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L9:  First-Order Inference

CS 343:  Artificial Intelligence
Benjamin Kuipers

Inference with Quantifiers
• Given the axiom that greedy kings are evil:

– ! x King(x) "  Greedy(x) #  Evil(x)
–          we may conclude
– King(John) "  Greedy(John) #  Evil(John)

• Because the Universal Instantiation (UI)
inference rule lets us substitute any ground
term g for x:

! 

"v#
Subst({v /g},#)

Inference with Quantifiers
• Likewise, the Existential Instantiation

inference rule lets us substitute a new
constant symbol k for the quantified variable.
– $x Crown(x) "  OnHead(x, John)
–          becomes
– Crown(C) "  OnHead(C, John)
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k is called a
Skolem constant

Propositionalization

• In principle, we can instantiate away all the
quantifiers in a first-order theory, and then
do all our inference in propositional logic.
– This is usually intractable, and impossible when

there are infinitely many ground terms.

• But, we can arrange to do instantiations only
when we need them.

Quantifier Elimination

• Replace all existential quantifiers with
Skolem constants.

• Make sure all universally quantified
variables have distinct names.

• Move all universal quantifiers to the outside.
– Then delete them!

• All variables are universally quantified.

Generalized Modus Ponens

– when Subst(θ, pi%) = Subst(θ, pi) for all i.

• This lets us go from
– ! x King(x) "  Greedy(x) #  Evil(x)
–      King(John)            ! y Greedy(y)
– to  Evil(John)
– via the substitution θ = { x/John,  y/John  }

• Important function:  Unify(pi, pi%) = θ
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Unification
• Unify(p, q) = θ  where  Subst(θ, p) = Subst(θ, q)

– Needed for inference and rule-chaining

function Unify(x,y,θ) returns a substitution to make x and y identical
   if θ = failure then return failure
   else if x = y then return θ
   else if Variable?(x) then return Unify-Var(x,y,θ)
   else if Variable?(y) then return Unify-Var(y,x,θ)
   else if Compound?(x) and Compound?(y) then
        return Unify(Args[x], Args[y], Unify(Op[x], Op[y], θ)) 
   else if List?(x) and List?(y) then
        return Unify(Rest[x], Rest[y], Unify(First[x], First[y], θ))
   else return failure

Unification Can Match Variables
– Needed for inference and rule-chaining
– Occur-Check? avoids unsolvable equations in var

function Unify-Var(var, exp,θ) returns a substitution
   inputs:  var, a variable
                 exp, any expression
                θ, the substitution built up so far

   if {var/val} &  θ then return Unify(val,exp,θ)
   else if {exp/val} & θ then return Unify(var,val,θ)
   else if Occur-Check?(var,exp) then return failure
   else return add {var/exp} to θ

Unification Example
• TELL( Wife(Bill, Hillary),  KB)
• TELL(  ((Husband ?x ?y) <- (Wife ?y ?x)),  KB)
• ASK(  Husband(Hillary, ?z),  KB)

– Unify with the key to the rule:  (Husband ?x ?y)
– Gives θ1  =  {?x/Hillary,  ?y/?z }
– Substitute θ1 into antecedent of rule to get:

• ASK(  Wife(?z, Hillary),  KB)
– Gives θ2 = { ?z/Bill }
– Asserts Husband(Hillary,Bill) and returns θ2

Except for violating our
access path constraint

Should be an frule,
Instead of a brule.

A Simple KR Language
• We will use our own simple KR language

– Network of objects and relationships
• Follow paths of associative links
• Object oriented  (Frame-based)

– Focused on tractable inference
• All searches are within small sets

– Access-Limited Logic
• Retrieval from KB only via access paths
• Less powerful than full First-Order Logic

– The implementation is named Algernon.

A Frame-Based KB
• A frame is a description of an object.

– Inspired by [Minsky, A Framework for
Representing Knowledge, 1975]

– In FOL, a frame is a constant symbol.
• The slots of a frame are the relations where

this object is the first argument.
• The values in the slots are the other

arguments.
• Frames are contained in sets.
• Rules are associated with sets.

Frames Store Ground Predicates
• Constants:  a,  b,  c
• Ground Predicates:   Pab,   ÂPac,   Qad

– “slot-frame-value positions”

• Frame representation:
a:

P:
values:  { É  b É  }
non-values:  { É  c É  }

Q:
values:  { É  d É  }
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Frames are Contained in Sets
• Set membership relations:  a, b, c & Things

– isa means set membership
– Relation(P, [Things, Things])

a:
isa:

values:  { É  Things É  }
P:

values:  { É  b É  }
non-values:  { É  c É  }

Q:
values:  { É  d É  }

The Access-Path Constraint
• Principle:  Never do unbounded searches.

– The knowledge base is huge and unbounded.
• Semantic constraint:  Search only over the

values in a known slot of a known frame.
• Syntactic constraint:  In an access path (a

sequence of clauses), any variable in the
frame or slot position must appear
previously.
– ((P a ?x) (Q ?x ?y) (R ?y ?z) (= ?x ?z))
– ((F a ?x) (G ?x ?rel) (H ?x ?y) (?rel ?y ?x))

Rules are Stored on Sets

• TELL invokes forward-chaining rules.
• ASK invokes backward-chaining rules.

Things:
P:

frule: ((P ?x ?y) (Q ?x ?z) -> (R ?y ?z))
((P ?x ?y) -> (Pinv ?y ?x))

R:
brule: ((R ?y ?z) <- (Pinv ?y ?x) (Q ?x ?z))

((R ?y ?z) <- (P ?x ?y) (Q ?x ?z))

Retrieving Rules
• A rule is visible to a TELL or ASK if it belongs

to a set containing the object in the frame
position.

• Forward Chaining:  TELL(P(a,b))
– Retrieve all frules stored on sets containing a,

with key unifying with P(a,b)
• Backward Chaining:  ASK(P(a,?x))

– Retrieve all brules stored on sets containing a,
with key unifying with P(a,?x)

Structure of a Rule
• A rule contains:

– A key (left-most clause) allowing retrieval
– A direction:   -> (frules)  or  <- (brules)
– An antecedent path (upstream of the arrow)
– A consequent path (downstream of the arrow)

• Unification sequence:
– key (to retrieve the rule)
– antecedent (ASK to see if this succeeds)
– consequent (TELL to assert the results)


