596

IEEE TRANSACTIONS ON COMPUTERS, VOL. C-29, NO. 7, JULY 1980

Packet Broadcast Networks—A Performance
Analysis of the R-ALOHA Protocol
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Abstract—In packet broadcast networks, users are interconnected
via a broadcast channel. The key problem is multiple access of the
shared broadcast channel. The performance of the R-ALOHA protocol
for multiple access is studied in this paper. Two user models with
Poisson message arrivals are analyzed; each message consists of a
group of packets with a general probability distribution for group size.
In the first model, each user handles one message at a time. In the
second model, each user has infinite buffering capacity for queueing.
Analytic models are developed for characterizing message delay and
channel utilization. Bounds on channel throughput are established for
two slightly different protocols. Numerical results from both analysis
and simulation are presented to illustrate the accuracy of the analytic
models as well as performance characteristics of the R-ALOHA
protocol.

Index Terms—Broadcast channel, broadcast networks, contention
algorithms, multiple access protocols, packet broadcasting, perfor-
mance analysis, queueing, R-ALOHA, satellite networks.

I. INTRODUCTION

ACKET broadcast networks may be defined to be packet
switching networks in which the connectivity requirements
of a population of distributed users are furnished by a broad-
cast medium. Two obvious examples of such broadcast media
are satellite and ground radio channels [1], [2]. However, they
may also be multipoint cable networks [3], [4]. In recent years,
multipoint cable networks have been gaining increasing im-
portance for local area network interconnection [3]-[7].
The basic operation of a packet broadcast network can be
explained as follows. A single broadcast channel is shared
among a population of distributed users. It is assumed that
each user is capable of sending and receiving data at the
channel transmission rate of Cbits/s. Data messages are seg-
mented into fixed length packets for transmission. Each packet
contains its destination address(es) as well as parity bits for
error detection. A packet transmitted successfully by any user,
i.e., in the absence of errors due to noise or interference from
another user, will arrive correctly at all users. The packet will
be accepted by the intended receiver(s) and ignored by others.
When packets transmitted by different users “collide” in the
channel, it is assumed that (in the absence of some special
coding technique) none of the packets involved in a collision
will arrive correctly at the intended receivers; such collisions
are detected as transmission errors.
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The central problem of a packet broadcast network is con-
Slict resolution among the population of users sharing use of
the broadcast channel. The problem is nontrivial since the users
are typically geographically distributed. The distances involved
range from thousands of miles for a satellite network to, per-
haps, tens of feet for an in-house cable network.

Many multiple access protocols for conflict resolution have
been proposed and studied. [8]. They can be classified into three
general categories: polling protocols, contention protocols, and
reservation protocols. Under polling protocols, a central con-
troller is required and users are passive, i.e., they normally keep
quiet whether or not they desire access of the channel. They
are queried from time to time by the central controller; a user
can transmit data only when so queried.

Both contention and reservation protocols require users who
have data to send (“ready” users) to actively seek channel
access. Under contention protocols, there is no attempt to
coordinate the ready users to avoid collisions entirely. Instead,
each user monitors the broadcast channel and tries to transmit
his data packets the best he can without incurring a conflict.
Collided packets are retransmitted by users according to

.control algorithms driven by local information as well as ob-

servable outcomes in the broadcast channel.

The objective of reservation protocols is to avoid collisions
of data packets entirely. To do so, a queue global to all users
needs to be maintained for channel access. Each user, when
he has data to send, generates a request to reserve a place in
the queue. A fraction of the channel capacity is used to ac-
commodate the reservation request traffic. Since users are
geographically distributed, the multiple access problem has
not disappeared. It exists now in the access of the reservation
channel. Synchronization of the distributed queue is also a
nontrivial problem.

The three classes of protocols are suitable for different
traffic environments. For some traffic environments which are
a fixed or time-varying combination of the above, various
“mixed” or adaptive protocols have also been proposed [8]-
[12]. R-ALOHA is a protocol that contains both elements of
contention and reservation. It was originally proposed by
Crowther et al. [9] to improve the throughput of a satellite
channel beyond that of slotted ALOHA which is a pure con-
tention protocol [13]-[15]. Although it was invented for a
satellite channel, R-ALOHA can be used for any of the other
broadcast media. We shall next describe the R-ALOHA
protocol. Assumptions and results of a performance analysis
are then presented.
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II. THE R-ALOHA PrROTOCOL

The broadcast channel is assumed to be slotted in time, and
the slots are organized into frames with M slots in each frame,
just as in traditional TDMA (see Fig. 1). Each time slot is long
enough for the transmission of a packet of data. The duration
T of a frame is assumed to be greater than the maximum
channel propagation delay in the broadcast network. Conse-
quently, each user is aware of the usage status of time slots one
frame ago. The network operates without any central control,
but requires each user to obey the same set of rules for trans-
mitting packets into time slots depending upon what happened
in the previous frame. A time slot in the previous frame may
be

unused, which means that either: 1) it was empty, or 2) two
or more packets were transmitted into it (a collision) and thus
none could be received correctly;

used, which means that exactly one packet was transmitted
into it and the packet was successfully received (it is assumed
that the channel is error-free except for collisions).

The transmission rules are as follows.

1) If slot m (say) had a successful transmission by user X
(say) in the previous frame, slot m is off limits to everyone
except user X in the current frame. Slot'm is said to be reserved
by user X. Note that user X has exclusive access to slot m as
long as he continues to transmit a packet into it in every
frame.

2) Those slots in the last frame which were unused are
available for contention by all users according to an adaptive
algorithm (the details of which will be considered below).

Two protocols are differentiated depending upon whether
an end-of-use flag is included in the last packet before a user
gives up his reserved slot:

(P1) end-of-use flag not included, and

(P2) end-of-use flag included.

With (P1), a time slot is always wasted whenever a user gives
up his.reserved slot. With (P2), such time slots are made
available for contention according to the second transmission
rule. (P2) therefore gives rise to a higher channel throughput
than (P1), but (P1) is easier to implement; specifically, users
do not have to examine the contents of each transmitted packet
and look for the end-of-use flag.

III. THE ANALYSIS

» population of /V users is considered with identical behavior
and message arrival statistics. Messages arrive to each user
according to a stationary Poisson process with rate A mes-
sages/s. Each message consists of a group of & packets, with
the first two moments h and A2 and probability generating
function H(z).

The analysis requires that each user can reserve at most one
time slot in a frame at a time. With this requirement, the
problem is interesting only if N > M. Another consequence
is that the number of users who may access a nonreserved slot
is N — m where m is the number of users holding reserved
slots.

The following user models will be considered.
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Fig. 1. Frame structure.

1) Single-Message Users—Each user handles one message
at a time, i.e., the Poisson source shuts itself off until all packets
of the current message have been successfully transmitted.

2) Queued Users—Each user has infinite buffering ca-
pacity; a queue is maintained with Poisson arrivals at the
constant rate of A messages/s.

Note that both user models are more general than user
models previously considered for contention-based protocols
[10], [14], [15].

The random variable v is defined to be the total number of
packets that a user transmits before he gives up a reserved time
slot. For the model of single-message users, v is just the number
h of packets in a message. For the model of queued users, v is
the number of packets that arrive within a busy period of the
user queue; the mean value of v is denoted by .

It is well known that adaptive control algorithms are needed
for proper operation of contention-based protocols. Such al-
gorithms have been proposed and studied extensively in the
past for slotted ALOHA channels based upon pure contention
[12], [15], [16], [17]. A mathematically tractable exact
analysis of the R-ALOHA protocol using a realistic adaptive
control algorithm for contention is not currently available.
However, given an effective control algorithm, the following
assumption can be made for an approximate analysis.

Constant Throughput Assumption: A successful packet
transmission occurs in each nonreserved time slot with a con-
stant probability S.

The above assumption decouples the analysis of the R-
ALOHA protocol from the specific details of the contention
protocol as long as it has an effective control algorithm for
stable operation; in the analysis, S is taken to be the steady-
state slotted ALOHA throughput rate. The accuracy of the
analytic results will be demonstrated below by comparing them
with simulation results. Several practical control algorithms
will also be discussed in conjunction with the simulation ex-
periments.

We next define the equilibrium channel utilization proba-
bilities

P; = Prob [i slots in a frame are used].

Proposition: For the model of single-message users and
given the constant throughput assumption,

P,-=(I‘I,J)U"(1—U)M“i i=0,1,-, M (1)

where
S
U= 77—
S+ (1/v)
under protocol (P1), and

(2)
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under protocol (P2).

The key of the proof is to consider each of the M time divi-
sion multiplexed (TDM) subchannels in Fig. 1 separately.
(The ith subchannel is made up of the ith slot of each frame.)
Given the constant throughput assumption and the assumption
that users have independent identical arrival statistics, out-
comes (used or unused time slots) in the M subchannels are
statistically independent events. Also, each subchannel has
alternating idle and busy periods which are statistically inde-
pendent and constitute an alternating renewal process. (By
definition, an idle period consists of unused time slots. A busy
period consists of used time slots.) Let #iqie and fpysy be the idle
and busy period duration, respectively. The probability that
a subchannel is busy is [18]

= E[Zbusy]
E[tidle] + E[tbusy]

Since the M subchannels are statistically independent, (1)
follows.
Given the constant throughput assumption, we have

Prob [tigie = k slots] = S(1 — S)*~! k=1,2,---
under (P1) and
Prob [tigie = k slots] = S(1 — S)* k=01,
under (P2). Hence,

1/8 under (P1)
Eltael =11/sy=1  under (P2).
Under both (P1) and (P2),
Eltousy] =1.
Hence,
U TS am
S+o
under (P1) and
- 5 _ s
((1/S) —11+0 S+ [(1 —S)/©)]
under (P2).
From (1), the probability generating function of P; is
Q)= —-U+UzM 4)
with mean
= MU, (5)
variance

ok =MUQ - V),

and coefficient of variation

Cn = 0/ = /(1 = U)/(MU).
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Note that in the above results, v can have a general proba-
bility distribution. However, if we restrict v to be geometrically

distributed, i.e.,
Prob [v=i] = r(1 — r)i~! i=1,2,

for some parameter r, the following equations can be derived
for Q(z) using a Markov chain approach (see Appendix):

o z+r(l = 2)
0(z) = (1 S+SZ)MQ(—**“—““1 —S+Sz) (6)
under (P1) and
= (] — (d=-nz
0(z) = (1 S+Sz)MQ(1_S+SZ+r) )

under (P2). These equations are the result of a different so-
lution approach to our problem (and under the more restrictive
assumption of v being geometrically distributed). It can be
easily verified that Q(z) given by (4) with the appropriate
expression for U from either (2) or (3) is a solution to (6) or
(7) above (respectively), as it should be.

Assuming that v is geometrically distributed, Kanehira [19]
derived an expression equivalent to (2) for U under protocol
(P1). Our model and results in this paper are more general
than his. In particular, v can have an arbitrary probability
distribution.

In the model of queued users, v corresponds to the number
of packets served in a busy period. In this case, the M sub-
channels are not statistically independent. Nevertheless,
simulation results indicated that (1) is still an excellent ap-
proximation.

R-ALOH A Channel Throughput

At this point, let us investigate the maximum possible
throughput of a channel that employs the R-ALOHA protocol.
The throughput of a channel is defined to be the fraction of
time slots in which data packets are successfully transmitted
and is equal to U above for R-ALOHA. Let Cg4 and Cg4
denote the maximum channel throughput of R-ALOHA and
slotted ALOHA, respectively. With v fixed in (2) or (3), it is
easy to see that U is maximized when S is maximized. We then
have under protocol (P1)

Csa
UL Cry=—"""—"7." 8
F T Csa+ (1) ®
Hence,
Csa
——— < Crq4 =1 9
Tt Cs, = Cra (%)
for 0 ranging from 1 to .
Similarly, under protocol (P2)
Csa
U< Cryq= . 10
* Csa+ [(1 - Csa)f] (1
Hence,
Csa = Cra=1 (1)

for 0 ranging from 1 to .



LAM: R-ALOHA PROTOCOL

For a large population of users, we know that [13], [14]
Csq=1/e.

The maximum channel throughput of R-ALOHA is shown
in Fig. 2 as a function of & for a large population of users for
both protocols (P1) and (P2).

Equations (2) and (3) are useful analytic relationships
among U, S, and 5. We know that 7 = / for the model of sin-
gle-message users. However, & is still unknown for the model
of queued users and S is unknown for both user models. Their
derivations will be given below. The R-ALOHA channel
throughput U, however, is easily obtained using the following
argument without first determining S and o.

Since the system is assumed to be in equilibrium, the channel
throughput rate must be equal to the channel input rate. We
therefore have for the model of single-message users

U = channel input rate in packets/slot
= (N — m)MNT/M
= (N — MU)NT/M
from which we get
_ (NNKT)
M(1 + NAT)
For the model of queued users, we simply have

U= NMT/M.

(12)

(13)

Note that the channel utilization probabilities P; depend
only upon U and are independent of S and ©; they are thus
independent of the specific contention protocol. The latter does,
however, affect the message delay characteristic of R-ALOHA
as shown below.

Message Delay Analysis

For the moment, assume that the delay d 4 incurred by a
user to successfully tfansmit a packet into a nonreserved time
slot has a known probability density function (pdf) with the
I:_gplace transform D% (s), mean value d 4, and second moment
dA.

Note, however, that although the delay incurred by a packet
in a slotted ALOHA channel has known results [14], [15],
such results must be modified for our use here. The nonres-
erved time slots imbedded within an R-ALOHA channel
belong to currently unused TDM subchannels and are thus not
contiguous. The number of time slots in between nonreserved
slots is a random variable J with

Prob [J=j]=U/(1 —U) j=0,1,2,

under the constant throughput assumption.

For the model of single-message users, the overall delay d
of a message consists of @ 4 and the transmission delay of the
rest of the message (if more than one packet long). The pdf of
message delay has the Laplace transform

D*(s) = D4(s)H(e=sT)esT (14)

with mean

d=d,+ (h— )T (15)

599

1.0 = Protocol (P2)

N

Protocol (PI}

0.9
0.8
0.7

0.8

{packets/ siot)

0.5
0.4

/e
0.3

0.2

MAX. CHANNEL THROUGHPUT

T T Y Y Y B
C 10 20 30 40 50

v (packets)

Fig. 2. Maximum channel throughput versus .

For the model of queued users, the overall delay d of a
message can be obtained by considering each user queue as a
generalized M |G| 1 queue in which the first customer of each
busy period receives exceptional service [20]. In that context,
the service time pdf of customers who initiate busy periods has
the Laplace transform

By(s) = Di(s)H(e™T)esT (16)
with mean
Xo=ds+ (h—1T
and second moment
x§=di+ 2d4(h — DM + (% — 2h + 1) M2,

The service time pdf of customers who arrive to find the queue
busy has the Laplace transform

B*(s) = H{e—*T) (17)-
with mean
X=hT
and second moment
x2=hZM2,

The pdf of message delay has the Laplace transform [20]
Po[(A = 5)Bi(s) — AB*(s)]

* = 1
Dx(s) (A = 5) — AB*(s) (18)
where
1 —AX
Po= ———————
7 = A\ (F - %0)
1 —NiT
= 19
1+ Ady—T) (19)
The average message delay is
5o Xo A3 = x?) Ax2
1= AX=%0) 2[1=AF-X0)] 2(1=A%)
(20)

Finally, we note that the message delay analysis here can
be easily extended (following [21]) to a nonpreemptive priority
queue discipline with a finite number of message priority
classes.
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Solution for S and v

To solve for the average message delay d, we need the first
and second moments of d4 which depend upon S and o. For
the model of single-message users, we have

_ (N = AT
(1-UM
_AT(N — MU)
T -UM 2D
and
v=h. (22)

For the model of queued users, the Laplace transform G*(s)
of the busy period pdf can be obtained using a delay cycle
analysis [22]

G*(s) = Bi(s + A — AY*(s)) (23)
where
Y*(s) = B*(s + A — AY*(s)). (24)
Let g and ¥ be the mean values obtained from G*(s) and
Y*(s), respectively. We have
g =Xo(l + Ay) (25)
where

X kT

1—=Ax 1= NiT

y= (26)
In this user model, 0 is the total number of packets that arrive

within a busy period (including those of the initial message).
We then have

5= (1 + Nxok)h (27)
where
k=1/(1 — AX). (28)
Thus,
_ Ao |-
D= (1 + - )\E) h
_ Nda+ (h = DT) -
= (1 + [ T )h. (29)

At this point, if we know the throughput-delay relationship for
the nonreserved time slots (i.e., d4 as a function of S), & and
S can be solved numerically using (29) together with the
equation

U=———=NMT/M 30
S+ (1/v) / (30)

obtained from (2) and (13) for protocol (P1) or
= NNWT/M (31)

Us—""—
S+ [(1 = 8)/p]
obtained from (3) and (13) for protocol (P2).

IV. NUMERICAL RESULTS

In this section, we compare the above analytic results with
experimental results from simulation. In the simulation pro-
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gram, we let the number of slots in a frame M = 10 and the
number of users N = 40. The model of queued users is more
general than the model of single-message users and is the only
one considered below. For simplicity, a Bernoulli process is
used to approximate the Poisson arrival process of each user;
in each time slot, a message arrives to each user with proba-
bility o = A(T/M). Each message consists of a group of 4
packets with the following distribution

0.2 i=1
Prob [h=i] =4 0.1 i=2,3,4,56,7,8,16
0 otherwise

which has a mean of 5.3 packets.

Recall that the R-ALOHA protocol is applicable as long
as the channel propagation delay is less than the frame dura-
tion T. The channel propagation delay was assumed to be zero
in both our simulation and analysis results presented below
(without any loss of generality).

To obtain numerical results for either analysis or simulation,
it is necessary to specify the contention protocol, in particular,
the adaptive control algorithm. Many adaptive control algo-
rithms have been proposed and studied in the past. Since this
is not the primary concern of the present study, we have con-
sidered mainly algorithms which are easy to implement.

Specifically, the following class of algorithms that depend
only upon local information was considered. Each ready user
who does not have a reserved slot transmits the packet at the
head of his queue into each nonreserved slot with probability
pr where kK =0, 1,2, - -is the accumulated number of colli-
sions incurred by the same packet. These algorithms were re-
ferred to as heuristic RCP policies in [16]. The following al-
gorithms have been tested in our simulator.

,

1 k=0

1) px =£0.2 k=123
0 otherwise
\
4
1 k=0

2y pr =K0.1 k=1,2,3
0 otherwise
.

3) px = (0.5)% k=0,1,2, -

Y pr=1/(k+1)

In both 1) and 2) above, users who have incurred more than
three collisions for the same packet “lose’ all their mes-
sages.

Both algorithms 1) and 2) were found to give rise to stable
channel operation. Stability was achieved at the expense of
some “lost”” messages when the channel was heavily loaded.
Of course, in a real system, messages are not actually lost, but
rather some users experience temporarily a busy condition and
cannot generate new messages. Both algorithms 3) and 4) were
found to be far.inferior to 1) and 2). In particular, they failed
to prevent excessive collisions in nonreserved slots when the
channel is heavily loaded. They also give rise to much longer

k=0,1,2,
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Fig. 3. Analysis and simulation results for P;.

message delays than 1) and 2) when the channel is moderately
loaded. (However, algorithm 3) has been found to perform well
in CSMA protocols [23].)

We have also considered the special case when global in-
formation is available to individual users. In particular, the
instantanous number 7 of users competing for a nonreserved
slot is known to each such user. The optimal (symmetric)
strategy in this case is for each such user to transmit into the
nonreserved slot with probability 1/s. This particular algo-
rithm is difficult to implement in practice. However, they give
rise to throughput-delay results which are useful as perfor-
mance bounds.

In Fig. 3 we have shown both experimental results and
theoretical results of P; given by (1) at four different values
of channel throughput U = 0.05, 0.19, 0.60, and 0.86. Note
that under both light load (U = 0.05 or 0.19) and heavy load
(U = 0.86), experimental and theoretical results agree almost
exactly. At U = 0.60, there is some minor discrepancy. The
simulation results shown were obtained when the optimal
control strategy was used. The good agreement between ex-
perimental and theoretical results in Fig. 3, however, was
representative of all effective control algorithms considered.

To calculate d and & using (20) and (29), the following
formulas for the moments of d 4 were used.

= _ 1—q)
d.=l1+—3/a-vU
A( p” /( )
l—g] 1 (1+1-q)
pq?| 1-U pq
(33)

(32)

_2
a-0u

l1—gq
rq

2 +

2[1+

where p is equal to 0.2, 0.1, respectively, for control algorithms
(1) and (2) and g is obtained as a function of S from

qg=e 51, (34)

Equations (32)-(34) were derived under very strong as-
sumptions of independence using the approach in [14]. For
more accurate results, the Markov chain technique in [15] may
be used instead. Equations (32)-(34) were adopted mainly for
their simplicity; despite their inaccuracies, the analytic results
of d, , and S for R-ALOHA compare very well with experi-
mental results. These are illustrated in Figs. 4 and 5 for control
algorithm 1) and in Figs. 6 and 7 for control algorithm 2).
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V. CONCLUSIONS

Following a brief overview of three classes of multiple access
protocols for packet broadcast networks, R-ALOHA was in-
troduced as a protocol that contains both elements of conten-
tion and reservation. We found that R-ALOHA is a protocol
that adapts itself to the nature of the input traffic. Fig. 2 shows
that the R-ALOHA maximum channel throughput ranges
from that of slotted ALOHA at one extreme (T = 1) to that
of fixed assigned TDMA channels at the other extreme (5 =
®).

Two user models with Poisson arrivals were considered.
Each arrival is a message consisting of a group of packets. In
the first model, each user handles one message at a time. In the
second model, each user has infinite buffering capacity for
queueing. We make two observations. First, our user models
(which permit buffering and queueing) are more general than
user models previously considered for contention-based pro-
tocols. Second, our performance results on message delay and
channel utilization depend upon the constant throughput as-
sumption, which decouples the analysis of the R-ALOHA
protocol from specific details of the contention protocol for
nonreserved slots. We found that the approximations thus
introduced in the analytic results are acceptable as long as an
effective control algorithm is implemented for stable channel
operation.

In this paper, both our R-ALOHA protocol and user models
are such that a tractable analysis is possible. In a practical
implementation, some other issues will have to be addressed
and the protocol should probably be significantly enriched.



602

80

T T S
z 60 B
)
w
o
w o~
« %]
& 540 F .
2w
s -
W
© O Simulation
= 20
o - -
[ —— Analysis
>
<
o} 1 1 L
o] 0.2 0.4 0.6

CHANNEL THROUGHPUT U
{ packets /slot)

Fig. 6. Average message delay versus channel throughput for control

algorithm 2).

One issue is fairness. How do we prevent some users from
being locked out of the channel for a long time? One idea is to
allocate a minimum number of slots in each frame which
cannot be reserved. (Our analysis can be trivially extended to
include this.) Some fairness algorithm may also be designed
into the contention protocol. The fairness algorithm will affect
our analytic model only to the extent that it affects the accu-
racy of the constant throughput assumption.

Another issue is that of a nonhomogeneous user population.
In addition, some users may be more important than others.

It will be desirable to enrich the R-ALOHA protocol in several *

ways. A user may be permitted to reserve multiple slots in a
frame. (What algorithm should be used to increase or decrease
his reserved slots?) A user may use dummy packets to hold on
to a reserved slot when his queue is empty. (This may be a fair
and acceptable practice if users can be charged according to
the number of slots used.) A user may also be forced to give
up his reserved slots even if his queue is nonempty. Such im-
plementation considerations will give rise to rather formidable
analysis problems. One might be forced to rely more heavily
upon simulation for performance evaluation.

APPENDIX

Given that v is geometrically distributed with parameter r,
we derive below (6) and (7) using a Markov chain approach.
Define

g, = number of used slots in the nth frame

Qn+l(z)

n

ilz!

ilz?

=(1 —S+Sz)MQ,,(

Equation (7) is obtained in the limit as n — «

M
(1=S+S2)M S Plg, = i]zi(
i=0
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a, = number of nonreserved slots used (successfully) in the
nth frame

d,, = number of reserved slots given up in the nth frame.
In general, we have

n+1 = 4n — dn+] + Ap+1
and thus
On+1(2) 2 E[z9m1] = E[Zfln—-dn+1+an+1]_
Under protocol (P1), d,+1 and @, are dependent upon g,

but independent of each other. Each has a binomial distribu-
tion. We then have

Qn+‘(2) = ;0 P[q” = l']ziE[Z—dn+l/qn = i]E[Zan+l/qn = l]
M . r\i .
=3 P[q,,=i]z’(l —r+;) (1 =S+ Sz)yM-i
i=0

0 1=-S+5z
- (1 — M z+r(l ~2)
(1 -S+Sz) Q”(l—S+Sz‘

Equation (6) is obtained in the limit as n — .
Under protocol (P2), d,+ is dependent upon g, while a,.4
is dependent upon both g,, and d,4;. We then have

i]ZiE[Z_dn+l+an+l/qn = l]

Zl: (;) ri(l = r)i=izJE[z+\/q, = i, dysy = j]
=0
s (;) Pi(1 = ryimiz=i(1 = S + Sz)M=i+)
j=0
1~r ry
_—.+_
1 —-S+8z z)

(1 —r)z
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