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Abstract of-vectors multiplications, and’ = AT BT as a sequence
of rank-k updates. Later work [5] showed how these tech-
This paper explains why parallel implementation of ma- niques can be extended to a large class of commonly used
trix multiplication—a seemingly simple algorithm that can matrix-matrix operations that are part of the Level-3 Basic
be expressed as one statement and three nested loops—isinear Algebra Subprograms (BLAS) [9].
complex: Practical algorithms that use matrix multiplica- These previous efforts have focused primarily on the
tion tend to use matrices of disparate shapes, and the shapespecial case where the input matrices are approximately
of the matrices can significantly impact the performance of square. Recent work by Li, et al. [15] creates a “poly-
matrix multiplication. We provide a class of algorithmstha algorithm” that chooses between algorithms (Cannon'’s,
covers the spectrum of shapes encountered and demonstratbroadcast-multiply-roll, and broadcast-broadcast). Emp
that good performance can be attained if the right algo- ical data show some advantage for different shapes of
rithm is chosen. These observations set the stage for hybridmeshege.g. square vs rectangular). However, since the
algorithms which choose between the algorithms based onthree algorithms are not inherently suited to specific shape
the shapes of the matrices involved. While the paper re- of matrices limited benefit is observed.
solves a number of issues, it concludes with discussion of a  We previously observed [16] the need for algorithms to
number of directions yet to be pursued. be sensitive to the shape of the matrices and hinted that a
class of algorithms naturally supported by the Parallet Lin
. ear Algebra Package (PLAPACK) provides a good basis
1 Introduction for such shape-adaptive algorithms. Thus, a number of hy-
brid algorithms are now part of PLAPACK. This observa-
Over the last three decades, a number of different ap-tjon was also made by the ScaLAPACK [6] project, and
proaches have been proposed for implementing matrix- jndeed ScalLAPACK includes a number of matrix-matrix
matrix multiplication on distributed memory architectsire  gperations that choose algorithms based on the shape of the
These include Cannon'’s algorithm [4], broadcast-multiply - matrix. We contrast our approach with ScaLAPACK’s later.
roll [12, 11], and generalizations of broadcast-multiph}- ~ This paper describes and analyzes a class of parallel ma-
[8, 13, 2]. The approach now considered the most practi- trix multiplication algorithms that naturally lends it6éb
cal, known as broadcast-broadcast, was first proposed byhypridization. The analysis combines theoretical results
Agarwal et al. [1], who showed that a sequence of parallel with empirical results to provide a complete picture of the
rank-k updates is a highly effective way to parallelize= benefits of the different algorithms and how they can be
AB. This same observation was independently made by combined into hybrid algorithms. A number of simplifi-
van de Geijn and Watts [17], who introduced the Scalable cations are made to focus on the key issues. Having done

Universal Matrix Multiplication Algorithm (SUMMA). In 5o a number of extensions are identified for further study.
addition to computing” = AB, SUMMA implements

C = ABT andC = AT B as a sequence of matrix-panel- S
2 Data Distribution
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higher dimensional mesh (Intel Paragon, Cray T3D/E) or a multivector (a group of vectors) by simultaneously scatter-
multistage network (IBM SP2). ing the columns within rows. For details, see [16].

Physically Based Matrix Distribution (PBMD). We
have previously observed [10] that data distributions &hou
focus on the decomposition of the physical problem to be
solved, rather than on the decomposition of matrices. Typ-
ically, it is theelements of vectorthat are associated with
data of physical significance, and so it is their distribatio

to nodes that is significant. A matrix, vyhlch is a discretized where for simplicity we will often treat only the case where
operator, merely represents the relation between two vec- 4 ands = 0. There are three dimensions involved:
tors, which are dlscreuze_d spaceg: = Az. Since it is n, andk, whereC, A, andB arem x n, m x k, andk x n,
more natural to start by distributing the problem to nodes, respectively

\év.etf'.LSttd:jsmbUtef atr)l dy to n()tde?. -.I;Eeihm%t.r Dtd'tlf tt_hen f It is always interesting to investigate extremal cases
IStnibuted So as 1o be consistent wi € distributior of -\ hich happen when one or more of the dimensions equal

3 AClass of Algorithms

The target operation will be

C = aAB + BC

andy. unity:
To describe the distribution of the vectors, assume:that
andy are of lengtln andm, respectively. We will distribute One dimension equals unity:
these vectors using @istribution block sizeof bgjs,. For m, nlarge | AandB become columnand row veg-
simplicity assumer = Nbgjs andm = M bg;s,. Partition k=1 tors, respectively, and the operation
z andy so that becomes @ank-1update.
To Yo m,klarge | C and B are column vectors, and
zy Y1 n=1 the operation becomes a matrix-vector
T=1" andy = multiply.
ﬁ RS n,klarge | C andA are row vectors, and the op-
m=1 eration becomes a row vector-matfix
whereN >> pandM >> p and eachr; andy; is of multiply.
lengthbg;si.. PartitioningA conformally yields the blocked Two dimensions equal unity:
matrix m large C and A become column vectors, and
Ao o Ao Ao N1 n=k=1 | B ascalar. The operation becomes a
A170 A111 — A17N71 scaled vector additiorakpy).
A= - - : (1) n large C andB become row vectors, andia
: : : m =k =1 | scalar. Again, the operation becomies
Av—10 | Am—11 Ap—1,n-1 a scaled vector addition.
. : k large A andB become row and column vec-
where each subblock is of Si2gisir X baist:. Blocks of m =mn =1 | tors, respectively, an@ a scalar. The
xz andy are assigned to a 2D mesh of nodes in column- operation becomes an inner-prodct
major order. The matrix distribution is induced by assignin (dot).

blocks of columnsA, ; to the same column of nodes as
subvectorz;, and blocks of rowsd; . to the same row of  |mplementing the matrix-matrix multiplication for these-d
nodes as subvectgy [16]. This distribution wraps blocks  generate cases is relatively straight-forward: The ranf-1
of rows and columns onto rows and columns of processors, date is implemented by duplicating vectors and updating
respectively. The wrapping is necessary to improve load |ocal parts ofC' on each node. The matrix-vector multi-
balance. plications are implemented by duplicating the vector to be
multiplied, performing local matrix-vector multiplicatns
Data movement. In the PBMD representation, vectors on each node, and reducing the resulCto In the cases
are fully distributed (not duplicated), while a single row where two dimensions are small, the column or row vectors
or column of a matrix will reside in a single row or col- are redistributed like vectors (as described in the previou
umn of processors. One benefit of the PBMD represen- section) and local operations are performed on these vec-
tation is the clean manner in which vectors, matrix rows, tors, after which the results are redistributed as needed.
and matrix columns interact. Converting a column of a In the next section, we will discuss how the case where
matrix to a vector requires a scatter communication within none of the dimensions are unity can be implemented as
rows. Similarly, gpanelof columns can be converted intoa a sequence of the above operations, by partitioning the



operands appropriately. We present this along with one mi- panel-panel update can be implemented by the following
nor extension where rather than dealing with one row or col- sequence of operations: Duplicate (broadcastwithin
umn vector at a time, a number of these vectors are treatedrows; Duplicate (broadcasf; within columns; On each
as a block (panel or multivector). This reduces the number node perform an update to the local portioncafComput-

of messages communicated and improves the performanceng C' = AB is then implemented by repeated calls to this

on each node by allowing matrix-matrix multiplication ker-
nels to be called locally.

3.1 Notation

For simplicity, we will assume that the dimensioms
n, andk are integer multiples of the algorithmic block size
balg, we will use the following partitionings ofi, B, and
C:
X,
X = ( X | | Xnx /bag ):
X

mx /balg

whereX € {4, B,C}, andmx andnyx are the row and
column dimension of the indicated matrix. HeXe and X;
indicatepanelsof columns and rows, respectively. Also,

alg

Xia Xl,nx/b

X X

mx /balg,1 mx /baig,nx /balg

In these partitioningsh., is chosen to maximize the per-
formance of the local matrix-matrix multiplication opera-
tion. In the below discussion, we will use = m/bag,

N = n/bag, andK = k/bag.

3.2 Two dimensions are “large”

First we present algorithms that use kernels that corre-

kernel, once for eacH;, B; pair.

Matrix-panel multiply based algorithm: m and k& large.

If m andk are both large compared tg then A contains

the most elements, and an algorithm that moves da€ in

and B rather than4 may be a reasonable choice.
Observe that
C=(C | |Cy) = A(B || By)

so thatC; = AB;. Thus, if we know how to perform

C; < AB; in parallel, the complete matrix-matrix mul-

tiplication can be implemented aé calls to this “matrix-

panel multiplication” kernel. In [16] it is shown that one

matrix-panel update can be implemented by the following

sequence of operations: Scat#@y within rows followed

by a collect (all-gather) within columns to duplicate it;

Perform a matrix-multivector multiplication local on each

node, yielding contributions t6';; Reduce (sum) the result

to C;. By calling this kernel for eacl;, C'; pair,C = AB

is computed.

Panel-matrix multiply based algorithm: n and & large.
Finally, if n andk are both large compared ta, then B
contains the most elements, and an algorithm that moves
data inC and A rather thanB may be a reasonable choice.
The algorithm for this is similar to the matrix-panel based
algorithm, except that it depends on a panel-matrix kernel
instead.

spond to the extremal cases discussed above where one di3.3 Two dimensions are “small”

mension equals unity.

Panel-panel update based algorithm:m and n large.
Notice that ifm andn are both large compared tq then

Next we present algorithms that use kernels that corre-
spond to the extremal cases discussed above where two di-
mensions equal unity. Notice that implementation of these

data in4 and B rather tharC may be a reasonable choice.
Observe that

B

C=AB = (Ar]-]Ag)

Bg
= A1B1+~-~+A[‘(BK

Thus, if we know how to perform one updaté «+ C +

A;B; in parallel, the complete matrix-matrix multiplica-
tion can be implemented & calls to this “panel-panel
multiplication” kernel. In [17, 16] it is shown that one

Scal APACK do not provide a facility for distributing vec-
tors other than as columns or rows of matrices.

Column-axpy based algorithm: m large. Notice that if

n = k = 1, the matrix-matrix multiplication becomes a
scaled vector additiony + az + y, sometimes known
as an “axpy” operation. Ih andk are both small (e.g.,
equal one), therd and A will exist within only one or a
few columns of nodes, whil® is a small matrix that exists

within one node, or at most a few nodes. To get good paral-

lelism, it becomes beneficial to redistribute the columns of
C andA like vectors.



Observe that
C (Ci|--|Cx)

Bi.a B

1,N

(A [4g)

B Biy

K,1

SothatC; = A1By; + -+ Akaq- Thus, if we know
how to perform one updat€; «+ C; + A, B,; in parallel,
the complete computation @f; can be implemented ds
calls to this “axpy” kernel, and the complete matrix-matrix

multiply is accomplished by computation of &l};s. The
following operations implement the computation(of:

¢ Redistribute (scatter) the columns@f like vectors
o forg=1,...,K

— Redistribute (scatter) the columnsj like vec-
tors; Duplicate (broadcash,; to all nodes; Up-
date local part o€; « C; + A, B,;.

o Redistribute (gather) the columns@j to where they
started

Repeated calls to this kernel compute the fifial

It may appear that the cost of redistributifigand 4, is
prohibitive, making this algorithm inefficient. Notice hew
ever that the redistribution af'; is potentially amortized
over many updates. Also, the ratio of the computation with
A, and the cost of redistribution of this data is typically
bag : 1. Thus, whenk is small but comparable tb,;,,
which itself is reasonably large, this approach is a viable
alternative.

Row-axpy based algorithm:n large. Notice that ifm =

k = 1, the matrix-matrix multiplication again becomes a
scaled vector addition, except that now rowstofand B
are redistributed like vectors. The algorithm is similar to
the last case discussed.

Dot based algorithm: k large. Notice thatifm =n =1,
the matrix-matrix multiplication becomes an inner-produc
between one rowd and one columiB. Form andn small,
we observe that

Cia c

1,N
c = : s
Cira Crurn
A,
= | (B |Bg)
A

so thatC;; = [liBj. Computation of eaclt’;; can be ac-

complished by redistributing columns df and rows ofB;
like vectors, performing local operations that are likealoc
inner-products which are then reducedig.

3.4 Cost analysis

Notice that the above algorithms are implemented as an
iteration over a sequence of communications and computa-
tions. By modeling the cost of each of the components, one
can derive models for the cost of the different algorithms.
Thus, we obtain a performance model based on the esti-
mated cost of local computation as well as models of the
communication required. Parameters for the model include
the cost of local computation, message latency and band-
width, and cost of packing and unpacking data before and
after communications. Due to space limitations, we do not
develop this cost analysis in this paper. Rather, we present
graphs for the estimated cost of the different algorithms in
the next section.

4 Results

This section provides performance results for the de-
scribed algorithms on the Cray T3E and IBM SP-2. Our
implementations are coded using PLAPACK which natu-
rally supports these kinds of algorithms. In addition, we
report results from our performance model, using parame-
ters measured for the different architectures.

Ultimately, it is the performance of the local 64-
bit matrix-matrix multiplication implementation that de-
termines the asymptotic performance rate that can be
achieved. Since the algorithms make repeated calls to-paral
lel implementations of kernels that assume that one or more
of the dimensions are small, the operands to the matrix-
matrix multiplication performed on each individual proces
sor also have different shapes that depend on the algorithm
chosen. Even on an individual processor the shape of the
operands can greatly affect the performance of the local
computation, as is demonstrated in Table 1. In that ta-
ble, the small dimensions were set equal to the blocking
size used for the parallel algorithm, specifically 128 far th
Cray T3E. It is this performance that becomes an asymp-
tote for the per-node performance of the parallel implemen-
tation. It should be noted that since these timings were first
performed, Cray has updated its BLAS library, and perfor-
mance for the sequential matrix-matrix multiply kernels is
much less shape dependent. Thus, the presented data is
of qualitative interest, but performance is now considgrab
better than presented in the performance graphs.

It is interesting to note that the local matrix-matrix mul-
tiply performs best for panel-panel update operations. To



Rate 5 Conclusions and Future Work
m n k (MFLOPS/sec)

4096 | 4096 | 128 439 We have presented a flexible class of parallel matrix mul-
4096 | 128 | 4096 172 tiplication algorithms. Theoretical and experimentalies

128 | 4096 | 4096 237 show that by choosing the appropriate algorithm from this
4096 | 128 | 128 230 class, high performance can be attained across a range of
128 | 4096 | 128 184

matrix shapes.
The analysis provides a means for choosing between the
algorithms based on the shape of the operants. Furthermore,

Table 1: Performance of local 64-bit matrix-matrix multi- the developed techniques can easily used to parallelize oth

e ; : Dlicati _ T -
plication kernel on one processor of the Cray T3E. cases of matrix-matrix multiplication{ = AB™, ¢ =
ATB, andC = ATBT) and other matrix-matrix opera-

tions, as are included in the level-3 BLAS [9]. We intend to
pursue this line of research in the near future.

128 | 128 | 4096 184

those of us experienced with high-performance architec- i

tures this is not a surprise: This is the case that is heavily ACknowledgments. We are indebted to the rest of the
used by the LINPACK benchmark, and thus the first to be PLAPACK team (Philip Alpatov, Greg Baker, Carter Ed-
fully optimized. There is really no technical reason why for Wards, James Overfelt, and Yuan-Jye Jason Wuj for provid-
a block size of 128 the other shapes do not perform equally "9 the infrastructure that made this research possible.
well. Indeed, as an architecture matures, those cases also

get optimized. For example, on the Cray T3D the perfor-

mance of the local matrix-matrix BLAS kernel is notnearly Réeferences
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Figure 1: Performance of the various algorithms on a 16 msmeconfiguration of the Cray T3E. Within each row of graphs,
we compare predicted performandeft) to observed performancedht). In the top row of graphsy andn are fixed to be
large, and is varied. In the middle rowyn andk are fixed to be large, andis varied. Finally, in the bottom row, is fixed

to be large, andh andk are simultaneously varied.



[8] Choai, J., J. J. Dongarra, and D. W. Walker, “PUMMA: Paral-
lel Universal Matrix Multiplication Algorithms on distrilted
memory concurrent computersZoncurrency: Practice and
Experience6(7), 543-570, 1994.

[9] Dongarra, J. J., J. Du Croz, S. Hammarling, and I. Duff, “A
Set of Level 3 Basic Linear Algebra Subprogramb@QMS
16 (1) pp. 1-16, 1990.

[10] Edwards, C., P. Geng, A. Patra, and R. van de GEgrallel
matrix distributions: have we been doing it all wrongrzch.
Report TR-95-40, Dept of Computer Sciences, UT-Austin,
1995.

[11] Fox, G., M. Johnson, G. Lyzenga, S. Otto, J. Salmon, and D
Walker, Solving Problems on Concurrent Processossl. 1,
Prentice Hall, Englewood Cliffs, N.J., 1988.

[12] Fox, G., S. Otto, and A. Hey, “Matrix algorithms on a hype
cube I: matrix multiplication,” Parallel Computing (1987),
pp 17-31.

[13] Huss-Lederman, S., E. Jacobson, A. Tsao, G. Zhang, “Ma-
trix Multiplication on the Intel Touchstone DELTAConcur-
rency: Practice and Experiencé (7) Oct. 1994, pp. 571-594.

[14] Lin, C., and L. Snyder, “A Matrix Product Algorithm antsi
Comparative Performance on Hypercubes,Stalable High
Performance Computing Conferend&EE Press, 1992, pp.
190-3.

[15] Li, J., A. Skjellum, and R. D. Falgout, “A Poly-Algorith for
Parallel Dense Matrix Multiplication on Two-Dimensional
Process Grid TopologiesConcurrency, Practice and Expe-
rience,9(5) 345-389, May 1997.

[16] van de Geijn, R.Using PLAPACK: Parallel Linear Algebra
Package The MIT Press, 1997.

[17] van de Geijn, R. and J. Watts, “SUMMA: Scalable Univer-
sal Matrix Multiplication Algorithm,”Concurrency: Practice
and Experience(4) 255-274, April 1997.



