:r,:,l|:E:I — ,.-1}*":']] i= set in Step 11. Step 7, defines the upper
triangular matrix M [k;;} with the usual row and eolumn values. It is
worth mentioning that the test (Step 10) i for o; = 0 and involves comparing
against a positive tolerance 4. The loop index § starts at the value § = 0 and
defines the columns of the matrix W = [wlll w'® u'i3]|. where j < m js
the value of 7 at the exit m Step 10, With the test to exit the loop with 3 = m,
there ja no need to stope an unused column; namely, alm1l

In using GMBES, the interface to the user’s code 15 one of either forward
communication, reverse communication, or embedding the matrix {or an op-
erator) in the innards of the loop (the latter is not recommended). It is almest
always necessary to use preconditioners, i which case one considers a related
linear system as given in Golub and van Loan (1996, pp. 5493-550) Thus,
one iterates with a matrix 7 = M, '."I.-'I.J'HI {or an operator]. Note that the
use of preconditioning is indicated abowe in brackets (Steps 5 and 12) with
related solve and overwrite steps. In these steps for large systems, we would
aolve Ay r for g and overwrite  +— y as wel| as solve Afgy x for y
and overwrite = «— . It 15 with the use of preconditioners that we find the
reorganization most appealing.

Should stagnation ccour with |gms 1| = #a, we suggest that one combine the
following options: restart the iterative algorithm using the current approxi-
mate solution =™ as the initial value = with a larger value of e involv-

ing more storage or use preconditioners that achieve better conditioning of

l:-'l I‘l.lrj'_ I-u"ﬂqlllfﬁll-
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We want to emphasize that the rationale for the reorganized statement of the
algorithm i= that when the GMRES algorithm i= interfaced to the matrix (or
an operator] and preconditioner, there is only one place for each application
af it. However, the right preconditioner must be applied again at the update
step in bhe solution phase.

4 Solution Phase.

In the solution phase of this algorithm, we compuate @™ the minimizer of
|| H '™ — || and compute 2™ = 20 4 W el™ Here we define the (w4
1) = m Hessenberg matrix M., {.?‘.,-_‘;}[m L)wen 806 |:m ! 1:| vectors W,
|w“]. wt? L ,:,._.[’"3'|_ I =alve the least squares problem min ||Hmc.x'"] — |-
one transforme the Hessepberg matrix into apper triangular form by using
Givens plane rotations. Multiply the Hessenherg matrix ff,,, and the right hand
side g, by a sequence of rotation matrices €); that eliminate the subdiagonal
elements o one at a time. We obtain .. .. and 1. i Wwhere
() = (), -+« (a0} Since € is unitary min ||[H,.c'™ —g..|| = min || B —y...|].
The solubion of this least squares problem is obtained by sclving the upper
triangular system resulting from deleting the last row of zeros in the matrix
[, and the right hand side y,,.

When =olving the approximate resulting svstem with plane rotations, an im-
portant point is bo have unit strides in the ioner loop Where the transforma-
tions are to be applied. This has a large impact on the efficiency for that
part of the algorithm. Our Matlab code uses packed upper triangular storage
with unit strides across rows for storing H. The subdiagonalzs of H are o; for
i =1,2,... 7.

The matrix H {'ii'i-_r'}'im- Vw18 Wpper Hessenberg and the subdiagonals are
the values o; for 1.2 ..., i, T'he value of j ; = i is when the exit
cocurs ab Step 10 and it defines the dimengion of the least squares syetem that
i= compited in the =olution phase. In thie discussion., we assume the 7 = m.
Table | uges the fact that only the upper triangular part of /i occupies space.
For j 0, the updated solution is 2Tt is worth pointing out that this
requites a nonstandard triangular storage array for H in row-major form. This
way the solve step can alwaye use unit stride in the inper loop while solving
Lhe least squares syetem. This organization 15 independent of the programming
l[anpuage used to implement the algorithm. See the Matlab code and Sectjions
56 [or the implementation details.

T'he le=ast squares svstem ™! Men that must be solved for the solubion
update js computed by using plane rotationz in the form of Givens transfor-
mations matrices, Then a back solve step is performed on the resulting upper



triangular matrix. This description of the solution phase of the algorithm is a
refinement of Saad and Schultz (1986, Sectjon 3.2).

Solution Phase Prncc.mditinnnd GMRES(m) Algorithm
(1) gy |op. 0,0, 0
(2] fori—=1tomdo

e S
(3] Construct Givens matrices ©F; with principal submatriz

(a5

(4] Apply ©Q; to H, (tows i and i + 1 of columns @ + 1 through m)

=0 last two nonzero entries of columnm vector ¢ hecorme

E:‘.:‘ — ey + o=
a; — [
) Apply €); to g (entries g; and 3, )
(6] end for
(7] Yo — B #em  (begin back solve)
(8] for i =m—1to 1lstep —1do

(9] He — 'iie.el (H:‘ - i lii:'.rr.'frr)

=i+l
(10) end for
(11) x «— Wy [matrix-vector produet)
(12] |z +— 1"I.|"I.|.lu" (right preconditioner/overwrite)|
(13 2™ — 2 + & (update approximation)

In Stepe 4 and 9, unit strides in the storage of rows assure efficiency of memary
access, Step 5 requires two multiplies instead of the usual four because y;
0. Loop ¢ (Steps 7-10) back solves the upper triangular systemn.

8  lesting Code.

We have written Matlab code to jllustrate this organization of the GMRES
algorithm together with thres test programs:

test _x.m Example | test problem routine.
test_y.m: Example 2 test problem roatine.

teet z.m: Example 3 test problem routine,
gnrez_.m: GMRES(r) routine.

rotg.m: Given robabion roitine.

my -summary .m: routine produces plote of solution.

All of these have been placed on a Web site so others can download and run
them: www. c=2 .utexas . edufusers/kincaid/CHAES
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