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Abstract

Parallel programmingmodelsshouldattemptto satisfy two conflicting goals. On onehand,they
shouldhide architecturaldetailsso that algorithmdesignerscanwrite simple,portableprograms.On
theotherhand,modelsmustexposearchitecturaldetailssothatdesignerscanevaluateandoptimizethe
performanceof their algorithms. Using both microbenchmarksandseveral representative algorithms,
we experimentallyexaminethe trade-offs madeby a simpleshared-memorymodel,QSM, to address
this dilemma. The resultsindicatethat analysisunderthe QSM model yields quite accurateresults
for reasonableinput sizesandthatalgorithmsdevelopedunderQSM achieve performancecloseto that
obtainablethroughmorecomplex models,suchasBSPandLogP.

1 Intr oduction

A key goal of parallel language,compiler, andarchitecturedesignersis to supporta programmingmodel
in which programmersandalgorithmdesignerswrite high level descriptionsof their algorithmsthat are
thencompiledinto codeoptimizedfor differentarchitectures.Designinga programmingmodelto support
that goal is challenging.On onehand,if the model is too abstract,it may hide importantaspectsof par-
allel architecturesandcausealgorithmdesignersto make poordesigndecisions.On theotherhand,if the
modelis too detailed,it maycomplicatetheprogrammer’s task,andit maydrive theprogrammerto write
unportablecodethat optimizesperformanceon onearchitecturewhile makingit hardfor the compilerto
optimizeperformanceon otherarchitectures.Onestepin resolvingthis dilemmais to develop a contract
betweenprogrammersandcompilersthatspecifieswhich architecturaldetailsshouldbeexplicitly handled
in thehigh-level, architecture-neutral specificationof analgorithmandwhichshouldbehandledby its low-
level architecture-specificimplementation.Thispaperexaminesthetrade-offs madeby theQueuingShared
Memory (QSM) model[11]. Earlier theoreticalanalyseshave suggestedthatdespitethemodel’s simplic-
ity, it providesa goodbasisfor designinghigh-performancealgorithms.This papertakesanexperimental
approachto understandingunderwhatconditionsthismodelwill yield goodresults.�

This work wassupportedin partby anNSFCISEgrant(CDA-9624082)andgrantsfrom Intel, Novell, andSun. Dahlin was
alsosupportedby anNSFCAREERgrant(9733842).Graysonwasalsosupportedin partby anNSFGraduateFellowship.
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The QSM modelprovidesa simplesharedmemoryabstractionthatattemptsto reveal themostimportant
aspectsof parallelarchitecturesto algorithmdesignerswhile hidingarchitecturaldetailsthathavesecondary
performanceimpact and that interferewith portability. QSM provides a sharedmemoryabstractionto
simplify algorithmdescriptionandanalysis,it modelslocalmemoryandlimited remotememorybandwidth
to encouragelocality, andit usesabulk synchronousstyleto givethecompiler

�
freedomto reorder, pipeline,

andgroupmessagesto hidelatency andper-messageoverhead.Ontheonehand,theQSMcanbeconsidered
amorerealisticversionof thePRAM [9], since(1) it is shared-memory, (2) it modelsbandwidthlimitations,
and(3) it supportsbulk-synchrony, thusavoiding excessive synchronizations.On theotherhand,theQSM
canbeviewedasa simplificationof moredetaileddistributedmemorymodelssuchasBSP[21] andLogP
[7] sinceit doesnotdealwith thedetailsof datalayout,andit hasasmallernumberof parametersthanthese
models.Thetheoreticalresultsin [11] suggestthatalgorithmsdesignedon theQSM shouldperformjustas
well on theBSP(to within asmallconstantfactor)providedtheinput sizeis sufficiently large.

In this paperwe useboth simulationandmeasurementsof actualparallelhardwareto examinehow well
QSM tracksmachinebehavior in practice.In particular, we experimentallyexamineseveralwaysin which
QSM simplifiesactualarchitecturesto seeif thesesimplificationsareasbenignas theorysuggests.We
examineQSM’s decisionto omit latency (

�
) and overhead( � ) parametersby examining the behavior of

severalrepresentativeprogramsandfind that,aspredictedby theory, programswrittenin abulk-synchronous
style are insensitiveto network latencyand overheadas long as input sizesare large enoughto permit
sufficientpipeliningandbatchingof messages.For thearchitecturesandprogramsweexamine,experiments
suggestthat this condition is achieved for essentiallyany problemsize worth parallelizing. Finally, by
examiningmicrobenchmarkson an SMP(a SunEnterprise5000),a network of workstations(a clusterof
SunUltra-1 workstations),andanMPP(a CrayT3E), we evaluateQSM’s strategy of usingrandomization
to avoid memorybankconflicts.Wefind thatcomparedto a perfectmemorylayoutwith no contention,the
randomlayout assumedby QSM doesexhibit noticeablecontention,but the contentionappearstolerable
evenfor thesememory-intensive workloads,andrandomizationavoids theworst-casecontentionbehavior
whenperformanceis muchworsethantheideallayout.

Thenext sectionof thispaperprovidesmoredetailsof theQSMmodelanddiscussesthecontractit implies
betweenprogrammerand compiler. Section3 examinesthe performanceof several representative algo-
rithms runningon a simulatorthat lets us vary network performanceto determinethe impactof omitting
network latency andoverheadparametersfrom QSM. Section4 usesa syntheticbenchmarkon severalac-
tualmachinesto quantifytheimpactof omittingmemorybankcontentionfrom themodel.Section5 surveys
relatedwork, andSection6 summarizesourconclusions.

2 QSM Model

TheQueuingSharedMemory(QSM)model[11] providesasimplesharedmemoryabstractionthatattempts
to reveal themostimportantaspectsof parallelarchitecturesto algorithmdesignerswhile hiding architec-
tural detailsthathave secondaryperformanceimpactandthatinterferewith portability. A QSM consistsof
anumberof identicalprocessors,eachwith its own privatememory, thatcommunicateby readingandwrit-
ing sharedmemory. Processorsexecutea sequenceof synchronizedphases,eachconsistingof anarbitrary
interleaving of sharedmemoryreads,sharedmemorywrites, andlocal computation.QSM implementsa�

In this paper, we usethe term compiler in a broadsenseto refer to the entity that translatesan architecture-neutralprogram
descriptioninto anoptimized,architecture-specificimplementation.Thisentitymaybeahuman,library, or aprogram.In any case,
thegoalof our modelis to make this translationa simple,mechanicalprocess.
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Ar chitectural/Algorithmic Parameter Implementation contract
Explicitly ModeledFactors� (numberof processors) QSMParameter� (gap) QSMParameter� (memoryobjectcontention) Algorithm designershould	�

� (# of localoperations) minimizemax(	�

��������	�������� )	 ��� (# of remoteoperations)

SecondaryFactors�
(latency), � (barriertime) Hide latency by pipelining� (overheadof sendingmessages) Usebulk synchronousstyle

Minimize overhead
by batchingmessages� � (memorybankcontention) Minimize contentionby
randomizingdatalayout� (network congestion) Usebulk synchronousstyle
Limit contentionby limiting
network sendrate

Table1: QSM partitionsarchitecturalandalgorithmicconsiderationsinto two categories:thosethatshould
beexplicitly consideredby thealgorithmdesignerandthosethatshouldbehandledby thelow-level imple-
mentation.

bulk-synchronousprogrammingabstractionin that(i) eachprocessorcanexecuteseveralinstructionswithin
aphasebut thevaluesreturnedby shared-memoryreadsissuedin aphasecannotbeusedin thesamephase
and(ii) the sameshared-memorylocationcannotbe both readandwritten in the samephase.This bulk
synchronousmodelsimplifiestheanalysisof algorithmsaswell asthetranslationof QSMdescriptionsinto
efficientarchitecture-specific implementations.

Table1 summarizesa setof parametersthatmayaffect theperformanceof parallelprogramsandindicates
how a QSM programmerwould accountfor thoseparameters.QSM essentiallydividestheseparameters
into two groups.First, theQSM performancemodelexplicitly accountsfor � , � ,  , !#"%$ , and !#&(' . These
parametersrepresentfundamentalcharacteristicsof an algorithmon nearlyany parallelarchitecture— � ,
the numberof processors,representsthe algorithm’s concurrency, !#&(' , the numberof remotememory
accesses,representsits locality (or lack thereof),and ! "%$ , the numberof local operations,representsits
localcomputationtime. Theparameter representsthecontentionto any oneremotememoryobject,which
is fundamentalto an algorithmbecausesuchcontentioncannotbe hiddenby, for instance,clever layout
of dataacrossbanks. The key architecturalparametermodeledby QSM is the gap, � , betweenthe local
instructionrate and the remotecommunicationrate. This parameterreflectsthe limited communication
bandwidthof most parallel architecturesand thus encouragesalgorithmsto exploit locality. If during a
phase,themaximumnumberof localoperationsperformedby any processoris !#")$ , themaximumnumber
of remotereadsor remotewrites by any processoris ! &�' , andthe maximumnumberof readsor writes
to any remotememorylocationduringa phaseis  , QSM chargesa time costfor thatphaseof max(!#")$ ,�+*�!#&(' ,  ). A relatedmodel,thes-QSM(symmetricQSM)chargesatimecostof max( !#"%$ , �+*�!#&(' , �,*� ).

QSM considersthe secondgroupof parametersin Table1 —
�
, � , -.& , and / — to be secondaryfactors

in algorithmdesignandcontendsthat algorithmdescriptionsandanalysismay generallybe simplified by
ignoring thesefactors. In practice,parallel programsreducethe impact of thesefactorsusing standard
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techniques:pipelining to hide latency, batchingrequeststo reduceoverhead,andrandomizationto avoid
bank conflicts. Ratherthan complicatehigh-level, architecture-independent algorithm descriptionswith
theseroutinedetails,QSMassumesacontractin whichthecompileris responsiblefor usingsuchtechniques
whenappropriate.In particular:

0 WhendesigningaQSMalgorithm,adesignermayignorenetwork latency (
�
) becauseshemayassume

that thelow-level implementationwill hidelatency by pipeliningrequests.QSM’sbulk-synchronous
modelfacilitatesthissimplificationby creatingbatchesof requeststhatmaybesentduringaphasebut
thatwill notbeuseduntil thenext phase.TheQSM modelthuspredictsthat

�
will notaffect running

timeaslongastheproblemis relatively large.For instance,thisconditionholdsif 1 �32 �546*�798:8<; 2 � ,
where; is theamountof communicationdoneby thealgorithm,� is thenumberof processorsin the
targetmachine,and 7 is thenumberof phasesin theQSMalgorithm[19]. It alsoholdstrueif aQSM
algorithmdesignedfor � processorsis mappedonto a �5= processormachinewhere 1 �32 �54>*?�@=A8B8C�
[11]. In our experiments,we find that in practicedatasetslarge enoughto be worth parallelizing
easilymeetthesecriteria for thealgorithmsandarchitectureswe examine.Synchronizationtime, D ,
alsoincreaseswith increasinglatency (undertheLogPmodel[7], synchronizationtakes EGFIH6JLK�M $JLK�MNEGFIH ), and
QSM expectssynchronizationtime to becomeinsignificantundersimilar conditions.0 When designinga QSM algorithm, a designerdoesnot explicitly accountfor � , the overheadof
sendingandreceiving amessage.Instead,thedesignerassumesthatthecompilerwill take advantage
of bulk synchrony to batchrequestsandtherebyminimizeoverhead.By including � but not � in the
network performancemodel,QSM tells algorithmdesignersto focuson limiting theamountof data
sentby analgorithm,notonhow many messagesareusedto sendthatdata.0 WhendesigningaQSM algorithm,adesignerdoesnotaccountfor thecontentionof remotememory
accessesto banks( -N& ) exceptwhentherearemany accessesto a specificremoteobject(  ). Instead,
thedesignerassumesthatthecompilerwill limit theperformanceimpactof bankconflictsby random-
izing datalayout, for exampleby hashingremotememoryaddressesin hardwareor software [11].
Threeaspectsof this modelshouldbenoted.First, randomizationwill not reduceconflictswhenthe
conflicting accessesare to a singlememoryaddress,so QSM explicitly accountsfor suchhot-spot
objectconflictswith its  parameter. Second,this aspectof the implementationcontractshouldnot
beconstruedasindicatingthatQSMdoesnotaccountfor carefulmemorylayoutthatimproveslocal-
ity; QSM’s � parameterencouragesalgorithmsto move datato their local memorieswhenpossible.
Finally, the naturaldescriptionof many algorithmsprovidesa balancedor randomizeddatalayout
without requiringrandomizationfrom theimplementationlayer;in suchcases,asaperformanceopti-
mizationthealgorithmdescriptionshouldinform thecompilerthatit maysafelyomit randomization.0 Whendesigninga QSM algorithm,a designerdoesnot explicitly accountfor / , the network con-
gestion.Brewer andKuszmal[4] foundthatnetwork congestioncouldsignificantlylimit theperfor-
manceof parallelmachines.QSM expectscompilersto addresscongestionin two ways,bothbased
on Brewer andKuszmal’s techniques.First, the periodicsynchronizationsassociatedwith a bulk-
synchronousprogrammingstylecanreducecongestion.Second,QSM expectscompilersto limit the
rateatwhichnodessenddatasothatthey donotoverrunreceiving nodesandcausecongestionin the
network.
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2.1 Comparison with other parallel architecture models

It is worthwhile to comparethe QSM model to otherpopularmodelsfor parallelalgorithmdesign. The
traditionalmodel is the PRAM [15] which is a synchronousshared-memorymodelwith unit-time com-
municationto shared-memory;differentvariantsof this modelrestrictmemoryaccessesto beexclusiveor
unit-time concurrent. While the PRAM is a simplemodel that aidsin exposinghigh-level parallelismin
algorithms,its costmeasurehasa significantmismatchto realmachinesin that it ignoresissuesof latency,
bandwidthlimitation, andmemorygranularityin parallelmachines.As in theQSM, the latency mismatch
canbeaddressedby pipelining if sufficient parallelslacknessis present,but thesynchronousnatureof the
PRAM modeltypically resultsin a largernumberof phasesin aPRAM algorithmfor a givenproblemthan
in aQSMalgorithm,andthusresultsin largerlatency andsynchronizationcoststhanin theQSM.Also, the
PRAM hasnoparameterto modelbandwidthlimitation, andhencethemodeldoesnotencouragelocality of
reference.As in theQSM, thememorygranularityissuecanbeaddressedby hashing,providedtheexclu-
sive(e.g., EREW)andnot concurrent(e.g., CRCW)memoryaccessrule is used,but theexclusive memory
accessrule is morerestrictive thanthequeuingmemoryaccessusedin theQSM.

The BSP(Bulk SynchronousParallel) [21] andthe LogP [7] modelseachmodela parallelmachineasa
collectionof processor-memoryunitswith no globalsharedmemory. Theprocessorsareinterconnectedby
a network whoseperformanceis characterizedby a gapparameter� anda latency parameter

�
(in LogP)or

synchronizationparameterD (in BSP).TheLogPmodelalsomodelstheper-messageoverhead� for sending
andreceiving messages,andit limits network congestionby requiringthatno morethan

�32 � messagesbe
in transit to a given destinationprocessorin any interval of length

�
. Therehave beenseveral algorithms

designedand analyzedon the BSP and LogP modelsand their extensions(see,e.g., [1, 3, 10, 14, 16,
23]). Thesealgorithmstendto have rathercomplicatedperformanceanalyses,becauseof the numberof
parametersin themodelaswell astheneedto keeptrackof theexactmemorypartitionacrosstheprocessors
ateachstep.

In contrastto the BSPandLogP models,the QSM hasonly two architecturalparameters—� and � —and
it is a shared-memorymodel. This latter point is of importancesinceshared-memoryhasbeena widely-
supportedabstractionin parallel programming[17], and additionally, the architecturesof many parallel
machinesareeitherintrinsically shared-memoryor supportit usingsuitablehardwareor software.Further,
asindicatedearlier, the shared-memoryof the QSM canbe hashedonto the distributedmemory, andthis
strategy gives provably good performanceon the BSP [11]. It is interestingto note that thereare BSP
algorithmsfor irregularproblemsthatachieve goodperformanceby randomlydistributing elementsacross
processors(see,e.g., [3] for themulti-searchproblem).

In somespecialcasestheQSM abstractionmaynot reveal thefull power of a specificparallelarchitecture.
In particular, algorithmsthat make useof fine-grainedsynchronizationarenot a goodmatchwith QSM’s
bulk synchronousprogrammingstyle. Also, all QSM communicationtakesplacethroughsharedmemory
andall synchronizationoccursat theendof phases,which is a simplerbut lesspowerful mechanismthan
communicationto activatecomputationon remotenodes(e.g., ActiveMessages[22]).

3 Impact of omitting O and P
TheQSM modelpredictsthatnetwork latency

�
andper-messageoverhead� will not impactrunningtime

for bulk synchronousprogramsassumingthat (1) the compileror run time systempipelinesandbatches
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messagesand(2) theproblemis sufficiently large to provide enoughparallelismfor thesetechniquesto be
effective. In this section,we testthesehypothesesby runningseveralrepresentative parallelprogramson a
detailedsimulatorthatletsusvary network performance.

3.1 Methodology

3.1.1 Workloads

We evaluatethe performanceof QSM algorithmsfor threefundamentalproblems: prefix sums(a basic
primitive for mostparallelalgorithms,with analgorithmthatdisplaysparallelismwith very little commu-
nication),samplesort (an importantalgorithmwith somecommunication),and list ranking(thecanonical
problemfor evaluatingperformanceof parallelalgorithmswith largeamountof irregularcommunication).
As suggestedby the QSM model,we optimizedthesealgorithmsto minimize computationandcommu-
nication time, while keepingthe numberof phasessmall [19]. Note that we focus on providing simple
algorithmsthat will be effective for practicalproblemandmachinesizes,so our algorithmsoften placea
minimum sizeon the problemsizeperprocessor. The runningtimesarepresentedfor thes-QSM,which
assumesthatthesamegapparameteris encounteredat processorsandatmemory.

Thissectionsummarizesthealgorithms.Moredetaileddescriptionsof thesealgorithmscanbefoundin the
appendix.

Prefix Sums.The � -processorQSMprefixsumsalgorithmrunsin QR1S�UT 2 ��4 timewith justonesynchroniza-
tion when �WVYX T . Eachnodecalculatesthesumof its local elements,andbroadcastsit to theremaining
processors.Eachprocessorthencomputestheoffset for its elements,andfollows thatup with a computa-
tion of thecorrectprefix sumsfor thepositionscorrespondingto its local elements.If the input is initially
distributedevenlyacrosstheprocessors,therunningtime is QR1[Z$]\ �^��4 .
SampleSort. The� -processorQSMsamplesortalgorithmis asimpleonethatrunsin time QR1S�_�,`badcAT \ H Z$ 4
and e phaseswith highprobability(whp) when�fVhg T 2 `badcAT . Thealgorithmusesover-sampling:it picks/i`badc>T randomsamplesperprocessorfor someconstant/ , sortsthe /I�,`jadckT samplesandthenpicksa total
of � pivotsby usingevery ( /l`jadcAT )th elementin thesortedlist of samples.The m th processorthensortsthe
elementsin the m th ‘bucket.’

List Ranking. Thelist-rankingalgorithmweimplementedis arandomizedonethat,ona � -processorQSM,
runsin time Qn1S�UT 2 �o4 timewith QR1
`badc��o4 phaseswhp. Thisalgorithmassignseachprocessorarandomblock
of T 2 � elements,andin eachphasethealgorithmassignseachelementa randombit. During a phaseeach
processoreliminatesthoseelementsassignedto it whoserandombit is 0 andwhosesuccessor’s randombit
is a1. Whenthenumberof remainingelementsis reducedto Qn1
T 2 ��4 all of theelementsaresentto processor
0, which thencompletestheforwardcomputationusingasequentiallist-rankingalgorithmin time Qn1
T 2 ��4 .
A correspondingexpansionphasethencomputesthe list ranksof theeliminatedelementswithin thesame
timebounds.

For all experiments,we raneachexperiment10 timesandreporttheaverage.Thestandarddeviation is less
than11%of theaveragefor all of thesamplesort runs,andlessthan2% for all but thesmallestproblems
sizesfor theparallelprefix andlist rankruns.
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Parameter Setting

FunctionalUnits 4 int/4 FPU/2load-store
FunctionalUnit Latency 1/1/1cycle
ArchitecturalRegisters 32
RenameRegisters unlimited
InstructionIssueWindow 64
Max. InstructionsIssuedperCycle 4
L1 CacheSize 8KB 2-way
L1 Hit Time 1 cycle
L2 CacheSize 256KB8-way
L2 Hit Time 3 cycles
L2 Miss Time 3 + 7 cycles
BranchPredictionTable 64K entries,8-bit history
SubroutineLink RegisterStack unlimited
Clock frequency 400Mhz

Table2: Architecturalparametersfor eachnodein multiprocessor.

3.1.2 Ar chitecture

TheArmadillo multiprocessorsimulator[12] wasusedfor thesimulationof adistributedmemorymultipro-
cessor. Theprimaryadvantageof usinga simulatoris that it allows us to easilyvary hardwareparameters
suchasnetwork latency andoverhead.Thecoreof thesimulatoris theprocessormodule,which modelsa
modernsuperscalarprocessorwith dynamicbranchprediction,renameregisters,a largeinstructionwindow,
andout-of-orderexecutionandretirement.For thissetof experiments,theprocessorandmemoryconfigura-
tion parametersaresetfor anadvancedprocessorin 1998,andarenotmodifiedfurther. Table2 summarizes
thesesettings.

Thesimulatorsupportsa message-passingmultiprocessormodel. Thesimulatordoesnot includenetwork
contention,but it doesinclude a configurablenetwork latency parameter. In addition, the overheadof
sendingandreceiving messagesis includedin thesimulation,sincetheapplicationmustinteractwith the
network interfacedevice’s buffers. Also, thesimulatorprovidesa hardwaregapparameterto limit network
bandwidthandaper-messagenetwork controlleroverheadparameter.

We implementedour algorithmsusinga library that providesa sharedmemoryinterfacein which access
to remotememoryis accomplishedwith explicit get() andput() library calls. Thelibrary implements
theseoperationsusingabulk-synchronousstylein whichget() andput() callsmerelyenqueuerequests
on the local node. Communicationamongnodeshappenswhenthe library’s sync() function is called.
During a sync(), thesystemfirst builds anddistributesa communicationsplan that indicateshow many
getsandputswill occurbetweeneachpairof nodes.Basedon thisplan,nodesexchangedatain anorder
designedto reducecontentionandavoid deadlock.Thislibrary runsontopof Armadillo’shigh-performance
message-passinglibrary (libmvpplus).

Our systemallows us to set the network’s bandwidth,latency, andper-messageoverhead.Table3 sum-
marizesthe default settingsfor thesehardwareparametersaswell asthe observed performancewhenwe
accessthenetwork hardwarethroughour sharedmemorylibrary software.Notethat thebulk-synchronous
softwareinterfacedoesnot allow us to measurethesoftware � and

�
valuesdirectly. Thehardwareprimi-

tives’ performancecorrespondto valuesthatcouldbeachievedon a network of workstations(NOW) using
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Parameter Hardware ObservedPerformance
Setting (HW + SW)

Gap � (Bandwidth) 3 cycles/byte(133MB/s) 35 cycles/byte(put),287cycles/byte(get)
Per-messageOverhead� 400cycles(1 p s) N/A
Latency

�
1600cycles(4 p s) N/A

SynchronizationBarrier � N/A 25500cycles(16-processors)(64 p s)

Table3: Raw hardwareperformanceandmeasurednetwork performance(includinghardwareandsoftware)
for simulatedsystem.

ahigh-performancecommunicationsinterfacesuchasActiveMessages[22] andhigh-performancenetwork
hardwaresuchasMyrinet [18]. Note that thesoftwareoverheadsaresignificantlyhigherbecauseour im-
plementationcopiesdatathroughbuffers andbecausesignificantnumbersof bytessentover the network
representcontrol informationin additionto datapayload.In Section3.3we will describeour experiments
thatvary thesehardwareparametersto examinethealgorithms’sensitivity to them.

3.2 Results

Theorysuggeststhatthebulk synchronousmodelwill allow QSM analysisto safelyignorelatency aslong
asthereis sufficient parallelismto hide it by pipeliningrequests.In particular, it suggeststhat latency will
bedominatedby otherfactorswhen 1 �32 �54q*_7r8:8s; 2 � where ; is theamountof communication,� is the
numberof processorsin thetargetmachine,and 7 is thenumberof phasesin theQSM algorithm. For our
default system,

�
is 1600, � is 3, and � is 16. For the algorithmswe examine, 7 rangesfrom 1 for prefix

sumto 4 for samplesort to (4 + 16 log � ) (which is about68 for our default 16-nodemachine)for list
ranking,andfor thealgorithmswe examine ; is linearwith T . Thus,we would expect

�
to behiddenand

QSM to predictperformancefor problemsizeswhere Z$ is larger thansomeconstanttimes37,000for this
system.Assumingthattheconstanthiddenby the QR1�4 notationis small,thisanalysissuggeststhat

�
will not

significantlyimpactperformancefor problemsizeslargeenoughto beworthparallelizing.Similarly, QSM
analysisdoesnot accountfor per-messageoverheadbecauseit assumesthatoverheadwill beamortizedby
batchingrequests.

Figures1, 2, and 3 summarizethe resultsof a set of experimentsdesignedto test this hypothesis. In
eachfigure we show the measuredresultsof running one of the algorithmsand comparethe measured
communicationtime to thecommunicationtime predictedby QSM andthemoredetailedBSPmodel.For
all of theseexperiments,wefind thatQSMpredictscommunicationperformancewell when T is reasonably
large.

We focuson predictingcommunicationperformanceratherthantotal runningtime for two reasons.First,
all of themodelsabstractlocal computationin thesameway, socomparisonsof how thealgorithmspredict
localcomputationwill notbeinteresting.Second,for all of themodelscalculatingappropriateconstantsfor
analgorithmon aparticulararchitectureis nontrivial; imprecisionat this stepmight overshadow theeffects
we wish to examine.

Prefix. Figure1 shows the predictedandactualperformanceof the parallelprefix algorithm. A QSM
analysisof theparallelprefixalgorithmweimplementedpredictsthatcommunicationwill taketime �l1G�ut�v�4 .
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Figure1: Measuredandpredictedperformancefor theprefixsumsalgorithm.
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Figure2: Measuredandpredictedperformancefor thesamplesortalgorithm.
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Figure3: Measuredandpredictedperformancefor thelist rankingalgorithm.
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A BSPanalysisincludestheper-phasesynchronizationcost,thusaddinga v�~kD termto thatprediction.

Parallel prefix is an examplewhereQSM andBSPmodelsleadto goodalgorithmdesignbut wherethey
do not allow accuratepredictionof communicationtime. Both the QSM andBSPanalysissignificantly
underestimatecommunicationtime becausethey assumea bulk-synchronousmodelwherecommunication
overhead,� , is hiddenby largemessages;QSM’s estimateis significantlylower thanBSP’sbecauseit also
ignoreslatency. For this algorithm,messagesaresmallandcommunicationtime is dominatedby overhead
andlatency, so thesemodelsdo a poor job in predictingoverall performance.In addition,the amountof
communicationdoesnot increaseasproblemsizeincreases.Note that althoughthe relative error is large
becausecommunicationtimeis tiny, theabsoluteerroris still small,andtheoverallalgorithmis still efficient
in practice.

SampleSort. For thesamplesortalgorithmin Figure2, aQSManalysispredictsthatcommunicationwill
taketime ��1G�,t�v�4%��`jadckT \�� 1G�+t�v�4%� \ �U��� \ �U� whp. Thealgorithmis randomized,andthe � and � terms
representhow runningtime dependson theloadbalanceachieved. � is thesizeof thelargestbucket, andr
is a boundon thefractionof elementsin any bucket thatareoutsidetheprocessorthatwill sort thebucket.
In thefigure,weplot threecases.In thebestcase����Z$ and ��� $d� �$ , andall nodeshaveequalamountsof
work to do. TheBestcaseline shows this unreasonablyoptimisticcase.By applyingChernoff boundson� and � , we derivedboundsfor thealgorithm’s runningtime thathold for at least90%of runs.Thedetails
of thisderivationcanbefoundelsewhere[19]. TheWHPboundline shows thisasanupperlimit on typical
performance.Finally, weexperimentallymeasuredtheactual� and � skewsexperiencedin eachexperiment
andplot theresultingline asQSMestimate. This third line representsthetypeof performanceestimatethat
could be achieved undera QSM modelif either(a) an algorithmwereoblivious anddeterministicandan
exacttime boundwereknown or (b) adetailedanalysisof probabilitydistributionswereavailable.

The BSPestimateline of the graphshows the resultsof a BSPanalysisof the algorithmusingthe actual
skews determinedexperimentally. BSPanalysisincludestheper-phasesynchronizationcost,for an addi-
tional e�D termover theQSM analysis.Thebest-caseandupper-boundloadbalanceanalysisfor BSPis the
sameasfor QSM, andplots for theseareomittedfrom thegraphfor clarity; they would beoffset from the
QSM linesby thesamee�D termastheBSPestimateline.

For the casewhereload balanceis known with precision,the simple QSM model successfullypredicts
communicationperformancewhenproblemsizesarerelatively large. By ignoringthecostof per-message
overheadandnetwork latency, QSM underestimatescommunicationtime by a constantamount.However,
asproblemsizegrows, this errorbecomeslessimportantandthepredictionsbecomemoreaccurate.Accu-
racieswithin 10%of thecommunicationtime areachievedfor all problemsizeslarger thanabout125,000
elementstotal (or about8,000elementsper processor.) (Note that becausecomputationtime represents
a significantportion of runningtime, a 10% error predictingcommunicationtime translatesinto a much
smallererrorin predictingtotal runningtime.) Webelieve thatproblemssmallerthanthis limit areunlikely
to beworthparallelizing,somodelinaccuracy for suchproblemsizesis nota largeconcern.

For the casewhereload balanceis not known with precision,the Best-caseandWHP boundlines in the
graphboundpredictedperformance.Note that theslopesof the linesdiffer becausea imbalancefrom the� and � termsmeansthatsomeprocessorcouldbedoingmorecommunicationthantheaverageprocessor.
Thetwo linesboundactualperformanceover almosttheentirerangeof problemsizes.Again,mismatches
happenwhenproblemsizesareprobablytoosmallto beworthparallelizing.Thisanalysissuggeststhatthe
loosenessof theboundsobtainedusingstandardalgorithmanalysisandvariationsintroducedby random-
izationmayoftenbelargerthantheerrorsintroducedby QSM’ssimplifiednetwork model.
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List Ranking. Figure3 shows the predictedandactualperformanceof the list rankingalgorithm. The
runningtime for theQSM list rankingalgorithmis

7@�i1 / �� \ � /[�� 4 � JLK�M $� � � ���
�
\ ��7 = �U�

where �
�

is themaximumnumberof elementsat any processorin the m th phase,with � � ��Z$ , � is a bound
onthenumberof elementssentto processor� for thesequentialcomputationphase,/ � is acorrectionfactor
to computea boundon themaximumnumberof elementsthatflippeda onebit at any processorin the m th
iteration, /[� is a correctionfactorto computea boundon themaximumnumberof elementsthateliminated
themselves at any processorin the m th iteration, 7 is a boundon the fraction of elementsthat flipped a
bit whosesuccessors/predecessors arenot at the sameprocessor, and 7 = is a boundon the fraction of the
elementsremainingafterstep2 thatarenot in processor�u� .
In theunrealizableidealcase,we assumetherandomizedstepscauseno skew in thework on thedifferent
processors.In thatcase,�

�
��Z$ 1��� 4

�
� � , ��� T#*¡1��� 4 � JLK�M $ , / � �C/[�¢�Yv , and 7£� 7i=@� $d� �$ . This is theBest

caseline in thegraph.To obtaina boundon a runningtime thatholdswith probabilityat least0.9,we used
Chernoff boundsto obtainboundson �

�
, � , / � , and / � . As for our analysisof samplesort,theseboundsare

likely to bequiteconservative. Theresultingboundon expectedperformanceis theWHPboundline in the
figure. Finally, the QSMestimateline shows a calculationbasedon the actualproblem-sizecompression
achieved in eachphase,andthe BSPestimateline alsocorrespondsto the actualwork at eachprocessor.
BSP’s linesfor theidealcaseandwhp limit arenotshown but wouldbeoffsetfrom theirQSMcounterparts
by asimilaramount.

As with thesamplesortalgorithm,asproblemsizeincreases,predictionaccuracy improves,andthemodel
predictsperformancewell for problemsizesworth parallelizing.In particular, theBSPpredictionis within
15%of theactualcommunicationtime aslong as T¥¤¦���N§¨�d�d� elementsandtheQSM predictionis within
15%of theactualcommunicationtime aslong as T©¤¦ª��N§¨�d�d� elements.Again notethatbecausecommu-
nicationtime is only a portion of the total runningtime, errorspredictingtotal runningtime will be even
smaller.

3.3 Sensitivity to architectural parameters

TheQSMmodelpredictsthat
�
and � areeffectively hiddenwhen « $ or Z$ is largeenoughto allow sufficient

pipeliningandbatchingof messages.We would thereforepredictthatsystemswith larger
�
, � , or � would

also requirelarger T beforeQSM predictionsareaccurate. In fact, as the first paragraphof Section3.2
suggests,we would predicta linear relationshipbetween

�
, � , or � andthe minimum T requiredfor good

prediction.In Figure4, we vary
�
, thehardwarelatency, over a rangeof valuesandcomparethemeasured

performanceagainstQSM’s predictions.NoticethatQSM’s predictionsdo not accountfor latency andare
thusconstantas

�
is varied.

As hypothesized,increasing
�

resultsin a linear increasein theproblemsize T requiredfor QSM to accu-
ratelypredictperformance.Figure5 shows this moreclearlyby plotting thepointswheretheWHPbound
line crossesthemeasuredperformancelines in Figure4. If our simulatorcouldaccommodatelargerprob-
lemsizes,wewouldexpectasimilar linearrelationshipif wecomparedwherepredictionsfirst comewithin
10%of measuredperformancefor eachvalueof

�
. Figure6 shows theresultsfor anotherexperimentwhere
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we variedthemachine’s overhead,� . Dueto memorylimitationsof our simulationinfrastructure,we were
notableto vary � over awideenoughrangeto examinethis relationshipfor � .

TheseexperimentssuggestthatQSM will predictcommunicationperformanceof thesealgorithmsfor al-
mostany reasonablysizedproblem. For example,in our default configurationQSM accuratelypredicts
communicationtime for the samplesort algorithmwhen T­¤®v � eU§¨�d�d� . On our 16-processorsimulated
machine,thatcorrespondsto just ¯��d�d� elementsperprocessor, whichwebelieve is asmallproblemsizefor
amodernmachinewith 64MB or moreof memoryperprocessor.

Thelinearrelationshipbetween
�
, � , and� on theproblemsizeneededfor predictionaccuracy suggeststhat

wemaybeableto extrapolatefrom theseresultsto predictwhenQSMwill accuratelymodelcommunication
performancefor otherarchitectures.The predictionsin Table4 shouldbe treatedwith cautionsincethey
representanextrapolationfrom onesetof experimentsto a wide rangeof architectures.However, boththe
theoreticalQSM modelandour experimentalresultssupportthis extrapolation. Even with thesecaveats,
the datain this tablesuggestthat QSM will predictperformancewell for this algorithmfor modestsized
problems.

4 Memory bank contention

QSMdoesnottrackhow dataareplacedacrossglobalmemorybanks.QSMexpectsalgorithmsto maximize
locality by utilizing local memoryandto minimize remote-memorybankcontentionby randomizingdata
layout.Thissectionexamineshow well thatstrategy will work in practiceby examiningtheperformanceof
amicrobenchmarkthatwasdesignedto stressthememorysystemof severalmodernparallelarchitectures.

Eachprocessorrunningthe microbenchmarkaccessesglobal memoryasquickly asit canin oneof three
patterns. In the Randompattern,eachaccessis to a randomword in a randomremotebank’s memory.
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Architecture p l o g °²±5³µ´�
Default simulationparameters 16 1600 400 3 8000

Berkeley NOW [18] 32 830 481 4.3 ( ¶ * 4640)
300MHzPentium-IITCP/IP, 100MbSwitchedEthernet (32) 75000 150000 24 ( ¶ * 325000)
CRAY T3E [2] (64) 126 (50) 1.6 ( ¶ * 1558)
Intel Paragon[8] (64) 325 90 0.35 ( ¶ * 15429)
Meico CS-2[8] (32) 497 112 1.4 ( ¶ * 5325)

Table4: The modelsexaminedin this paperpredict that for problemslarger than Ti·
�
Z , the QSM model

shouldaccuratelypredict runningtime for the SampleSort benchmark.Most of the valuesfor hardware
parametersweretaken from the articlesspecifiedabove, after converting all parametersto be in units of
clock cycles;valuesin parenthesiswerenot availablein thosearticlesandrepresentestimatedvalues.Our
estimatesfor T ·

�
Z on theotherarchitecturesincludetheparameteŗ , which correspondsto differencesin

softwareimplementationof communicationsprimitivesacrossthearchitectures.

This patternrepresentstheaccesspatternthata QSM runtimesystemwould achieve by randomizingdata
layout. In theConflict pattern,eachaccessis to a randomword in memorybank0. It shows thecasethat
might happenif analgorithmhashot spotsandtherun time systemdoesnot act to eliminatethem. In the
NoConflict pattern,eachaccessby processorm is to a randomword in memorybank m \ v so thatno two
processorsareaccessingthesamebank.This patternrepresentsa bestcasefor remotememoryaccessthat
mightbeachievedunderasophisticatedalgorithmdevelopedunderamoredetailedmodelthanQSM.In the
resultsbelow, wereporttheaverageaccesstime for awordwhenthesharedmemoryarrayis too largeto be
cachedin themachine’s hardwareprocessorcache.

We examinetheperformanceof themicrobenchmarkon four systemsthatspana rangeof memoryarchi-
tectures.

0 SMP-NATIVE is an 8-processor, 8-memory-bankSunUltraEnterpriseserver. Eachprocessorruns
at 166MHz, andeachmemorybankis 128MB. Thehardwaredistributessequential64-bytecache
blocksto sequentialmemorybanks.Thebenchmarksharesmemoryusingthecacheconsistentshared
memoryspaceprovidedby thehardware.0 SMP-BSPlibusesthesamehardware,but thebenchmarkaccessessharedmemoryusingtheshared
memorysubsetof BSPlibversion1.3 [6]. We compiledthelibrary to provide its globalmemoryab-
stractionusingSYSVsharedmemory. Weshow performancefor boththe“level-2” highly optimized
libraryandthe“level-1” lessoptimizedversion,andthemicrobenchmarkusesthe“high-performance”
variantsof thesharedmemoryaccessfunctionsthatdo lessbuffering thanthestandardfunctions.0 NOW-BSPlibusesaclusterof sixteen166MHz UltraSPARCsconnectedby a10Mbit/s ethernet.The
benchmarkusesthesharedmemoryabstractionprovidedby theBSPlib runtimesystem,which uses
TCPfor globalcommunicationin this system.We show performanceusingthe “level-2” optimized
library andthe“high-performance”sharedmemoryaccessfunctions.0 Cray T3E uses32 nodesof a 68 nodeCray T3E. ProcessingelementsareDigital EquipmentCor-
porationEV5 RISCmicroprocessors,andthe interconnectis a high-performance3-D torusmemory
interconnect.Weusetheshmem sharedmemorylibrary for dataaccessto thesharedarray.
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Figure7 shows the performanceof the benchmarkon thesearchitectures.The resultsconformto the as-
sumptionsof the QSM model. The carefulmemorylayout of the NoConflict strategy performsmodestly
betterthanthe Randomapproachwith speedupsof 0% to 68%. But randomizationavoids theworst-case
contentionbehavior seenin theConflict caseswhenperformanceis generallya factorof two to four worse
thanthe ideal NoConflict layout. Note that this microbenchmarkwasdesignedto stresstest the memory
systems’behavior underoverload;accesspatternsfor real programsmay be lessconcurrentthanshown
here,andtheperformancedifferencesamongthepatternsmaybelesspronouncedthanshown here.

5 Relatedwork

Martin et. al [18] experimentallyexaminedhow the performanceof parallelprogramsdependedon the
LogPparameters.They foundthestrongestdependency on per-messagebandwidth( � ) but lesssensitivity
to latency (

�
) and per-byte bandwidth(� ). We found little sensitivity to per-messagebandwidthfor the

problemswe study. We believe this is becausewe assumea bulk synchronousmodel and assumethat
low-level compilerstake careof detailssuchasbatchingmessageswhenpossible.

Severalstudieshave examinedhow differentaspectsof network performanceaffect programperformance.
Cypheret. al [5] examinedthe performanceof several messagepassingscientificcodes.Holt et. al [13]
usedsimulationto examinethe performanceof the FLASH multiprocessorasits architecturalparameters
were varied and found that performancewas heavily dependenton messagelatency andoverhead. The
WisconsinWind Tunnelwasalsobuilt to examinethe impactof differentcommunicationarchitectureson
systemperformance[20]. A majordifferencebetweenthesestudiesandoursis thattheworkloadsexamined
in theseotherstudiesdo not generallyfollow a bulk-synchronous programmingstyle. Although someof
theseotherstudiesconcludethatoverheadandlatency areimportantfactorsfor performancefor programs
written undercurrentprogrammingmodels,our conclusionshave a different focus: we concludethat it
wouldbefeasibleto adoptaprogrammingmodelin which

�
and � canbeconsideredsecondaryfactors.

6 Conclusions

A key goalof parallellanguage,compiler, andarchitecturedesignersis to supportaprogrammingmodelin
which programmersandalgorithmdesignerswrite high level descriptionsof their algorithmsthatarethen
compiledinto codeoptimizedfor differentarchitectures.In this paper, we have experimentallyevaluated
whetherthe assumptionsmadeby QSM arecompatiblewith that goal. The resultsindicatethat analysis
undertheQSMmodelyieldsquiteaccurateresultsfor reasonableinputsizesandthatalgorithmsdeveloped
underQSMachieve performancecloseto thatobtainablethroughmorecomplex models.

18



References

[1] A. Alexandrov, M. F. Ionescu,K. E. Schauser, andC. Sheiman.LogGP:Incorporatinglong mes-
sagesinto theLogPmodel— onestepclosertowardsarealisticmodelfor parallelcomputation.In
Proc.7thACM Symp.on Parallel AlgorithmsandArchitectures, pages95–105,July1995.

[2] E. Anderson,J. Brooks,andS. Scott. Performanceof the CRAY T3E multiprocessor. In Proc.
Supercomputing97, August1997.

[3] A. Baumker andW. Dittrich. Fully dynamicsearchtreesfor an extensionof the BSPmodel. In
Proc.8thACM Symp.on Parallel AlgorithmsandArchitectures, pages233–242,June1996.

[4] E. Brewer andB. Kuszmaul.How to getgoodperformancefrom theCM5 datanetwork. In Proc.
of the1994InternationalParallel ProcessingSymposium, April 1994.

[5] R. Cypher, A. Ho, S. Konstantinidou,andP. Messina. Architecturalrequirementsof parallelsci-
entific applicationswith explicit communication.In Proceedingsof the20thAnnualInternational
SymposiumonComputerArchitecture, pages2–13,May 1993.

[6] J.Hill, B. McColl, D. Stefanescu,M. Goudreau,K. Lang,S.Rao,T. Suel,T. Tsantilas,R.Bisseling.
BSPlib:TheBSPprogramminglibrary. http://www.bsp-worldwide.org/standard/standard.htm,May
1997.

[7] D. Culler, R. Karp, D. Patterson,A. Sahay, K.E. Schauser, E. Santos,R. Subramonian,andT. von
Eicken. LogP: Towardsa realisticmodelof parallelcomputation. In Proc. 4th ACM SIGPLAN
Symp.on PrinciplesandPracticesof Parallel Programming, pages1–12,May 1993.

[8] D. Culler, L. Liu, R. Martin, andC. Yoshikawa. LogP performanceassessmentof fastnetwork
interfaces.In IEEE Micro, 1996.

[9] S. FortuneandJ. Wyllie. Parallelismin randomaccessmachines.In Proc. 10th ACM Symp.on
Theoryof Computing, pages114-118,May 1978.

[10] A. V. GerbessiotisandL. Valiant. Directbulk-synchronousparallelalgorithms.Journalof Parallel
andDistributedComputing, 22:251–267,1994.

[11] P. B. Gibbons,Y. Matias,andV. Ramachandran.Cana shared-memorymodelserve asa bridging
modelfor parallelcomputation?In Theoryof ComputingSystemsSpecialIssueon SPAA ’97. To
appear.

[12] B. Grayson.Armadillo: A high-performanceprocessorsimulator. Master’s thesis,TheUniversity
of Texasat Austin,May 1996.

[13] C. Holt, M. Heinrich,J. Singh,E. Rothberg, andJ. Hennessy. The effectsof latency, occupancy,
andbandwidthin distributedsharedmemorymultiprocessors.TechnicalReportCSL-TR-95-660,
ComputerSystemsLaboratory, StanfordUniversity, January1995.

[14] B. H. H. Juurlink andH. A. G. Wijshoff. The E-BSPModel: Incorporatinggenerallocality and
unbalancedcommunicationinto the BSPModel. In Proc. Euro-Par’96, pages339–347,August
1996.

19



[15] R. M. Karp andV. Ramachandran.Parallel algorithmsfor shared-memorymachines. In J. van
Leeuwen,editor, Handbookof Theoretical ComputerScience, VolumeA, pages869–941.Elsevier
SciencePublishersB.V., Amsterdam,TheNetherlands,1990.

[16] R. Karp, A. Sahay, E. Santos,andK.E. Schauser, Optimalbroadcastandsummationin theLogP
model, In Proc. 5th ACM Symp.on Parallel Algorithmsand Architectures, 142–153,June-July
1993.

[17] K. Kennedy. A researchagendafor high performancecomputingsoftware. In Developinga Com-
puterScienceAgendafor High-PerformanceComputing, pages106–109.ACM Press,1994.

[18] R. Martin, A. Vahdat,D. CullerandT. Anderson.Effectsof communicationlatency, overhead,and
bandwidthin a clusterarchitecture.In Proc. of the24thAnnualInternationalSymp.on Computer
Architecture, pages85–97,June1997.

[19] V. Ramachandran,B. Grayson,andM. Dahlin. EmulationbetweenQSM,BSP,andLogP:A frame-
work for general-purposeparallelalgorithmdesign.Universityof TexasatAustinTechnicalReport
TR98-22,1998.Summaryto appearin Proc.ACM-SIAMSODA, 1999.

[20] S. Reinhardt,J. Larus,andD. Wood. TempestandTyphoon:User-level sharedmemory. In Proc.
21stInternationalSymposiumonComputerArchitecture pages325–336,April 1994.

[21] L. G.Valiant.A bridgingmodelfor parallelcomputation.Communicationsof theACM, 33(8):103–
111,1990.

[22] T. von Eicken, D. Culler, S. Goldstein,andK. E. Schauser, Active Messages:A mechanismfor
integratedcommunicationandcomputationIn Proc. of the19thInternationalSymp.on Computer
Architecture, pages256–266.May 1992.

[23] H. A. G.Wijshoff andB. H. H. Juurlink.A quantitative comparisonof parallelcomputationmodels.
In Proc.8thACM Symp.onParallel AlgorithmsandArchitectures, pages13–24,June1996.

20



Appendix: Detailedalgorithm descriptions

We describethealgorithmsfor prefix sums,samplesortandlist ranking,asthey wereimplementedon the
simulator. For all algorithmstheinput andoutputwasdistributeduniformly acrossthe � processors.

parallelprefix(array ¼ , size T )

Step1: Calculatelocal prefixsums.Eachprocessorcalculatesaprefix sumon its
localportionof thearray.

Step2: Exchangesumsbetweenprocessors. Eachprocessorbroadcastsa copy of its last
sumto everyotherprocessor.

BARRIER SYNCHRONIZATION

Step3: Final modification.Eachprocessoraddsup thesumsfrom its precedingprocessors,
andaddsthisoffsetto eachof its previously-calculatedprefixsums.

samplesort(array ½ , size T )

Major step1: Pivot selection
Allocateand“register” temporarystructures.
BARRIER SYNCHRONIZATION(to ensuretheshared-memory“registrations”havecompleted)
Eachprocessorselects�N¾À¿^Á�Â of its elementsrandomly(with replacement),

andbroadcastsits samplesto all otherprocessors.
BARRIER SYNCHRONIZATION

Eachprocessorquicksortsall ��ÃÄ¾G¿_ÁoÂ samples,andselectsevery�N¾G¿_ÁÅÂ th elementasa pivot (for a total of ÃWÆ£Ç pivots,or Ã “buckets”).
Major step2: Redistribution

Assigneachlocalelementto oneof of the Ã buckets,basedon thechosenpivots.
For Ç�È£ÉoÈfÃ , everyprocessorsendsits countof elementsfor bucket É , along
with a pointerto thelocationof theseelements,to processorÉ
BARRIER SYNCHRONIZATION

Eachprocessornow getstheotherprocessors’contributionsto its bucket.
Eachprocessoralsoparticipatesin a parallelprefix of thetotalnumberof elementsin eachbucket.
BARRIER SYNCHRONIZATION

Major Step3: LocalSort
for Ç�ÈfÉ�È�Ã in parallel

processorÉ sortstheelementsin the É th bucket
Major Step4: Redistribution

Eachprocessorwritesthesortedelementsin its bucket into theappropriatelocations
in array Ê .

BARRIER SYNCHRONIZATION

Un-registeranddeallocatetemporarystructures.
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listrank (array ½ , array � , array Ë , size T )

Arrays: successorarray Ê ; predecessorarray Ã ; returned-ranksarray Ì ;
Localvariables:indirectionarray Í , flip array Î , successor’sflip array ÊÅÎ , removedelementarray Ì�Ï , andtemporary
new ranks ÏRÌ .Í�Ð É
Ñ�Ò is thecurrentnumberof elements,i.e. ÍUÓ É)Ô pointsto the É th elementin currentlinkedlist.

Initialization:
Initialize Ì to beall ones.
Initialize ÍUÓ ÉSÔ.Õ�É , to givea one-to-onecorrespondence,
Allocateandregistertemporarystructures.
sinceno elementhasbeenremovedyet.

Major step1: Each processorrepeatedlyremovessomeelementsfromits list,
until thelist sizeis fairly smallasfollows.

for �Ö� � �×�dÃ iterationsdo
eachactiveelementÉ generatesa flip (randombit), andstoresit in Î�Ó ÍUÓ É)ÔGÔ ;
BARRIER SYNCHRONIZATION(to ensureshared-memoryregistrationshavecompletedin

thefirst loop,andto ensurethattheupdatesfrom thepreviousloophavecompleted)
if É is not theheadelement,and É hasasuccessor, and Î�Ó ÍUÓ ÉSÔGÔ is 1

(i.e., É flippeda 1), thenloadits successor’s flip into Ê�Î�Ó ÍUÓ É)ÔGÔ .
BARRIER SYNCHRONIZATION

if Î�Ó ÍUÓ É)ÔGÔNÕØÇ and ÊÅÎ�Ó Í6Ó É)ÔÀÔNÕ9Ù ( É flipped1, and É ’s successor’sflip was0),
then É removesitself from thelinkedlist by performingadoubly-linkedlist-remove
using Ê and Ã . Get É ’s predecessor’s rank.

if this is thelastiterationof theloop,sendourcountof remainingelementsto
node0 (doingthis stepnow savesa BARRIER SYNCHRONIZATION).

BARRIER SYNCHRONIZATION

for eachelementÉ removedin thepreviousphase,look at thereceivedrankof its
predecessor, andincrementits predecessor’s rank ÌÚÓ É)Ô by É ’s currentrank.
(Barriersynchronizationis not needed,asthis canbedonein parallelwith the
flip generationof thenext iteration,or in parallelwith thefirst phaseof thestepbelow.)

Major step2: Processor0 finishesthelist reductionlocally.
Performaprefix-sumon thecountsremainingat eachprocessor.
BARRIER SYNCHRONIZATION

All processorssendthedatafor their currently-activeelements(thepredecessorpointers,
thecurrentranks,andanappropriateindirectionarray)to processor0.

BARRIER SYNCHRONIZATION

Processor0 performsa local list-rankon theremainingactiveelementsandputsthefinal
ranksfor theseremainingactiveelementsin their designatedlocations.

BARRIER SYNCHRONIZATION

Major step3: PerformMajor step1 in reverse,insertingelementsbackinto thelist
andpatchingthingsup.
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