Online Linear Regression using Burg Entropy
Prateek Jain, Brian Kulis, and Inderjit Dhillon

Technical Report TR-07-08
University of Texas at Austin
Austin, TX 78712

February 14, 2007

Abstract

We consider the problem of online prediction with a linear model. In contrast to existing work in on-
line regression, which regularizes based on squared loss or KL-divergence, we regularize using divergences
arising from the Burg entropy. We demonstrate regret bounds for our resulting online gradient-descent
algorithm; to our knowledge, these are the first online bounds involving Burg entropy. We extend this
analysis to the matrix case, where our algorithm employs LogDet-based regularization, and discuss an
application to online metric learning. We demonstrate empirically that using Burg entropy for regular-
ization is useful in the presence of noisy data.

1 Introduction

Recently, online learning has received significant attention, and several recent results have demonstrated
strong provable online bounds. In the online linear regression problem, considered in this paper, the algorithm
receives an instance Xt (Xt € %) at time t and predicts yr = w¢ - X¢; Wy is the current model used by the
algorithm. We denote w; as the i-th component of the model at the t-th step. The error incurred at step t
is le(wy) = ({yt_—ft)Q, where y; is the true/target distance, and the goal is to minimize the total loss over all
time steps | l¢(wy).

If there is no correlation between the input X; and the output y¢, then the cumulative loss of the
algorithm may be unbounded. Hence, online algorithms are traditionally compared to the performance of
the best possible o [ind solution, where all the input and output instances are provided beforehand. The
goal is to prove a relative loss bound on how the online algorithm compares to the optimal o [ind algorithm.
Given a T -trial sequence S = {(X1, Y1), (X2,¥2), ..., (X7,yr)}, the optimal o [ind solution is given by

| I—
u =argmin le(w)
w t=1
st. w=>0 Vi

A typical approach to solving the online linear regression problem uses the standard gradient descent
method with regularization for minimizing the loss at each step. Specifically, the algorithm tries to minimize
the following function at each step:
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UWw)=  D(W,wy)  +neL(ye, W-Xy), 1)

where 1 is learning rate at t-th step and d(w, wy) is some distance measure between the new weight vector
w and the current weight vector wy.

In the above objective function, the regularization term favors weight vectors which are “close” to the
current model wy, representing a tendency for conservativeness. On the other hand, the loss term is minimized



when w is updated to exactly satify y; = ¥¢; hence the loss term has a tendency to satisfy target outputs for
recent examples. The tradeo [Cbetween these two quantities is handled by the learning rate n¢, an important
parameter in online learning problems.

The performance of any method following this approach will depend heavily on the choice of the regu-
larization term and the loss function. Kivinen et. al[6, 8] show that the performance of any regularization
term in turn depends heavily on the problem domain. For example, for sparse inputs, relative entropy as a
regularization term often works better than squared Euclidean distance. For dense inputs, relative entropy’s
performance is generally very poor compared to that of squared Euclidean distance.

In this paper, we study the performance of online linear regression when the Burg entropy is considered
as the regularization term:
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The relative Burg entropy (or Itakura-Saito distance) is a special case of a Bregman divergence, and such
measures have been shown to be useful distance measures for various machine learning tasks [1] (relative
entropy and squared Euclidean distance are other special cases of Bregman divergences). The Burg entropy in
particular has recently been shown to be useful for matrix approximations and kernel learning [7]. Our study
of Burg entropy is also motivated by the fact that online information-theoretic metric learning reduces to
online linear regression problem with the LogDet divergence—the natural generalization of the Burg entropy
as regularization term [3]. The results in this paper complement those of our work on information-theoretic
metric learning.

We present an algorithm for using Burg relative entropy for regularization and prove an associated regret
bound. We also generalize the above approach to the matrix case when the input matrices are rank-one;
this is precisely the case needed for information-theoretic metric learning. In section 5, we empirically show
how the Burg entropy performs compared to other standard regularization terms.

2 The Vector Case

In this study, we select the Bregman divergence corresponding to the Burg entropy as our regularization
term for (1):
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We derive Algorithm 1 from standard gradient descent; in particular, if we di [erkntiate U (w), we obtain the
update given as (2) in Algorithm 1.

Algorithm 1 Burg Gradient (BG) Algorithm
1: Initialize: Set Ny = == and W) = &, Vi
2: Prediction: Upon receiving the t-th instance X, give the prediction y; = wy - X¢.
3: Update: Upon receiving the t-th outcome y¢, update the weights according to the rule,

Wi = (W) !+ 2ne(e — yoxp) T @)
where 1
[Nl ifyi —y: >0
e = 1] 1 @ Yt — VYt @)
Cmih nt_l,—l L_1 |f)’/\t—yt<0

—2(ye—yo)xi Wi

Note that the divergence Dgurg is only defined over positive-valued weight vectors. To maintain positivity,
we use an adaptive learning rate n¢, which guarantees that the resulting vector w is positive. Assuming
Ne—1 > 0, then n¢ > 0 since ¢ is the minimum of two positive quantities. Also, if ¥t — y¢ > 0 then clearly
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W1 > 0 (assuming wy > 0). On the other hand, if Vy —yt <0, then since Nt < ———+——+ — —1 , we

r hand, 1T e - STy W
can conclude that w¢,; > 0. Hence, we maintain positivity.

2.1 Regret Bounds

e demonstrate regret b for the proposed algorithm. Let the total loss of Algorithm 1 be Lossgg =
le(Wyp), and let Loss, = It (u) be the loss of the best o [ind solution. First we bound the loss of the
algorithm at a single trial in terms of the loss of a comparison vector u at that trial and the progress of the
algorithm towards u.
Lemma 1.
ar(Yr — yt)2 —be(u - X¢ — yt)2 < DBurg(u, Wt) — Deurg(u, Wt41),
where a; and b are positive constants and u is the optimal o [ind solution.

Proof.
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DBeurg(U, Wt) — Durg(U, W 1) = e ow +In it
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1 ¥ 1 .
= “2ne(e—vyo)  u'xg+ In(l+ 20V — YoWeXe)
i=1 i=1

= —2e(Vr —yOu - Xe+  In(L+ 20¢(Fk — YoWix}).

i=1
Consider the following two cases:

1. V& — vyt > 0: Since w} > 0 and x} > 0, it follows that 2ne(; — yr)wix! > 0.
1 1

2. Vi — Yt < 0: Since ng < Tl—yt)x{' Wi{ —1 , it follows that 2ne(Y — ye)wix! > Wi{ — 1. Now, w{ >0

and so 2ne(Ye — yo)wixi > —1.
Thus, in either case, 2n¢(¥r — yr)wix! > —1. We can therefore apply the inequality
In(1+2z) >z —2%/2,

which holds for all z > —1. Hence

Deurg(U, Wt) — Daurg(U, We1) > —2ne(Ye — you - X¢ + 2Ne(Ve — YoWexg — 207 (Ve — yo) 2 (Wyxp)?

- X

Assume xt <R and ;_, w} < m; the above inequality simplifies to
DBurg(U, Wy) — Deurg(U, Wit1) > —2ne(Vx — YU - X¢ + 2ne(Ve — YoV — 2n¢ (Ve — Yo)*mR>.

Let r = u - X¢. Proving the lemma amounts to showing that

Deurg(U, Wy) — Deurg(U, Wit1) > —2ne(Vx — YOr + 2ne(r — YoV — 2n¢(Vx — Ye)*’mR? 4)

> ar(Yr — Yr)* — be(r — yr)?, (5)

for some positive constants a and b. Consider the function

F(r) = ac(Ve — y0)? — be(r — ye)* + 2ne(Ve — yoOr — 2ne(e — yo)ye + 215 (Ve — yo)*mR>.
Equation 5is equivalent to F (r) < 0, Vr. It can be easily seen that F (r) is maximized when r = yt+[]—:(37t—yt).
Substituting for r in F(r) and simplifying, we get:

ae(fe — yo) + %(Vt —y1)® = 2ne(fr — yo)* + 20 (Vx — yo)’mR.
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Hence, we need to prove that
2
0> ar(Vr —yu)* + E—t(Vt —y1)? — 2 (Ve — yo)* + 2n{ (e — yo)’mR?.
t
Since (V¢ — y¢)? > 0, this amounts to showing

0 > atbe +n? — 2nebe + 2nZMR2be = Q(Ne).

Now, Q(n¢) is minimized for n¢ = #‘Rbt, which implies by = pm]%- Since, ng < np = ﬁ, we know
that by > 0. Q(ny) < 0 iE < Tramez, = Nt Hence, for 0 < a; < n¢ and by = 1_25‘#, Lemma 1
holds. O

Using Lemma 1, we can sum the loss over all time steps to get an overall bound on the loss of the Burg
entropy-based online learning algorithm.
Theorem 1. 1
Lec < WLU + n—TDBurg(U,WO),
where Lgg is the loss incurred by the Burg Gradient descent algorithm and L, is the loss incurred by the
optimal o [indl algorithm.

Proof. By Lemma 1, for each trial t,

Ne(Ve — yo)* — %(u - Xt — Yt)? < Dgurg(U, Wt) — Durg(U, Wei1).
Hence, adding over all trials we get
— ) T:Int )
o Ne(Yr — yo)~ < . W(U Xt — Yt)” + Deurg(U, Wo) — Deurg(U, Wr)

Tt us, since rlt < T for all t, we have:
Leg < ————Ly+ —Dg (u WO)
2r]T|||R2 T ' '

O

Note that similar bounds can be obtained using the framework presented in Gordon[5], but the resulting
bound is substantially weaker than our bound and the proof is much more involved.

3 The Matrix Case

In the matrix case, at the t-th step, the algorithm receives an instance X; (X¢ € R7™™) and predicts
Vi = tr(W¢X¢). W; is the current model used by the algorithm. The error incurred at the t-th step is
le(Wr) = (e — Y2)°.

Similarly to the vector case, for a given T-trial sequence S = {(X1,y1), (X2,¥2),...,(X7,¥7)}, the
optimal o [ind solution is given by

1
U =argmin (W)
w t=1
s.t. W 0.

As a result, the goal here is to compare the loss of the online algorithm with the optimal o [ind solution,
just as in the vector case. For the matrix case, we consider the LogDet divergence as the regularization in
the objective. The LogDet divergence is the generalization of Dgurg to matrices, given by

Dig(W, Wy) = tr(WW,; 1) — log det(W W, ).



3.1 Rank-One Input

We consider the special case where each input X; is a rank-1 matrix. This assumption holds in the case
of information-theoretic metric learning (discussed later), where the inputs are rank-one constraints. We
further assume that input is symmetric; thus, the input matrix X¢ can be written as

Xt = th;r .

Using LogDet as the regularization term, we derive Algorithm 2 analogously as in the vector case. We set n¢
carefully at each step so that the algorithm ensures positive definiteness of the weight matrix W¢. Lemma 2
proves this invariant.

Algorithm 2 Matrix Burg Gradient (BG) Algorithm
1: Initialize: Set ny = ;5 and Wo = &1,V i.
2: Prediction: Upon receiving the t-th instance X, give the prediction y; = tr(WXy¢).
3: Update: Upon receiving the t-th outcome yy, update the weights according to the rule

L1 R (B
Wi = Wt +20e(We — yoOXe (6)
where 1
[nedy ifyt —yt >0
1 1 5

= 1 1 - ~
Lmih ney, 2V Vo) (- (W; T— 1)~ 1)WeXe) it Yt —ye <0.

Nt )

Lemma 2. Algorithm 2 preserves the invariant 0 < W¢ < I.

Proof. We prove this by induction over t. The base case holds trivially for N > 1. By the induction
hypothesis, 0 < Wy < I. Assume Xy = zz" as X; is a symmetric positive definite rank-one matrix. Thus,
using the update rule and the Sherman Morrison-Woodbury formula[4]:

B Znt()Tt — yt)WtZZTWt
1+ 2ne(Ye — y)z"TWez

Wi =Wy

()
We break up the proof into the following two cases:

Case 1. ¥t — Yyt > 0: Consider the update Wy = %'Vt_l + 2ne(Ye — yt)XtDl. Since n¢ > 0 and Vit — y¢ > 0,
then 2n«(Yr — Ye) Xt = 0. Now, Wtjrll is sum of two symmetric positive definite matrices, and so W1 is
positive definite.

Using Equation 8,
Znt()Tt — yt)WtZZTWt

| — W =1 - W;+ .
t C T 20 — yo)ZT Wiz

Since, W¢ is symmetric,
Wezz"TWe = Wezz" W = w' =0,

where v =Wz. Also, n; >0 and i — y; > 0, and thus ?’]:é‘é:&{t_)g\fgicv"tvz‘ ~ 0. Furthermore, W < I, and so

I —W;¢ = 0. Thus, | — Wy is sum of two symmetric positive definite matrices, implying | — W, = 0. We
conclude that Wy, < 1.

Case 2. Vi — Yt < 0: By Equation 8,

20 — yWezzT Wy
1+ 2ne(Ye — yo)z" Wz
2ne(ye — Y)Wezz" Wy
1—2ne(yr — Y)zZTWiz’

Wit = Wi




The update rule guarantees that n¢ < ol Since

1
Ye—Yo)tr(WeXe) *
tr(WeXe) = tr(Wezz") = tr(z" Wez) = 27 Wz, 9)

we know that 1 — 2n¢(yt — Y1)z" Wz > 0, implying that Wy, ; is sum of two positive definite matrices hence
Wei1 = 0. Write W, as its eigendecomposition Wy = QZQT. Since W is positive definite matrix, X is a
diagonal matrix with positive diagonal. Using this decomposition, the update for Wy, 1 is expressed as

(Y — Y)Q=QTzz" Q=Q"
1+2n(Yr —y)zTQ=QTz

Since Wy < I, then | — X > 0. Using Equation 10, we have that

2ne(ye — Y)Q=Q'zz" Q=QT
1+2ne(e —y)z"Q=QT z
~ o 2ne(ye —V9)ZQTzzT QX QT
IJ_—"I' (Yt —y)zTQZQTz
L5y g 2 —y(1 —3)"23QTzz' QE(1 — %)
QU =2 1+2ne(Yr —y0)z2TQZQTz

Wi =QZQT — (10)

| —Wg1 = 1-QZQT —

Q1

1
(1-%):Q".

Let G=Q( — Z)%. If the middle term is symmetric positive definite, then it can be written as EET. This
would lead to | — Wy, ; = GEETGT = GE(GE)" - 0, since for any A, AAT - 0.
Thus to prove that Wyy; < I, we need to prove that
I:Iz (I —2)"23QTzz" Qx(l z—l:l
| rlt(Yt_Yt)(_A)z Q'zz Qz(I —%)~2 . 0. (11)
1+2ne(Ye — y)z"Q=QTz

To do this, we calculate the eigenvalues of this matrix, and show that they are greater than zero. Let
v=(1-%)"25Q7z. Then (1 - =) 25Q"zz"Q=(l1 — =)~z = vv'. Since, vv' is a rank-one matrix, it has
exactly one positive eigenvalue, and that eigenvalue is equal to its trace tr((l — Z)_% SQTzz"Q=(l - Z)_%).
Expanding the trace yields

tr((1 - 2)"23Q7zz' Q=(l — X)7?) tr(Q=(1 —=)™'=Q"zz")
tr(Q(="' —1)"'=Q"zz")

tr((Wy = 1) 7IWeXe).

To prove Equation 11, we need to show that the eigenvalues are positive; equivalently, we can show that

2ne(ye — YO((We ' — 1) WeXo)

1 >
1 —2ne(y — yotr(WeXe)

> 0. (12)

By the updatEIule, Ne < m and hence the denominator of the second term is positive. Also,

1 1
Me < 2(ye=Ye)  tr((1+(Wy T=1)~1)WeXe)

, S0 Equation 12 holds. Thus Wiy < 1. O

3.2 Regret Bound

Similar to the vector case, we bound loss at each step incurred by algorithm in terms of loss incurred by the
optimal o [ind solution. Assume ||z||z < R.

Lemma 3.
ac(Yr — Vo) — be(tr(UX¢) — yi)? < Dig(U, Wy) — Dig(U, Wep1),

where a; and b are positive constants and U is the optimal o [ind solution.



Proof. % (W) 1
e — —
Dia(U, W) = Dia(U, Wepn) = log - grrms + tr((We! = We)U).

JF

Since log(det(A)) = tr(log(A)) and tr(AB) = tr(BA), we have that

Dia(U, Wy) — Dig(U, Wi 1) tr(log(Wy) — log(Wei1)) + tr(Wy ' — W )U)
tr(|09(WtWt111)) = 2ne(Yr — yotr(X¢U)

tr(log(l + 2ne (Yt — Y)W X)) — 2ne(Ye — yo)tr(U Xy).

Using the Taylor series expansion and ignoring lower order terms,
Dia(U, We) — Dia(U, Wit 1) > 2ne(fe — Yo tr(WeXe) — 207 (Ve — yo)*tr((WeXe)?) — 2ne(fe — yotr(U Xy).
We write X as zz", so tr((WyX¢)?) = tr(Wzz"WizzT) = (2" We2)tr(Wzz") = tr(W¢X¢)?. Hence,

Dia(U, W) — Dig(U, Wi41) 2Ne(r — yOtr(WeXe) — 2ng (Ve — yo) tr((WeXe)?) — 2ne(Vi — yotr(UXe)

2Ne(Yr — YOtr(WeXe) — 2ng (Ve — o) *tr(WeXe)? — 2ne(Ve — yo)tr(U Xy).

Since Wy < | by Lemma 2, tr(W¢X¢) =z"Wez < zTz < R2. As a result,

2
>

Dia(U, Wy) — Dig(U, Wer1) > 20e(¥e — yOtr(WeXe) — 2ng (e — Yo)°R? — 2ne (Vi — yo)tr(UXy)
= 2ne(Ye — YOVt — Zﬂf(ﬁ —Yo)’R? — 2ne (Ve — o),

where r = tr(U¢X¢). Thus, to prove Lemma 3, we need to prove the same inequality as in Equation 5, with
mR? replaced by R2. Hence, for 0 < a; < n and by = #, Lemma 3 holds. O

As in the vector case, we can obtain the final bound by summing the loss at each step.

Theorem 2.

1
Lec < Ly + —Hia(U),
nr

2nT R2
where Lmeg is the loss incurred by the Matrix Burg Gradient descent algorithm, Ly is loss incurred by
optimal o Cind algorithm and Hq(U) = — logdet(U).

Proof. The proof is very similar to that of the vector case. O

4 Application: Online Metric Learning

Selecting an appropriate distance measure (or metric) is fundamental to many learning algorithms such
as k-means, nearest neighbor searches, and others. However, choosing such a measure is highly problem-
specific and ultimately dictates the success—or failure—of the learning algorithm. To this end, there have
been several recent approaches that attempt to learn distance functions. These methods work by exploiting
distance information that is intrinsically available in many learning settings. For example, in the problem
of semi-supervised clustering, points are constrained to be either similar (i.e. the distance between them
should be relatively small) or dissimilar (the distance should be larger). In information retrieval settings,
constraints between pairs of distances can be gathered from click-through feedback. In fully supervised
settings, constraints can be inferred so that points in the same class have smaller distances to each other
than to points in di[lerent classes.
Given a set of n points {X, ..., Xn} in RY, we seek a positive definite matrix A which parameterizes the
Mahalanobis distance':
da(Xi, Xj) = (Xi — Xj)TA(Xi — Xj). (13)

1The term ‘Mahalanobis distance’ frequently refers to the squared Mahalanobis distance, even though it is pdA(x, y) that
is a metric. This diLerence does not aledt our method, hence we drop the qualification squared when referring to (13)



We can quantify the measure of “closeness” between two Mahalanobis matrices A and Aq via a natural
information-theoretic approach. There exists a simple bijection (up to a scaling function) between the set
of Mahalanobis distances and the set of equal-mean multivariate Gaussian distributions (without loss of
generality, we can assume the Gaussians have zero-mean ). Given a Mahalanobis distance parameterized
by A, we express its corresponding multivariate Gaussian as p(x;A) = %exp (—%dA(x, K)), where Z is
a normalizing constant. Using this bijection, we measure the distance between two Mahalanobis distance
functions parameterized by A and Aq by the (dilerkntial) relative entropy between their corresponding
multivariate Gaussians: 1

pP(X; A)

KL(p(X; A)|[p(x; Ag)) = p(x;A)log 00C Ag)

The distance (14) provides a well-founded measure of “closeness” between two Mahalanobis distance functions
and forms the basis of information-theoretic metric learning. It is known that the di [erkntial relative entropy
between two multivariate Gaussians can be expressed as the convex combination of a Mahalanobis distance
between mean vectors and the LogDet divergence between the covariance matrices. Assuming the means to
be the same, we have

dx. (14)

KL(OG A P0G Ac)) = 3 Dia(A, A, (15)

We therefore select d(A, At) = Dyg(A, A¢) as the regularizer for (1), using the above equivalence 15 to obtain
the update R
Acy1 = argmin Dig(A, Ar) + e(de - de)?.

We can view the problem of online metric learning in the following manner: at each time step, we receive a
matrix X and a target y;. These encode the distance between two vectors x; and x;. If we let z = X; — X;,
then tr(AcXe) = zT Az = (Xi — Xj)TAc(Xi — Xj) = da,(Xi,X;). Thus, the prediction tr(A¢X;) captures
the Mahalanobis distance between the vectors x; and X; using the current Mahalanobis matrix A¢. The
resulting loss (tr(A¢X¢) — Yi)?, where y; is the target distance between the two vectors, tells us how close
the current Mahalanobis matrix A¢ is in terms of satisfying the given distance constraint.

As a result, the rank-one online regression algorithm using the LogDet divergence can be used as method
for learning a Mahalanobis matrix A, where at every time step two points, along with their target distance,
are presented to the algorithm. The regret bound proven in the previous section applies directly to this case.

See[2, 3] for further details on information-theoretic metric learning, including the analysis of an o [ind
algorithm.

5 Experimental Results

In section 2.1 and 3.2, we showed worst case bounds for our algorithms. To simulate the online learning
problem, we now generate simple artificial data. First, we generate a random vector u drawn from S™~1!,
Then, we generate some random inputs X¢, also drawn from S™~1, We output y as u - Xy mixed with some
noise, i.e,

y=(Uu-X)(l+v2),

where Z is an uniformly distributed random number over [—0.5, 0.5] and v is the noise level.

We generate this artificial data for N = 100 and T = 10000 iterations. Figure 1 compares performance of
the Burg entropy-based algorithm with those using relative entropy and squared Euclidean distance as the
regularization term, when the noise level is set to 0. Clearly, the Burg algorithm converges slower compared
to the other methods. But, Figures 2 and 3 show that as noise increases, the Burg performance improves
in comparison to both relative entropy and squred Euclidean distance. Figure 4 shows that when noise
is around 30% then the Burg algorithm performs comparatively to relative entropy, and squred Euclidean
performs poorly.

6 Conclusion

In this paper, we introduced online regression based on using a Burg entropy-based regularization, leading to
new online regret bounds. An extension to the rank-one matrix case was also analyzed. The main application
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is to online metric learning, which can be cast as an online regression problem for rank-one matrices; this
metric learning formulation has an information-theoretic motivation, and results in [2] have shown that it
outperforms existing methods. Future work includes improving the bounds so that they do not depend on
the learning rate, and extending the matrix analysis to the general case.
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