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ABSTRACT. A simple dynamic scahing technique is shown that avoids both the overflow and underflow
problems that are often encountered in the evaluation of normalization constants of closed product-form
quening networks With dyaamic scaling, normalization constants for very large routing chain population
sizes can be evaluated within the bounds of a relauvely small range of numbers. It is shown that the
product-form sclution possesses a local balance property and the M =+ M property with respeci to routing
chains. The relationships between normalization constants of closed networks and certam equilibrium
aggregate state probabulities in networks that permut external arrivals and departures are exammed. The
growth behavior of normalization constants 1s shown to be modeled by a birth-death process traversing
over the set of chain population vectors
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1. Introduction

Queuing networks have been used extensively and successfully in the modeling of
computer systems and communication networks. Jackson {7] first showed that the
equilibrium probability distribution P(S) of the state S of a network of first-come-
first-served queues is in the form of a product of terms that correspond to the state
probabilities of the individual queues considered in isolation. Presently, most known
networks with an exact solution for £(S5) belong to the class of BCMP networks
discovered and characterized by Baskett, Chandy, Muntz, and Palacios [1, 3, 11].
Four types of service centers as well as open and closed routing chains are allowed.

BCMP networks have a product-form solution for P(S). This product-form solution
was later shown to be applicable also to an extended class of BCMP networks with
constraints on chain population sizes [8].

The product-form solution needs to be divided by a normalization constant to
form a proper probability distribution for P(S). The normalization constant is simply
the sum of the product-form solution over all feasible network states. Since the
number of feasible network states is typically very large, the summation is a nontrivial
process.
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Several computational algorithms are available for the class of BCMP networks
12, 5, 10, 14, 15}, The convolution algorithm was first discovered by Buzen [2) for
single-chain networks and extended by Reiser and Kobayashi [14] to multichain
networks. The LBANC and CCNC algorithms were recently propesed by Chandy
and Sauer [5]. These algorithms all attempt first to evaluate the normalization
constants of networks of closed chains. Network performance measures are then
computed from the normalization constants. A major difficulty often encountered in
the evaluation of the normalization constant G(N) of a network with population
vector N using any of these algorithms is that as the chain population sizes in N
become large, G(N) may become too large (causing a floating-point overflow) or too
small (causing a floating-point underflow) [5, 13]. A scaling technique was described
by Reiser [13] that can avoid the overflow problem. However, the bound used is not
very tight, and no solution is provided for the underflow problem. The mean-value-
analysis (MVA) algorithm proposed by Reiser and Lavenberg [15] bypasses the
evaluation of G{N) and computes various network performance measures directly.

SumMarY oF OUR RESULTS. The overflow and underflow problems encoun-
tered in the evaluation of G(N) using current algorithm implementations result from
the use of a fixed set of “scaling factors™ for the entire range of values of N of interest.
We found that the scaling factors can be factored out of the expression for G(N) so
that one can easily use different sets of scaling factors for different values of N with
just small amounts of space and computation overheads. As a result, the scaling
factors can be changed to smaller values when G(N) is about to encounter an
overflow and to larger values when G(N) is about 10 encounter an underflow. Since
changes in the values of scaling factors can be made repeatedly during the execution
of a computational algorithm, it is now possible to evaluate G(N) for a wide range of
values of N using a small range of floating-point numbers or even fixed-point
numbers! The scaling technique and related results are covered in Section 3.

External Poisson arrivals at rates that may depend upon routing chain population
sizes are allowed in BCMP networks [1] and the extended class of BCMP networks
with population size constraints [8]. In such a network the population vector N
changes as a result of external arrivals into the network or customer departures from
the network. We have shown that class local balance [1, 3] implies chain local
balance. Furthermore, routing chains possess the M => M property [11]. The
equilibrium probability of the aggregate of feasible network states with population
vector N is refated to the normalization constant of a closed network with the same
population vector. These equilibrium probabilities are equal to the eguilibrium state
probabilities of a birth-death process iraversing over the set of population vectors,
The growth behavior of normalization constants is thus modeled by such a birth—
death process with birth rates equal to scaling factors and state-dependent death
rates. These results are covered tn Section 4.

2. Definitions and Notation

Service centers are indexed by m = 1,2, ..., M. Customers belong to different chains
with different routing behaviors and service requirements. Chains are indexed by
k=1,2,..., K. Let there be C classes in the network. At any time each customer
must be in one of the C classes but may make a transition to another class some time
later. Classes are used to model a customer’s routing behavior and service require-
menis with finite memory.

The set of classes {1,2, ..., C) is partitioned in two different ways. First, they are
partitioned over the set of M service centers. We let SC(m) denote the partition of
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classes belonging to service center m. Thus the class of a customer, say, ¢ in SC(m),
uniquely identifies the service center he is in. A customer makes a transition from
class ¢ to class d with probability p.;. The transition from class ¢ to class 4 may
correspond to a transition of the customer from one service center to another if ¢ and
d belong to different service centers, or it may correspond (o a transition of the
customer from one class to another within the same center.

The set of classes {1, 2, ..., C} is also partitioned over the set of K chains. We let
RC(k) denote the partition of classes belonging to routing chain k. Customers cannot
make transitions between classes belonging to two different chains, (Otherwise, the
two different chains “communicate” and should be treated as just one chain.} In
other words, p.a = 0 if ¢ and d are in different chains. Moreover, ¢ach chain is
irreducible, that is, the transition probabilities {p.a: ¢, d in RC(k)} are®such that
every class can reach every other class in the same chain in a finite number of
transitions with nonzero probability.

For each chain k = 1, 2, ..., K, the relative arrival rates of customers to the
different classes can be determined (to within a multiplicative constant) by solving
the set of equations

Va= ¥ VePeds d in RC(k). 8]
o m RC®)
Summing over the different classes in a service center, the relative arrival rate of
chain-k customers to center m is
Amp= Y Vo @

¢ in SC{m)
and RC(%)

Suppose that the multiplicative constant in (1) is chosen such that
A = .

For ap = 1, A is equal to the mean number of visits to center m by a chain-k
customer between successive visits to center 1. ax is called the scaling factor of chain
k. (Note that since the labeling of the service centers is arbitrarily done, the choice of
center | is arbitrary.) _

Let 7. denote the mean service time of a cusiomer in class ¢ (assuming that he is
served at the rate of 1 second of work required per second). The mean service time
of chain-k customers at center m is

Ve

Te 3)

Tmk =
¢ 0 SCm) Amk
and RC{k)

The traffic intensity of chain-k customers through center m is defined to be

Pk = AnkTmk = ¥ Vo @
¢in SCm)
and RC{k)

We define the nominal traffic intensity to be
Wmg = hmkrmk for ar =1, (5)

Thus we have

Pk = WWmk. (6)
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The service rate of a service center may depend upon the number of customers
currently in the center. Let (i) denote the service rate of center m containing ¢
customers. A service center is said to be fixed-rate if un(i) = 1.

For the moment we consider only networks with closed chains. (Networks that
permit departures and external arrivals are introduced in Section 4.) We let Ny, be
the number of customers in chain k. The network population vector is

N =(N1, Nz, sy NK)

The normalization constant for a closed network with population vector N is denoted

G(N).
Let m,.x denote the number of chain-k customers in center m. Define the network
state

n=(m, Ny, ..., Ny),
where
Dy = (Mg, A2y -« -5 Bk )y m=12 ..., M

(We note that n is non-Markovian and corresponds to an aggregation of detailed
network states that are Markovian.) The product-form solution for a BCMP closed
network with population vector N [1] is

=1 P01}

Pn) = , 7
=2 ™
where

L | K Pzrik
mllm ) = — ¢ Hpp! —, 8
Puln) {11-11 Mm(t)} kl;[l P! ®)
where
A = B + Pz + -« + Ak,

The form of eq. (8) 1s the same for all four types of service centers considered in
(1]; they are: first-come-first-served (FCFS), processor-sharing (PS), last-come-first-
served preemptive resume (LCFSPR), and infinite servers (IS). However, in an FCFS
center it is necessary for the mean service time to be independent of class membership,
that is, 7. = 7., for any ¢ in SC(m). Also, an IS center, say sz, assumes that () = J
for all feasible i.

Fally, the normalization constant is by definition

GN)= X I pulitm). &)

n such that m=1
Zﬁﬂ =N
kn addition to service-rate functions of the form p..(2) described above, two other
forms of state-dependent service rates are allowed in BCMP networks [1]. The second
form of state-dependent service rates distinguishes customers belonging to different
classes. The service rate of customers belonging to a specific class may be a function
of the number of customers in that class (this form does not apply to classes within
a FCFS service center). The third form of state-dependent service rates involves the
total number of customers in a set, say [, of service centers. The service rates of
customers in different service centers in 7 may be functions of the total number of
customers in those centers, that is, Y e 1. To accommodate these two other forms
of state-dependent service rates, the product-form solution needs to be generalized
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slightly. (Hence, egs. (7)-(%) above, as well as eqs. (22), (25), and (27) below need to
be generalized slightly; see [1].).

To keep the notation and equations simple in this paper, we shall not explicitly
consider these other forms of service-rate functions. It is, however, ¢asy to show that
the new results and observations presented in this paper are applicable to networks
with any or all of the three forms of state-dependent service rates.

3. Growth Behavior and Dynamic Scaling of Normalization Constants

Examining eqgs. (8) and (9), we note that G(N) is a function of N, M, the service rate
functions {px(7)}, and the traffic intensities {oms}. Recall that pms is the product of
the scaling factor «ax and the nominal traffic intensity wi.s. Let

a = {ay, oz, ..., GK).

In what follows we shall ofien vse the notation G{a, N) or G(a, M, N) instead of
G(N) to explicitly indicate the parameters & and M assumed in the normalization
constant. OQur scaling technique, to be described later, makes use of the following
lemma.

LEMMA 1
G(a, M, N) = a?’lagb b abngG(l, M: N)} (I‘D)

where 1 is a K-vector of ones denoting that the scaling factor is equal to unity for each
chain.

A useful corollary of the above lemma is
G(B, Mt N) = r(B! o, N)G(a’ M’ N)5 (11)

where

X N
B, o N) = [| (—ﬁi)

k=1 \ Xk

The above lemma is obvious from a careful inspection of the definition of
G(N) in eq. (9) and noting that the summation is over those values of n such that
E#{-lﬂm = N.

It is instructive, however, to demonsirate the above lemma by a different approach.
It is well known that the throughput rate of chain-k customers at center m for a
network with population vector N [2, 5, 14] is given by

G(N — 1)

Tor(N) = Az G(N)

forany m and N=1,, (12)
where 1, is a K-vector with the kth element equal to one and all others equal to zero.
The relation = between two vectors is satisfied if it is satisfied for each pair of
corresponding components in the vectors. Equation (12) can be rewritien as

A
ka(N)

G(N) = GIN -1 forany m and N= L.

A consequence of eq. (12} is that the ratio Ams/THme(N) is constant over m. Let us
consider m = 1. Recall that Az is equal to the scaling factor ax by defimition. To
simplify our notation, we shall write T»(N) for T3(N). The above equation can now
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be rewritten as

&y
Tx(N)

Traditionally, we first compute G(N) and then derive Tx(N) from G(N) and
G(N — 1,). Now since we are interested in the behavior of G(IN), we consider the
reverse process. Note that Tx(N) can be obtained from the MV A aigorithm directly
and 15 independent of the scaling factor e [15].

We need some additional notation at this point. Consider, in the K-dimensional
space of population vectors, a path leading from the vector 0 of all zeros to N. The
path has

G(N} = G(N — 1), N=1. (13)

N=N+ N+ ... + Ny

steps. Step i in the path corresponds to the addition of a chain-k, customer to the
carrent population vector N“~?. The increasing sequence of population vectors along
the path is

NO = ¢
NY =N+ 1,,

N® = N 4 15,

N = N9 4 1, = N,

Given any such path, a solution for G(N) using the recursive relation in eq. (13)
is
aivlaév 2 vy a%’{

U | AT

(14
where G(0) = 1 by definition. We have thus provided an alternate proof of
Lemma 1.

Note that there are many different paths leading from 0 to N. Since G(N) is a
constant, the next lemma is immediately obvious,

LemMa 2. For any path from O io N consisting of an increasing sequence of
population vectors NV, N®, . N0 N

N
[I T+(N"") = constant. (15)
=1
Let us set aside the above result until Section 4. We shall now consider the special
case of K = |, that is, networks with a single chain, and introduce a dynamic scaling
technique for avoiding the overflow/underflow problems. The scaling technique for
networks with multiple chains is similar and will be considered afterward.
For a network with a single closed chain our previous notation is simplified as
follows:

G(N) normalization constant for N customers in the chain;
a scaling factor (relative arrival rate at center 1);
T(N) throughput rate at center 1 for N customers in the chain.

We now have

G(N) =%~)~G(N— ), N=1,
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and with G(0) = 1 by definition, we have
N

=1 T(i)'
To characterize the behavior of T(7), we assume for the moment that service-rate
functions are limited to

G(N) = o (16}

tind?) = {": [ =<,

j ney i= jm.,

(a7

for any m, and state the following result.
PrROPOSITION.  T(N) is monotonically nondecreasing in N.

The above proposition was proved by Chang and Lavenberg [6] for a network of
FCFS centers. Their proof is also valid for IS centers, since j, can be greater than N.
Moreover, we note that any BCMP single-chain network with the same set of service-
center traffic mtensities {p,,} has the same marginal probability distributions Pp(n,.),
m=12,..., M, which together with p,,() determine the service-center throughput
rates, Consequently, the above proposition applies to any product-form network with
a single chain and the service-rate functions of egs. (17).

We can also calculate the limiting value of T(N) as N — . Recall that w,, denotes
the nominal traffic intensity of center m. The relative utilization of center m is
defined to be

Wrn
Uy = —,
Jm
where J, is the maximum service rate of center m. Let m* denote the service center
with the largest relative utilization, that is,

Upyr = MAX Upy.
m

As N — o, center m* becomes the bottleneck in the network with an infinite queue
and an actual utilization of unity [12]. The limiting throughput of center m is thus
lim T.(N) =Y Jl"_,

N—ooo Um* Tm

in customers served per second. Specifically, we have for center 1

Mg
T = g T (18)
The typical behavior of T(N) as a function of ¥ is plotted in Figure 1.

Referring back to eq. (16), we can now show that the behavior of the normalization
constant G(N) depends upon the relative magnitudes of the scaling factor o and
Tax. The three general cases of behavior are illustrated in Figure 2. We see that if
a = Thay, we can potentially have an overflow problem due to G(N) getting very
large. If @ < Tpax and as N increases, we can potentially first encounter an overflow
as G(N) increases and then an underflow problem as G(N) subsequently decreases.

ExaMPLES ILLUSTRATING DyNamiC SCALING. Current computational algorithms
assume the use of the same scaling factor o to compute G(¥) for the full range of ¥
values of interest. Lemma 1 and eq. (11} show that the scaling factor can be easily
changed at any time during the computational process. We only need to remember
what values of « were used for specific values of N. To illustrate such a dynamic
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Fic. 2. Behavior of G(N) 1n a single-chain network.

scaling technique, we use an example considered by Chandy and Sauer in [5] and
illustrated in Figure 3. Center 4 is an IS center that models a population of terminals.
Centers 1-3 are all fixed-rate centers. The relative arrival rates A, (at a = 1) and
mean service times 7,,, are as follows:

m An Tm

i 1 0.020
2 02 0044
3 08 0008
4 02 15

In Figure 4, G(N) is shown as a function of N for different values of «. Suppose
we need to compute G(100) on a computer that can only represent floating numbers
between 107 to 10™. A dynamic scaling approach then is to start with an arbitrary
scaling factor, say « = 50, as shown in Figure 4. When a floating-point overflow is
about to occur, « is changed to a smaller value using eq. (11). When a floating-point
underflow is about to occur, « is changed to a larger value. As shown in Figure 4,
after several changes in a we finally found G(100) = 0.1430 for a = 12.5 without
exceeding the 107°-10' floating-point range. It was not unlikely that we ended up
with a scaling factor that we used earlier, but the scaling technique enabled us to
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Fi6. 4. Dynamic scahng for single-chain network example.

bypass the interval of N values within which we cannot represent G(V) using that
scaling factor.

We next consider networks with more than one routing chain. In this case the
above proposition no longer applies. We note, however, that the monotone property
in. the proposition is not necessary for doing dynamic scaling.

Consider the following example of a network of three fixed-rate centers with two
routing chains. The nominal traffic intensities W (for a; = az = 1) are

center | center 2 center 3

chain 1 2 4 2
chain 2 2 4 1
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TABLE 1. NORMALIZATION CONSTANTS AND THEIR ScALING FACTORS FOR THE
Two-CHAIN NETWORK EXAMPLE

(N, Na}

0o ©) @G (L) ©2) 0 L2y EhH 2

m=1 G 1 2 2 8 4 4 24 24 64
a Ly @¢bH an Ly @y & &Yy LD Qn

m=2 G i 6 6 56 28 28 30 20 30;;
11 11 11
m=3 €] I 7 8 78 35 4“4 21—1 7-2 411-
- 6 9 18

« (L) @D WLH LD WD ML (%-;) (é—;) (%-;)

Let us employ the convolution algorithm for fixed-rate servers from [14]. Let
G(a, m, N) denote the normalization constant for the first m cemters with scaling
factors a and population vector N. We have

K
Gla,m,N)=G(a,m— L, N) + ¥ G(a, m, N — 1) for m=2,
=1

and
K Tyjp

Gla, 1, N) = m! [] 2

k=1 Rk

The above recursive equation can be rewritten as

G(a, m, N) = e, B, NYG(B, m — 1, N)
K
+ kE r(a, v, N — 1) G(y, m, N — 1)axWms, 19
=1

where r(a, B, N) was defined earlier. Suppose in the two-chain network example we
want the normalization constant for N = (2, 2). However, the largest value of the
normalization constant that we can store is 100. By dynamically changing the scaling
factors and employing eq. (19) we arrived at the results tabulated in Table L

COMPUTATION OF PERFORMANCE MEASURES.  As illustrated in the above example,
when the normalization constants of more than one population vector are used in the
same formula, they need to have the same scaling factors.

Service-center throughput rates can be computed using the formula

G(a, M, N — L)

TN} = At S NGB, M. N

(20

where it 15 assumed that A1z = az. The mean queue size g,»(IN) for a fixed-rate service
center can be computed using the formula

~ G, M, N ~ 1)
(N} = it e, B, N)G(B, M, N)’

ey

where G.., is the output of the convolution algorithm over centers 1 — M but with
center m convolved twice [14]. In both cases, since the normalization constants
needed range over population vectors that differ by one customer, finding a set of
scaling factors to fit the normalization constants within a given floating-point range
should not pose much of a problem.
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A difficulty may arise in the calculation of the mean queue length for a service
center for which un(7} is not a constant. In this case the marginal queue-length
distribution may need to be first computed as follows:

_ Pr(in) (0, M, N ~ ny,)

Fnlltm) = riz, 8, N)G(B, M,N) ' @)

where pu(n.) was defined earlier. G..- is the output of the convolution algorithm
over centers | — M but skipping over center m. Since n, may range from 0 to N, it
will then be likely that we cannot fit the normalization constants of N — n,, and N
within a given floating-point range using the same scaling factors. However, we
observe that if the floating-point range is of reasonable size, then the mean queue
lengih can still be computed accurately by simply discarding those marginal queue-
length probabilities Pr{n,) that are too small and will cause underflows! Let
SMALLEST (LARGEST) denote the smallest (largest) floating-point number avail-
able. The error introduced in the mean queue length is negligible if

Ni
( hX n) SMALLEST < LARGEST  forany k.
n=1

The above will hold given any nontrivial floating-point range and reasonable chain
population sizes.

SPACE OVERHEAD CONSIDERATIONS. The additional space overhead of dynamic
scaling depends upon the computational algorithm and its implementation. In a
convolution algorithm the recursion is done over the service centers. Consequently,
an entire array of normalization constants for all population vectors between 0 and
N is needed. A straightforward way to provide a mapping between population vectors
and their corresponding scaling factors is to provide an entire array of « values.
However, an inspection of the example in Table I suggests that since changes occur
infrequently, it is possible to provide the mapping between population vectors and
scaling factors with substantially less memory than that of an entire array. In the
LBANC algorithm the recursion is done over the population vectors; hence additional
saving is possible, since an entire array, indexed from 0 to N, of normalization
constants is not needed.

The amount of space overhead of dynamic scaling for any computational algorithm
can be reduced significantly with the use of the same scaling factor, say a, for all
chains (at the expense of, perhaps, some flexibility). This way, only the mapping
beiween N (= N; + N; + .. + Ny) and « needs to be remembered and can be
accomplished with a minimal amount of space overhead; specifically, only the values
of N at which a scaling change occurs need be remembered. In this case let
G{(a, M, N) be the normalization constant that we want to scale down (or up). Scaling
can be simply accomplished by updating the pair of values of G and « for the given
M and N as follows:

a « Ba, G« BYG,
where N = Ni + N; + -+ + Ng. Let LARGE and SMALL be floating numbers
such that
SMALLEST < SMALL < 1 < LARGE < LARGEST.

Suppose we want to keep G within the range (SMALL, LARGE). When G exceeds
LARGE, it can be scaied down to near unity with the choice of

1
B < TarcE™
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When ¢ drops below SMALL, it can be scaled up to near unity with the choice of

1

B Aty ™

TiMe OVERHEAD CoONSIDERATIONS. The additional time overhead of dynamic
scaling depends upon its implementation which, in turn, depends upon the compu-
tational algorithm and the programming language involved.

The implementation of dynamic scaling is simplest if the programming language
has provisions for detecting underflows/overflows and recovering from them. In this
case the additional time overhead of dymamic scaling is rather insignificant. Each
time the scaling factors are changed, eq. (11) needs to be computed. Assuming that
the available floating-point range is not too small and G(N} does not fluctuate greatly
as a function of N (owing to fluctuations in p.(/)), the frequency of encountering
overflow or underflow conditions requiring a change in scaling factors should be
very low.

If overflows/underflows cannot be easily detected and recovered from, then it is
necessary to prevent their occurrence by testing the magnitude of operands before
operations. Upper and lower bounds, LARGE and SMALL, respectively, are needed.
Rescaling is required if not all operands lie within these bounds. The basic trade-off
in the design of an implementation algorithm is then as follows. In the extreme case,
if operands are tested before every arithmetic operation, then the range (SMALL,
LARGE) can be chosen to be close to the floating-point range of (SMALLEST,
LARGEST). However, given network parameters, bounds may be obtained for
SMALL and LARGE so that the testing of operands needs to be performed only
once for each group of operations (e.g., subroutine for one convolution, subroutine
for mean-queue-length computation, etc.).

4. A General Queuing Network Model

The queuning network model described in Section 2 is for closed routing chains, each
with a fixed number of circulating customers. The model will now be extended to
include chains that can have external arrivals and departures. External customer
arrival streams to the chains are assumed to be Poisson processes. It is also assumed
that a new external arrival to chain & joins class ¢ with probability g.. so that
.= 1.
¢ RC(E)

To determine the set of arrival rates {Anz} for use in the traffic intensities {p..}, the
following set of equations should be used (instead of eq. (1)):

Ya = {d + Z YePed, d in Rc(k)’ (23)
cin RCiZ)
Ar= Y ve (24)
emSCim)
and RC¢k)

There can be two types of Poisson arrival processes.

Type 1. The arrival rate of chain-k customers is a function of the total network
population N, y»{N), k=1,2, ..., K. Define

HN) = yi(N) + yo{N} + - - - + yx(N).

Type 2. The arrival rate of chain-k customers is a function of the number of
chain-k customers in the network, yx(Ne), k= 1,2,..., K.



504 SIMON S. LAM

For networks with K chains, each of which may be open or closed, Baskeit et al.
[1] showed that the product-form solution in eq. (7) becomes
M
a(n
P =2 T putnn) @)
marl
where p..(n,,) was given by eq. (8), G is the normalization constant and is equal to the
sum of the unnormalized solution in eq. (25) over all feasible n states, and

N(in)—1
I y® for type-1 arrivals,
=)
aw=q (26)
I I ()  for type-2 arrivals,
k=1 o~0

where N(n) is the total number of customers and Ny(n) is the total number of chain-
k customers in the network for network state n. Note that if all chains are closed,
a(n) = 1 by definition. If at least one chain is open, then the product-form solution
given by eqs. (25) and (26) is applicable if for each closed chain, say chain j, y, (/) is
set equal to zero in y(i) for networks with type-1 arrivals or v,(7) is set equal to 1 for
all { in eq. (26) for type-2 arrivals,

One way to view a closed network is that it is an open network, but the routing
chain population sizes are kept fixed by two mechanisms:

(1) aloss mechanism whereby a new external arrival is discarded and lost forever;

(2) a trigger mechanism whereby a departure from the network triggers the instan-
taneous injection of a customer into the same chain as the departed customer
(from an infinite supply of customers).

A closed network is thus equivalent to a network of open chains with the above two
mechanisms in place all the time.

The above mechanisms can be invoked or revoked as a function of the population
vector N corresponding to the current state of the network. This strategy gives rise to
networks with arbitrary sets of feasible population vectors (see Figure 5). Such
networks are said to have population size constraints, and it was shown by this author
[8] that if V is an irreducible set of feasible population vectors, then a sufficient
condition for the product-form solution in eqs. (25) and (26) to remain valid is: For
any k, and population vectors N and N + 1 in V, the loss mechanism is invoked for
a chain-k external arrival in any network state with population vector N if and only
if the trigger mechanism is invoked for a chain-k external departure in any network
state with population vector N + 1. (In other words, feasible transitions between
adjacent feasible population vectors in Figure 5 are paired.)

The class of networks with population size constraints provides a general model
that includes networks with closed chains, networks with open chains, and networks
with mixed open and closed chains as special cases. The normalization constant G is
given by the sum of the unnormalized product-form solution in ¢q. (25) over all
feasible n states for each feasible popuiation vector in the set V.

Let S denote a detailed network state that is Markovian (see [L]),

S= (S], Sg, ey SM),

where Sy, is the state description of service center m.
Let & be the set of all feasible Markovian network states and S(N) be the set of
feasible Markovian network states with population vector N. Since ¥ is the set of
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Fig 5. Examples of two-chain networks with external arrivals
and departures

feasible population vectors, we have
&= U FN.
Nwm V

Note that %(N) is also the set of feasible states of a closed network with population
vector N. We explore below the relationship between the normalization constant
G(N) of a closed network and the equilibrium probability of the aggregate state
Z(N) in a general network. We have found that they are also related to equilibrinm
state probabilities of a birth-death process traversing over the feasible population
vectors in V.

It is shown in [1] that the equilibrium probability of a Markovian network state
has the product form,

P(S) & 1'1‘23) 4 ZNTI(S)

G
- a({N)IL(S)OIL(SY) » ++ Ha(Sar)

= @7

where N is the population vector of Markovian network state S, IL.(S,.) is defined
in 1], and
N-1
11 +G) for type-1 arrivals,
=0
G(N) = K et (28)

T I vy  for type-2 arrivals.

A=1 =0
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LocAL BALANCE AND THE M = M PROPERTY. Chandy [3] first observed that the
product-form solution P(S) of many queuing networks has a local balance property,
that is, it satisfies certain local balance equations in addition to the global balance
equations [1, 8]. This observation has proved to be very useful in the discovery and
characterization of the class of BCMP networks [1]. (Another treatment of local
balance can be found in the work of Chandy et al. [4].)

Muntz [11] found that mdividual service centers in BCMP networks have the
M => M property, which can be explained and related to the local balance property
as follows. Consider class ¢ in service center m (viewed in isolation). Center m has
the M = M property if given that the arrival process of customers to class ¢ is a
Poisson process, the departure process of customers from class ¢ is also a Poisson
process. Let class ¢ be in chain . Consider network state § in ¥(N). Let 51 be the
set of network states in SN + 1) that are the same as network state § but with an
extra class-c customer in service ceater m. S, is the mth component of § describ-
ing service center m. S» is the mth component of network state §'° in &% it de-
scribes service center m with the extra class-¢ customer. I1,.{(S..) in the product-form
solution was found to satisfy the following sufficient condition for the M = M

property [11}]:
LS )RS’ — Sim) -

Ve, (29)
5iem FE TL(Sw)

where v, was defined in eq. (23), &7 is the set of center-m components of network
states in %, and Rn(S — Sw) is the transition rate from S,° to S,, corresponding
to the departure of the extra class-c customer from center m. Equation (29) can be
rewritien as
Ma(Smppe = & TLST)IRR(SE — Sin), (30)
Stem S

i)

where we can interpret

(a) the left-hand side of eq. (30) to be the “flow” out of state S, due to class-c
arrivals, and

(b) the right-hand side of eq. (30) to be the flow into state S, due to class-c
departures.

Equation (30) is an example of a local balance equation. Since it is with respect 1o
the arrivals and departures of a specific class, it will be referred to as a class local
balance equation [1, 3].

Since I1(S) has a product form, the previous equation can be rewritten as

H(Sy.= ¥ IKS™)Rn(S3— Sw). 3D

Sreig gt
We next employ eq. (31) to demonsirate a local balance property of I1*(S) with
respect to external arrivals and departures of a routing chain; this will be referred to
as chain local balance. Consider chain k. Suppose the population vectors N and

N + 1, are in V with transitions between them allowed.
The following identity,

1= ¥ vcl:l— ¥ pcd}, (32)
cm RC(R) dm RC(k)

can be easily demonstrated using eq. (23) and ¥ w rcun g = 1. Now replace v, in the
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right-hand side of the above using eq. (31) and get

I= ¥ Eswmw»H(S“)Rm(s:f—»Sm)[1_
e RC(R) I1(S) dinfom’ |

Let N be the population vector of network state $, and define

_ [v¥) for type-1 arrivals,
v&(IN) {Yk(N*) for type-2 arrivals. (33)

Multiplying both sides of the previous equation by yx(N) and rewriting IT(5*°)/TI(S)
as TT*(S*)/[ve(N)IT*(S)], we get

M*Snm®™N = X Y TS )RA(S7 = S’")[l > P“’]’ (39
¢mRCk) Stemy*e din RC()
which then is a local balance equation satisfied by I1*(S) with respect to chain k;
note that {1 — Y.dun ro Pea] is the probability that the extra class-c customer departing
from center m leaves the network instead of joining another service center. We can
interpret
(a) the left-hand side of eq. (34) to be the flow out of state S due to chain-k arrivals,
and
(b) the right-hand side of eq. (34) to be the flow into state § due to chain-k
departures.

Note that eq. (34) is applicable only if transitions between N and N + 1,, are feasible.
We have thus shown the following lemma.

Lemma 3. The class local balance property of T1,.(Sn) in the produci-form solution
P(S) implies that P(S) satisfies the chain local balance equation (34).

The chain local balance property of the product-form solution is the key for
demonstrating its applicability to the extended class of BCMP networks with popu-
lation size constraints in {8]. It also has the following immediate consequence.

LemMma 4 (M = M PROPERTY FOR A ROUTING CHAIN). If external arrivals to
chain k form a Poisson process with a constant rate yx, then chain-k customers departing
Jrom the network form a Poisson process at the same rate.

The above lemma is easily proved using eq. (34) and Muntz’s arguments [11]. Note
that any subnetwork of M = M service centers will have the M = M property with
respect to each chain’s external arrivals to the subnetwork and departures from the
subnetwork. Hence the subnetwork behaves like a single (composite) M => M service
center to the rest of the network. (This observation, however, does not apply to
networks with the third form of state-dependent service rates if the subnetwork and
the set I of service centers overlap partially.)

AGGREGATE STATES AND THEIR OcCUPANCY STATISTICS. Let P(N) denote the
equilibrium probability of the aggregate state #(IN), defined to be

P(N) = Sm;(m P(S).

Let S(r) denote the network state at time 7. Consider the case of 1 — «. We define
the conditional throughput rate of chain k as

TEN + 1) = lim £ P[S@) in S|S0 - A in#N +1]  (39)
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The next theorem characterizes the occupancy statistics of the aggregate states of
a network with population size constraints and relates them to normalization con-
stants of networks which are identical to the given network except that their chains
are closed (to be referred to as equivalent closed networks).

THEOREM
(1) The equilibrium aggregate state probabilities are given by
a(N)
P(N) = —(G— G, N} for N in ¥, (36)

where a(N) was defined in eq. (28), G(a, N) is the normalization constant of an
equivalent closed network with population vector N and scaling factors ar, = A,
k=1,2,..., K, given by egs. (23) and (24), and

G= 3 aN)G(a, N). G

NV

@) If N and N + 1, are in V with transitions permitted between them, then the
conditional throughput rate is given by
Gla, N)

TEN+ L) = m,

(38)

and P(N) satisfies the chain local balance equation,
P(N)yu(N) = P(N + 1)THN + 1i). (39)
Proor. To show part (i) of the theorem, consider the improper aggregate state

probability,
aANy= ¥ MIXS)=a®) 5 IIS).
S ¥ (N)

Sin#(N)
Since II(S) is the (improper) product-form solution of a closed network [1} with
scaling factors ax = A, k = 1, 2, ..., K, and &(N) is the set of feasible network
states with population vector N, we have

7(N) = a(N)G{a;, N) for N in V.

Normalizing these improper probabilities to sum to one, egs. (36) and (37) immedi-
ately follow.
To show eq. (38) in part (ii) of the theorem, we rewrite eq. (35) as

. _n 1 P[S(t — A)in (N + 1) and S(¢) in Sf’(N)]
FEN + 1) = lim 7 P[S(t — A) in AN + 1)]

Taking the limit A — 0 and multiplying both numerator and demoninator by G, we
have

THN + 1)
a(N + lk) Ecm RC(k) ESmy(N) ES*C e H(-SHLC)Rm(AS'+c —% Sm)[l - Edm RC(k)Ped]
(N + 1)
where

(N + 1) = a(N + 1)G(a, N).
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Cance! the term a{N + 1,) in both the numerator and denominator and note that the
expression in the numerator,
TS IR( S5 = Si),
SwmF N §Hmy e
divided by G(a, N + 1), is by definition equal to the throughput rate of class-¢

customers in an equivalent closed network with population vector N + 1 and scaling
factors &, which is

v.G{ae, N)

Tc(N + lk) =m.

We then have

TEN+1)= ¥ TC(N+1k)[1— ) pm]

cm RC(%) din RC(&)

Gla, N)
= =T -
einficm Gla, N + 1.) ¥ [ d’m§C(k}PCd:|
___Ge N
Gla, N + lk)’

which is eq. (38) in which we have made use of the identity in (32).

Equation (39) is a consequence of eqs. (28), (36), and (38). It can also be shown by
summing the chain local balance equation (34) over § in S(N) and recognizing that
the resulting equation is

GP(N)yx(N) = GTF (N + 19)P(N + 1,). O

We can interpret eq. (39) as a chain local balance equation satisfied by P(N), since
it equates the flow out of the aggregate state S(N) due to chain-k arrivals to the
flows into % (N) due to chain-k departures.

Let us relate the conditional throughput rate in eq. (38) to previous results. Recall
that the throughput rate of a closed network with population vector N + 1, is defined
to be the throughput rate of service center 1, which is arbitratily chosen. It is given
by

Gla, N)
Gla, N+ 1)’

where ay is equal to the relative arrival rate Ay, of chain-k customers to center 1. The
throughput rate of chain-k customers at service center m is given by
Ao/ M) Te(N + 1),

Consider chain & which permits external arrivals and departures. Note that A
given by egs. (23) and (24) can be interpreted as the mean number of visits by a
chain-%£ customer to service center m between successive visits to a service center
outside the network introduced to act as the source and sink of chain-k customers.
For an “open” chain it is physically meaningtul to define its throughput rate to be
that of its source/sink center. With the set of relative arrival rates defined in egs. (23)
and (24), the relative arrival rate to the source/sink center is unity. Hence

TN+ 1) =

1
Ti(N+ 1) = i Te(N + 15),

1%
which is eq. (38).
We make the following additional observations,
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Fi6. 6. An example of a two-cham net-
work with population size constzaints. |
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o | 2 3

COROLLARY

(9) The equilibrium aggregate state probabilities are the same as the equilibrium state
probabilities of a birth-death process with state space V, birth rates v(N), and death
rates TR(N+ 1) for Nand N+ 1. in V.

(i) The equilibrium aggregate state probabilities are independent of feasible transitions
in V imposed by the loss and trigger mechanisms.

Part (i) of the corollary is obvious from Lemma 2. It also implies that P(S) is
independent of feasible transitions in V. It does, however, depend upon the set V
through the normalization constant G.

AN Example. Consider a network with two chains. The set ¥ of feasible
population vectors consists of (1, 1), (2, 1), (1, 2), and (2, 2). Type-2 arrival processes
are assumed. The feasible transitions in V are shown in Figure 6.

Instead of applying eq. (36), we shall solve for P(N,, Nz) directly using the local
balance eq. (39), from which we get the relationships’,

_AfD
PR, )= 2 ])P(l, 1),
_A(D
P2, 2= mp{za b,
_ A
P2,2)= ml’(l, 2).
Letting P(1, 1) = C and solving for the others in terms of C, we get
- P(LD=C,
RS L))
PR, 1) = 5 l)C,
P22 = A DALY c

T2, T2, 1)
TW2,2) XM

P2 = MDD T2, 22, 1)

! For simplicity we have omitted the * notation from T} and T
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Applying Lemma 2 to the two paths of increasing sequences of population vectors
from (1, 1) to (2, 2), we have
To(l, T2, 2) = T2, T2, D).

We can then rewrite the solution for P(1, 2) as
Az{1
P, 2y =—4D
Ty(1, 2)
The constant C can then be determined from
P, )+ P2, )+ P(1,2) + P2, 2) = L
EvALuATION OF THE NORMALIZATION CONSTANT & The normalization constant
G in eq. (37) is evaluated as a summation over the set ¥ of feasible population

vectors. For open chains without population size constraints the set ¥V is infinite. If
the external arrival rates to the open chains are constants, that is,

¥x(N) = va,
then G can be found easily. First, if all chains in the network are open, then it is well
known [1] that

-

m=t L — Pm

) where pnm = ¥ prua
P

Second, if some of the chains in the network are open while the rest are closed, then
it has been shown [14] that

G = Gopen ~ G(N),
where
LS |
Gl pg‘ = z Pmk-

Gﬂpen =
m=1 1 — P Lopen

The normalization constant for the closed chains with population vector N can then
be evaluaied separately with some modifications 10 account for interactions (if any)
between open and closed chains at individual service centers. Let
p= 3 Pt
% closed

(1) At an IS center, open and closed chains do not interact. No modification is

necessary in the computation of G(N) with respect to the IS center.
(2) At a fixed-rate center the closed-chain traffic intensity should be modified as

foliows in the computation of G(N):

to account for the effect of the open chains on the closed chains at this center.

(3) At a queue-dependent-service-rate center, the interactions are more complex
than the above, and the effect of the open-chain traffic intensity p7, needs to be
accounted for by a convolution operation (see [14]).

If the chain arrival rates y(N) depend upon the population vector and/or the
network has population size constraints, then G must be evaluated from eq. (37),
repeated here:

G= % a(N)G(a, M, N).
v

N



512 SIMON S. LAM

Note that all normalization constants G(a, M, N) of the equivalent closed networks
must use the same set of scaling factors. Hence it is likely that no single set of scaling
factors can be found so that G(a, M, N), N in ¥, will fit into a given range of floating-
point numbers. Since we are dealing with a summation of terms, if some terms in the -
sum are too small relative to the others (i.e., underflow occurs), they can be discarded.
The error introduced in G is negligible if | V| SMALLEST «< LARGEST, where | V|
denotes the cardinality of P,

5. Conclusions

We have found that previous difficulties with evaluating the normalization constants
of closed BCMP queuing networks are due to the use of a fixed set of scaling factors,
Normalization constants G{a, M, N) and G(8, M, N) based upon different scaling
factors were found to be related very simply by

K N
Gla, M, N) = [T (ﬂ) G(B, M, N).
#=1 \Be

As a result, in the course of evaluating a set of normalization constants (using any
computational algorithm)} one can repeatedly change the set of scaling factors to
avoid overflow or underflow problems that might be encountered. Hence normali-
zation constants for very large population sizes can be obtained with computers
having just a modest range of floating-point numbers.

The MVA algorithm of Reiser and Lavenberg [15] bypasses normalization con-
stants and computes various network performance measures directly. It is sometimes
desirable 1o solve a queuing network problem using a hybrid solution method that
employs more than one computational algorithm, for example, MVA for fixed-rate
servers and convolution for queue-dependent servers. In this case normalization
constants are needed and can be computed from the outputs of the MVA algorithm,
using eq. (13), for example. Dynamic scaling will then be necessary.

We have also considered BCMP networks with external arrivals, departures, and
population size constraints. We have shown that the class local balance property
possessed by the produci-form solution implies several interesting properties for
chains. In particular, external arrivals to a chain and departures from the chain are
characterized by the M => M property. The relationships between normalization
constants of closed networks and equilibrium aggregate state probabilities of networks
that permit ¢xternal arrivals and departures have been examined. We have found
that the growth behavior of normalization constants can be modeled by a birth-death
process traversing over the set of population vectors,

To show that the results presented in this paper (Lemmas 1-4 and the theorem)
are applicable to networks with any or all three forms of state-dependent service
rates allowed in BCMP networks, we note that the class local balance equation in eq.
(31) is valid for all three forms of state-dependent service rates. Note also that
Lemmas 1 and 2 are based on eq. (12), which may be derived from eq. (31). Lemmas
3 and 4 and the theorem are all based on eq. (31).
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