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Abstract

Cac hes impro v e the sp eed of programs b y reducing the n um b er of accesses to the slo wly main memory .

Unfortunately , most programs whic h w ork with arra ys su�er from cac he con
icts. Cac he con
icts slo w do wn

the programs and coun teract the adv an tages of the cac he. The sp eed of a�ected programs can b e impro v ed b y

a v oiding cac he con
icts. This thesis concen trates on the question how to avoid c ache c on
icts with softwar e

metho ds. I describ e

� the state of the art soft w are metho ds

� ho w to pad for tiling

� a new padding algorithm (Odd-P adding)

� a new tec hnique to a v oid cac he con
icts (T etris)

� exp erimen ts whic h compare these tec hniques

F urthermore, I pro v e the o dd-padding algorithm correct.
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1 INTR ODUCTION 2

1 In tro duction

One of m y sup ervisors told me I should write here:

� cac hes are go o d

� cac he con
icts are bad

� this thesis tells y ou ho w y ou can a v oid cac he con
icts with soft w are

metho ds

Calvin Lin

He has probably not though t of the p ossibilit y that I could cite him. Nev-

ertheless, these few lines get really to the p oin t, but let me explain them in

more detail.

tiles

y our arra y

Data stored in the cac he can b e accessed m uc h faster than data stored

in memory . Therefore it is p ossible to sp eed up programs whic h deal with

large arra ys b y tiling , also kno wn as blo cking . The idea of tiling is to w ork

only on small blo c ks or tiles whic h do �t in to the cac he ev en if the whole

arra y itself do es not. The lo ops in a program are c hanged to w ork on these

small tiles instead of the whole arra y . When the tile �ts in to the cac he, the

data once read from memory can b e reused without accesses to the slo w er

main memory .

3-w a y cac he

main memory

= one cac he line

= set of three cac he

lines

= cac he mapping func-

tion

An example for tiling found in Lam et al. [3 ] is matrix m ultiplication.

Figure 1 sho ws t w o v ersions of that algorithm, one (a) without tiling and

one (b) with tiling. The tiled v ersion can reuse a fraction of a line of the Z

arra y at the k lo op and a whole blo c k of Y at the i lo op no matter ho w big

the matrix is. F or the non-tiled v ersion, in con trast, the cac he m ust hold

at least a line of Z to b e able to reuse it and a whole arra y to reuse Y .

Tiling is reasonably easy to implemen t and, therefore, often realized.

Unfortunately it is not simply a matter of c ho osing the tile small enough

to �t in to the cac he. The problem is the w a y the cac he maps memory

addresses to cac he lines. One ma y think the cac he replaces the con ten t of

that cac he line that w as un used for the longest time. W rong! Multi-w a y

cac hes do this only for sets with a v ery small n um b er of cac he lines. Direct

mapp ed cac hes do not do it at all. Instead cac hes c ho ose the cac he line b y

applying the mo dulo function. F or memory address adr and cac he size C

S

the n um b er of the cac he line used is ( adr mo d C

S

).

y our arra y

tile

tile lines do o v erlap

tile lines lie on eac h other

cac he

tile lines do not o v erlap

F or tiling this means that whether a tile can b e completely stored in

the cac he or not is left to c hance. See the �gure on the righ t for what ma y

happ en. Therefore, tiling m ust b e accompanied b y a metho d whic h mak es

sure that the whole tile is stored in the cac he. This accompan ying metho d

a v oids cac he con
icts. Please, ha v e a lo ok at b o x 3 on page 5. It explains

some w ords and phrases whic h are used in this text.

This pap er describ es metho ds for a v oiding cac he con
icts in the con text of tiling. The aim of this thesis

is to te ach you how to avoid c ache c on
icts. The rest of this text is organized as follo ws:

Section 2 discusses the pap ers that I b eliev e are most imp ortan t in this area.

Section 3 describ es padding in more detail | one of the most p o w erful metho ds for a v oiding cac he con
icts.

This part of the text is written in a \programmer's guide" st yle to k eep it most readable. A new

algorithm (Odd-P adding) to calculate the amoun t of pad needed is presen ted, as w ell.

Section 4 pro v es the Odd-P adding algorithm correct.
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Bo x 1: What is new?

Whic h con tributions do I mak e to this area of Computer Science? The follo wing list tries to giv e a v ery

detailed answ er.

� I describ e in b o x 6 the Brute-F or c e-Padding algorithm. I ha v e not seen this algorithm in another

pap er but it is lik ely that it is kno wn b ecause it is so simple.

� Section 3 is a Pr o gr ammer's Guide for Padding . While other researc hers do discus padding |

namely P anda, Nak am ura, Dutt and Nicolau [5] and Riv era and Tseng [7] and others | they do

not go in to suc h a lev el of detail and do not put all the pieces together. In particular, the discussion

of the access rules (sections 3.3 and 3.7), the discussion of o dd base addresses and o dd tile sizes

(sections 3.4 and 3.5) and the discussion of padding for hierarc hical cac hes (section 3.9) app ear here

for the �rst time. Moreo v er, Riv era and Tseng [7 ] can not guaran tee reuse when the arra ys b ecome

larger than the cac he, whereas I discuss only that case in section 3.10.

� The Odd-Padding algorithm (see b o x 8) is new. This includes the pro ofs of the algorithm (see

section 4) as w ell as it's a v erage and w orst case b eha vior (see b o x 7).

� Ev erything ab out T etris (see section 5) is completely new.

Bo x 2: V ariable names

adr = memory address C

S

= cac he size T

L

, T

H

= tile length, heigh t

A

adr

= base address of A C L

S

= cac he line size T

x

, T

y

= tile co ordinates

B

adr

= base address of B A

L

= arra y length U T

L

= user tile length

U B

adr

= user base adr. of B U A

L

= user arra y length B . . . = second cac he . . .

The unit of the v alues is usually the c ache line length , that is, the v alues in the form ulas are m ultiples

of C L

S

unless explicitly men tioned otherwise. All �gures, form ulas and programs in this pap er assume

ro w-ma jor order memory la y out of m ultidimensional arra ys | the w a y C stores arra ys in memory .

Section 5 describ es T etris | a new metho d for a v oiding cac he con
icts. T etris can handle situations where

padding fails.

Section 6 sho ws some exp erimen ts whic h compare the di�eren t metho ds.

Bo x 1 tells y ou in detail whic h con tributions I mak e in this thesis. Bo x 2 explains some v ariables whic h I

use throughout the text.
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= access to a line for the �rst time

= access to an area for the �rst time

= reuse of a line

= reuse of an area

Z X Y

j

k

i

j

k

i

jj

kk

(a)

(b)

f o r k k : = 1 t o N b y B d o

f o r j j : = 1 t o N b y B d o

f o r i : = 1 t o N d o

f o r k : = k k t o m i n ( k k + B � 1 , N ) d o

f o r j : = j j t o m i n ( j j + B � 1 , N ) d o

Z [ i , j ] + = X [ i , k ] � Y [ k , j ]

f o r i : = 1 t o N d o

f o r k : = 1 t o N d o

f o r j : = 1 t o N d o

Z [ i , j ] + = X [ i , k ] � Y [ k , j ]

= �

= �

= �

= �

= �

= �

= �

= �

Figure 1: The original (a) and the tiled v ersion (b) of matrix m ultiplication from [3]. The original m ust read

2 N

3

+ N

2

w ords from memory when the arra ys are so big that not ev en a line can b e stored in the cac he

(w orst case). The tiled program accesses only a small tile of size B in the inner lo ops. If B is small enough

the cac he can hold this data and the program need only 2 N

3

=B + N

2

direct memory accesses.
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Bo x 3: Glossary

arra y la y out see memory layout

cac he A small but v ery fast memory bu�er used to store data whic h has

b een read from or should b e written to the main memory . The hop e

is that the cac he sp eeds up programs b ecause accesses to it are m uc h

faster than accesses to the main memory . See section 1.

cac he con
icts see c ache interfer enc e

cac he in terference When accessing some data, other useful data is

thro wn out of the cac he. The name self-interfer enc e means that

data loaded in to the cac he thro ws useful data from the same v ariable

out of the cac he; in con trast, cr oss-interfer enc e o ccur when useful

data from another v ariable is kic k ed out.

cac he

cac he

arra y

self-in terference

cross-in terference

BA

cac he line When the cac he reads or writes data from or to the main

memory it alw a ys reads or writes a whole blo c k | ev en if only one

elemen t of that blo c k is accessed b y the pro cessor. These blo c ks are

called c ache lines and usually b et w een 4 and 64 b ytes long. Eac h

cac he use one certain size.

cac he misses Accessed data is not in the cac he and m ust b e fetc hed from

the main memory . Cap acity misses or c ompulsory misses are caused

in ten tionally , for example when mo ving from one tile to the next one.

Con
ict miss means that data is not in the cac he whic h should b e

in the cac he. The source of Con
ict misses is c ache interfer enc e .

cac he thrashing The w orst case c ache interfer enc e is called c ache

thr ashing . Cache thr ashing happ ens when the pro cessor consecu-

tiv ely access di�eren t memory lo cations whic h are mapp ed to the

same cac he line in the cac he. This causes the cac he to non-stop load

a c ache line from one lo cation and thro w it out immediately to re-

place it b y a c ache line from another lo cation. Lo ops a�ected from

c ache thr ashing are often a order of magnitude slo w er than una�ected

lo ops.

data la y out see memory layout

memory la y out The w a y data | usually arra ys | are stored in mem-

ory . Arra ys commonly stored either in r ow-major or der (C) or

c olumn-major or der (F OR TRAN). See �gure at the righ t. The T etris

memory layout is describ ed in section 5.1.

main memory

ro w-ma jor order

arra y

column-ma jor order

ping p ong see c ache thr ashing

reuse Data whic h is accessed is in the cac he. A cac he line is four times

r euse d if it is accessed four times while the cac he line is in the cac he

(after it had once b een loaded).

stencil op eration A certain w a y to access arra ys. See �gure 6 for an

example.
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2 The State of the Art

Here I discuss pap ers from other researc hers whic h I b eliev e are the ma jor con tributions to this area. Almost

all pap ers describ e an idea to a v oid cac he in terferences. I will try to p oin t out the strong and the w eak sides

of these suggestions.

2.1 A historically in teresting pap er

One of the �rst ideas to a v oid cac he in terferences selects the tile size in suc h a w a y that there are no self-

in terferences. Lam, Roth b erg and W olf presen t an iterativ e algorithm in their pap er [3 ]. Giv en the length

of an arra y their algorithm tries to �nd the largest square tile that do es not cause self-in terferences. The

adv an tage of this metho d is that it is not necessary to c hange the w a y the arra y is stored in memory ( memory

layout ).

The disadv an tage is an often v ery small tile so that a large part of the cac he remains un used. In the

w orst case when the arra y length is a m ultiple of the cac he size, as describ ed in b o x 4, the tile size b ecomes

one elemen t i. e. the programmer m ust accept that v ery bad p erformance. Therefore, it is not surprising that

Lam, Roth b erg and W olf �nally came to the conclusion that the b est results w ere obtained b y cop ying the

data whic h should b e reused in to a con tin uous bu�er.

2.2 Finding the optimal tile size

The metho d of Lam et al. [3] often fails to utilize large parts of the cac he b ecause it searc hes only for square

tiles. Coleman and McKinley presen t an iterativ e algorithm [2 ] whic h searc hes for the biggest rectangular

tile. Figures 2, 3 and 4 sho w ho w the length of an arra y in
uences the tile size. Rectangular tiles can use

most or all of the cac he without c hanging the w a y the data is stored in memory .

A program emplo ying this algorithm m ust accept an y giv en tile shap e, whic h ma y b e v ery small and

long, or v ery 
at. Moreo v er, as with the algorithm from Lam et al., Coleman and McKinley's metho d fails

to handle the w orst case where the arra y length is a m ultiple of the cac he size.

2.3 Cop ying the data in to a con tin uous bu�er

T emam, Granston and Jalb y [8 ] suggest a w a y to cop y the data as prop osed

earlier b y Lam et al. [3 ]. The idea is to cop y those data whic h are often

accessed (reused) in to a bu�er. Since the bu�er is con tin uous and not bigger

than the cac he, there is no cac he in terference p ossible when accessing it.

Moreo v er, this bu�er can store an y data ev en from di�eren t v ariables. This

w a y , virtually all cac he in terference can b e a v oided.

cac he

cop y bu�er

arra y C

arra y A

arra y B

Note, ho w ev er, that the cop y op eration itself ma y cause cac he con
icts

(in terferences). F urthermore, data whic h is read in a lo op m ust b e copied

b efore the lo op. Data that is written or c hanged m ust b e copied bac k after

the lo op. All of this slo ws do wn the program. Therefore, T emam, Granston

and Jalb y's algorithm analyzes the cost of cop ying v ery carefully and decides

whether it is w orth doing it or not in eac h giv en situation.

2.4 Changing the w a y the data is stored in memory: P adding

Instead of simply accepting the w a y the data is stored in memory p adding c hanges the data la y out b y adding

un used dumm y elemen ts. There are t w o kinds of padding:

in tra-v ariable padding mak es the lines of an arra y longer b y adding a

certain amoun t of dumm y elemen ts to the end of eac h line. Done cor-

rectly , in tra-v ariable padding a v oids self-in terference and can guaran tee
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A

L

= 1 : 25 � C

S

tile size = 0 : 25 � C

S

� 4

3rd line

2nd line

1st line

mapping of the 4th line

mapping of the 3rd line

mapping of the 2nd line

mapping of the 1st line of the arra y

cac he

1st line of tile

2nd line of tile

part of the 2nd line of

around the cac he

tile

arra y

the arra y whic h wraps

4th line

Figure 2: An arra y with ro w-ma jor memory la y out | whic h is the w a y C stores arra ys | is mapp ed in to

the cac he. A line of the arra y whic h reac hes the end of the cac he wraps around and con tin uous from the

b eginning of the cac he. T o distinguish b et w een the end of one line and the b eginning of the next one, there is

a small v ertical gap b et w een the individual lines in the �gure. A program whic h accesses only the white tile

part of the arra y uses the whole cac he without causing an y cac he in terferences. Note: the maximal length of

a tile T

L

is ( A

L

mo d C

S

) but a shorter tile length is often preferable. F or example if ( A

L

mo d C

S

) is greater

than C

S

= 2 the tile with maximal T

L

w ould consist of only one single line.

tile = 0 : 25 � C

S

� 4

A

L

= 2 : 25 � C

S

tile = 0 : 125 � C

S

� 8

A

L

= 1 : 125 � C

S

A

L

= 1 : 5 � C

S

tile = 0 : 5 � C

S

� 2 tile = 1 : 0 � C

S

� 1

A

L

= 1 : 0 � C

S

Figure 3: The length of the arra y in
uences the length of a tile. Note ho w the arra y length | the n um b er

written b elo w the arra ys | results in di�eren t tile sizes. Compare this picture also to �gure 2. Di�eren t

metho ds to a v oid self-in terferences ha v e b een suggested. Metho ds whic h do not c hange the data la y out

lik e those from Lam et al. [3] and Coleman and McKinley [2 ] ma y return v ery small and degenerate tiles.

Metho ds whic h do c hange the length of the arra y lik e padding from P anda et al. [5] can mak e an y in tended

tile | no matter what length and heigh t | �t in to the cac he, pro vided the cac he is large enough to hold a

tile of that size.
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Bo x 4: The w orst case data la y out

Ho w m uc h a program actually su�ers from the la y out of its data dep ends on man y factors.

Among these factors are the w a y the program accesses the data, the size of the arra ys

in v olv ed, the size of the tiles if it uses tiling, the start address of one arra y in relation to

other arra ys and hardw are features lik e stream bu�ers. But exp erience has sho wn that

t w o situations hea vily slo w do wn almost all programs. These situations are:

cac he

arra y

cac he

A

B

� The length of a line of an arra y is an exact m ultiple of the cac he size | assuming ro w-

ma jor order | that is, A

L

= i � C

S

where i 2 N . This causes hea vy self-in terference

b ecause all elemen ts of a column of that arra y are mapp ed to the v ery same cac he

line | or small set of cac he lines if the cac he is a m ulti-w a y cac he.

� The distance b et w een the base address of t w o similar arra ys is an exact m ultiple

of the cac he size i. e. j A

adr

� B

adr

j = i � C

S

where i 2 N. This can cause hea vy

cross-in terference b ecause elemen ts of arra ys A and B with the same co ordinates are

mapp ed to the same cac he line | or small set of cac he lines if the cac he is a m ulti-w a y

cac he.

These situations can b e considered to b e the w orst case b ecause they can slo w do wn

programs b y an order of magnitude compared with programs whic h su�er only from a

\usual" amoun t of cac he in terferences. Therefore this bad cases should, wherev er p ossible,

b e a v oided. Metho ds to a v oid them are cop ying [8] and padding [6]. Here padding uses

only a v ery small pad; just enough to a v oid the w orst case without a guaran tee for reuse

of sp eci�c data.

A

L

= 1 : 75 � C

S

tile size = 0 : 25 � C

S

� 4

arra y

cac he

Figure 4: Here is an example where the c hosen tile length is di�eren t from the maximal p ossible tile length.

The maximal p ossible length T

L

w ould b e ( A

L

mo d C

S

) = 0 : 75 � C

S

. The �st line of this tile w ould use 75%

of the cac he, so that there w on t b e enough space in the cac he to store a complete second line. The result

w ould b e a degenerated tile whic h consists of only one line and uses only three-fourth of the cac he. The

c hosen tile length is T

L

= 0 : 25 � C

S

and the tile heigh t T

H

is four lines. Therefore this shorter tile uses the

whole cac he.

F or con v enience, the arra ys in m y �gures start at the b eginning of the cac he. This is, of course, unlik ely

to happ en in practise. The start or base address of the arra y ma y fall in to an y p osition of the cac he. A tile

line ma y ev en b e cut o� at the end of the cac he and wrap around to con tin ue at the b eginning of it, so that

a part of the tile line is at the end of the cac he and another part at the b eginning of it. Ho w ev er, the arra y

base address is irrelev an t for self-in terference as long as it starts at a cac he line b order.
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reusabilit y of data. That is: data whic h can b e reused will not b e

acciden tally thro wn out of the cac he.

in ter-v ariable padding c hanges the base or start address of a v ariable b y

adding dumm y elemen ts b efore that v ariable. In ter-v ariable padding

c hanges the distance b et w een sev eral v ariables or arra ys in memory and,

therefore, can a v oid or reduce cross-in terference if done in the righ t w a y .

arra y A

arra y B

in tra-v ariable pad

in ter-v ariable pad

Despite its ob vious disadv an tage | w asted memory | padding is one of the

most p o w erful tec hniques to a v oid cac he in terference. Riv era and Tseng [6]

presen t a padding tec hnique whic h only a v oids the w orst cases, as describ ed

in b o x 4. Their metho d needs only v ery little \w asted memory" for padding

b ecause they do not in tend to guaran tee the reuseabilit y of an y data i. e. they

do not care whether or not a whole tile can b e stored in the cac he without

causing cac he in terference.

A m uc h more p o w erful metho d has b een presen ted b y P anda, Nak am ura, Dutt and Nicolau [5 ]. Their

algorithm searc hes iterativ ely for the smallest in tra-v ariable pad, so that a giv en tile can b e accessed without

self-in terference. They also describ e (v ery shortly) ho w to extend their metho d to access sev eral arra ys in

the same lo op b y using in ter-v ariable padding. These arra ys m ust ha v e the same size and m ust b e accessed

in a fairly similar w a y . This is a clear shortcomming of padding. F urthermore, this metho d uses m uc h more

memory than Riv era and Tseng's tec hnique. Section 3 discusses padding in more detail.

2.5 Changing the w a y the data is stored in memory: T etris

Observ e that an arra y whic h is small enough to �t completely in to the cac he

do es not cause self-in terference. Therefore, the main idea is to split a big

arra y in to man y small pieces. T etris distributes the small pieces in memory

in suc h a w a y that sev eral arra ys can b e accessed in the same lo op without

causing cross-in terference. This is done b y dividing the memory in cac he size

c h unks. The small pieces are then distributed in to these c h unks so that eac h

c h unk has a piece from eac h arra y , and the pieces alw a ys o ccup y the same

part of the c h unks. See �gure 5 for an example.

The adv an tage is that T etris allo ws accessing di�eren t arra ys with di�eren t sizes, di�eren t tile sizes and

di�eren t access patterns. The dra wbac k is the relativ e di�cult y in implemen ting T etris. I recommend using

padding b efore T etris. Another shortcomming is its w asted memory , similar to that of padding. T etris is

describ ed in section 5.

2.6 Changing the w a y the data is stored in memory for stencil op erations

Strictly sp eaking, the idea describ ed here is padding again, with an emphasis on c hanging the base address

of the in v olv ed arra ys (in ter-v ariable padding). The di�erence is the w a y the data is accessed and reused.

With tiling, a tile is selected and all data read once from memory are stored in the cac he un til the next tile is

pro cessed. In a stencil op eration a certain access pattern (the stencil) sw eeps o v er the whole arra y as sho wn

in �gure 6. The in ten tion is to load an elemen t of the arra y in to the cac he when the stencil �rst hits it and

to hold it in the cac he un til the stencil has b een mo v ed en tirely o v er that elemen t.

Riv era and Tseng [7] | in an extension of their earlier w ork [6 ] | presen t

a metho d whic h arranges sev eral arra ys in suc h a w a y that there will b e as

few con
icts as p ossible. These arra ys m ust b e accessed b y stencil op erations.

The basic idea is to c hange the base addresses of the arra ys in suc h a w a y

that the accesses to one arra y are mapp ed in to the cac he without falling

b et w een accesses of some other arra y . Their metho d do es not use to o m uc h

cac he

cac he

cac he
A

A

A

B B BB

B B BB

B B B
B

dumm y memory b ecause they do in tra-v ariable padding only for the w orst

case. Moreo v er, they fail to guaran tee reuse when the length of the arra ys
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arra y A arra y B

arra y C

cac he size C

S

cac he size C

S

cac he size C

S

main memory

Figure 5: The idea of T etris is to split the arra ys in to small pieces and to uniformly distribute the pieces

in to memory c h unks whic h are exactly as large as the cac he.

gets large. Stencil op erations can b e com bined with tiling and padding.

Hence I describ e them in more detail in section 3.

2.7 Other ideas

There are man y other ideas whic h c hange lo ops or the w a y the data is stored in memory (data la y out). They

usually neither guaran tee that data once read is stored in the cac he for future access (reuse) nor that there

will b e few er cac he con
icts. Instead, these ideas are based more on the b eliev e that, in the general case,

they will impro v e p erformance somewhat.

T o represen t them all I pic k ed the pap er b y Cierniak and Li [1 ]. Their

idea is to bring data that is accessed in one iteration of the inner lo op as close

together as p ossible. They c hange b oth the w a y the data is stored in memory

and the lo op in terations to ac hiev e this goal. T o store an arra y they c ho ose

b et w een ro w-ma jor order or column-ma jor order. Their metho d can handle

main memory

ro w-ma jor order

arra y

column-ma jor order

sev eral lo ops and arra ys. Moreo v er, they sho w an example where c hanging

the lo ops and the data la y out together do es giv e b etter results than either

of these alone. Ho w ev er, they do not consider whether this leads to reuse or

not.

2.8 An analysis of real programs

McKinley and T emam [4] analysed the cac he e�ciency of the P erfect Benc hmarks. Here are some of their

results:

� The prev alen t kind of reuse in the en tire program is accessing the same elemen t of a cac he line sev eral

times. In con trast the commonly held assumption sa ys: \The reuse of other elemen ts of a cac he line is

dominan t."

� Lo ops ha v e a more balanced reuse than whole programs. They usually access the same elemen t again,

as w ell as other elemen ts of a once loaded cac he line.

� When a lo op causes the pro cessor to w ait for a memory access, the cause is usually a cac he in terference.

This is in opp osition to the common assumption that a lo op sp ends most of the time w aiting for capacit y

misses.
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arra y A

arra y B

A[i,j]

B[i-1,j]

B[i,j-1]

B[i,j+1]

B[i+1,j]

A[i,j] B[i+1,j]

cac he

mo ving direction

f o r i : = 2 t o N � 1 d o

f o r j : = 2 t o N � 1 d o

A [ i � 1 , j ] : = ( B [ i � 1 , j ] + B [ i + 1 , j ] +

B [ i , j � 1 ] + B [ i , j + 1 ] ) / 4

B[i-1,j] B[i,j+1]

B[i,j-1]

Figure 6: This is a stencil op eration as discussed b y Riv era and Tseng in [7]. The access to arra y B is the

stencil whic h is mo v ed o v er the whole arra y . The tric k is to c ho ose the base addresses of the arra ys in suc h

a w a y that the A -access do es not fall b et w een the B -accesses. This w a y , the data once loaded from memory

b y B[i+1,j] can b e reused three times without reading it from memory again.

Note that the arra y A m ust ha v e the same length as B although the frame of A remains un used. If

this w ould not b e the case then the relativ e p osition of the A -access in the cac he w ould c hange (min us t w o

elemen ts) when mo ving to the next line of the arra ys.

� W aiting on capacit y misses, o ccurs mainly when the pro cessor pro ceeds from one lo op to the next.

� The largest n um b er of successful accesses to the cac he | that is: the cac he holds already the data |

happ ens within lo ops.

� The cac he fails most often when the execution mo v es from one lo op to the next.

� In man y cases only one w ord is accessed from a cac he line and the rest remains un used. This causes

bad cac he utilization.

� Most accesses to memory ha v e a v ery regular pattern.

Moreo v er, they found that the tile size c hosen b y tile size selection algorithms, e. g. Lam et al. [3], is to o

small to mak e tiling e�ectiv e.
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3 The P adding for Tiling Guide

Tiling or blo c king is a w ell kno wn tec hnique to increase the sp eed of programs whic h w ork with arra ys. Tiled

algorithms mak e b etter use of the cac he and thereb y decrease the time a program needs to access its data.

But tiling alone is not enough. It m ust b e accompanied b y a metho d whic h ensures that the data actually

sta y in the cac he.

Here, I explain ho w y ou pad y our arra ys so that y our tiled lo ops do not cause cac he in terference. I

describ e what can b e done with padding and where padding fails. This se ction is written as a pr o gr ammer's

guide. I assume y ou ha v e a program whic h w orks on arra ys and y ou w an t to sp eed up this program b y

making b etter use of y our cac he. I further assume y ou ha v e already tiled y our lo ops or y ou are going to do

so. This is not a guide for tiling! Y ou need to kno w ho w to tile a program (see �gure 1 for a tiling example).

3.1 Ho w do y ou start: things y ou should kno w

Wh y do it? to mak e most e�cien t use of y our time

What to do? kno w some tric ks and tips

$LL00031:
ldt

f0,

(r2
)

ldt

f16,

(r1
)

subq

r3,

1,

r3

addq

r1,

8,

r1

mult/d

f2,

f16,

f1

addt/d

f0,

f1,

f0

stt

f0,

(r2
)

addq

r2,

8,

r2

bgt

r3,

$LL00031

�

�

�

This is a list of general hin ts. These hin ts help y ou to sp eed up and to debug y our program. They are not

directly related to padding but y ou should consider them b efore y ou do padding.

� Analyze y our program b efore y ou start to optimize it. The critical p oin t here is to really use an analysis

to ol. These to ols tell y ou ho w m uc h time y our program sp ends in eac h statemen t. If y ou do not use

suc h a to ol y ou will �nd y ourself sp ending m uc h time to optimize co de whic h do es not accoun t for

m uc h execution time.

� It is alw a ys a go o d idea to k eep the elemen ts of an arra y accessed in a lo op as close together as p ossible.

This w a y it is more lik ely that data is still or already in the cac he when y ou access it.

� If y ou can com bine sev eral lo ops to a single one and the lo ops access the same arra ys, do so. This

mak es it more lik ely that data is already in the cac he when accessed. This is often as e�ectiv e as

padding and tiling.

� When y ou can replace an arra y b y a smaller one or, ev en, b y a simple v ariable, do so. Y ou reduce the

n um b er of memory accesses and a v oid sp oiling the cac he. This is often more e�ectiv e than padding

and tiling.

� Be sceptical ab out optimizations done b y y our compiler. Lo op optimization and tiling are b eliev ed

to b e v ery w ell understo o d and, consequen tly , implemen ted in most compilers. F or some reason or

another compilers tend to \optimize" those lo ops y ou ha v e already tiled and optimized b y hand. This

often degenerates p erformance.

Let y our compiler generate an assem bler listing and prin t it on pap er. No, I do not w an t y ou to

understand details! Just dra w an arro w from eac h jump or branc h instruction to its destination lab el.

This w a y , y ou should fast �nd the lo ops pro duced b y y our compiler.

� Kno w y our hardw are. When y ou start to optimize for y our cac he, y ou made a decision to optimize

for y our hardw are. So kno w the game pieces y ou are pla ying with. It is not enough just to kno w ho w

large y our cac he is.

� If y our hardw are can read and write without going through the cac he, use that facilit y for data whic h

is not accessed again. If y ou do so, y ou a v oid sp oiling the cac he with data whic h can not b e reused.

� When y ou optimize for a cac he, optimize for the smallest top-lev el cac he, �rst. It is the fastest and

giv es y ou the b est sp eed.
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Bo x 5: The pro cess of padding

P adding a v oids cac he con
icts b y making y our arra y longer and c hange it's base address. First, there are

t w o things y ou need to kno w (see also b o x 8 on page 20):

� U A

L

: the user arra y length | the minim um length of y our arra y .

� U T

L

: the user tile length | the minim um length of a tile.

Then padding tells y ou:

� A

L

: the real arra y length | that is U A

L

plus the required in tra-v ariable pad.

� T

L

and T

H

: the real tile length and heigh t | T

L

is U T

L

plus zero or more un used elemen ts.

� A

adr

and B

adr

: the base addresses of y ou arra ys.

Figures 2, 3 and 4 ma y create the impression that y our c hosen arra y length U A

L

implies a tile size T

L

.

The algorithms from Lam, Roth b erg and W olf [3 ] and Coleman and McKinley [2] actually go this w a y

but the resulting tile size is often v ery degenerated.

P adding w orks exactly the other w a y around: once y ou ha v e c hosen y our user tile length U T

L

it tells

y ou whic h arra y length A

L

y ou should use (where A

L

� U A

L

). That is: padding c ho oses y ou arra y length

so that y ou get y our in tended tile size.

Dep ending on whic h padding algorithm y ou use, the real tile length T

L

is sub jected to some restrictions.

Therefore, y ou ma y need to c hange y our in tended tile length U T

L

to T

L

so that T

L

meeds the restrictions.

In the text, for didactic reasons I �rst tell y ou ho w to calculate the arra y length A

L

giv en T

L

in section 3.2.

Later, I describ e ho w y ou �nd T

L

giv en U T

L

(sections 3.4 and 3.5). Y ou need to c hange the base address

of y our arra ys only if y ou w ork with sev eral arra ys. This is describ ed in section 3.6.

� Y ou do not need to pad arra ys whic h are so small that they �t completely in to the cac he.

� Think in cac he lines. Y our cac he w orks with whole cac he lines not with single arra y elemen ts.

� Note that reads and writes slo w do wn y our program. Most p eople think only ab out read accesses when

optimizing but write accesses can cause as m uc h trouble as read accesses.

� It is exceedingly hard to debug cac he b eha vior b ecause y ou cannot see in to y our cac he. If y ou do not

use an analyze program y ou will most lik ely not ev en recognize when y our program's sp eed is h urt b y

bad cac he usage. A tric k is to con v ert the addresses of the memory accesses in to cac he line n um b ers

( adr mo d C

S

) and to prin t them.

In the rest of this section I assume y ou ha v e a direct mapp ed cac he. If y ou ha v e a m ulti-w a y cac he, divide

its size b y the n um b er of w a ys and use that v alue as cac he size C

S

; e. g. a 3-w a y cac he with 1536 cac he lines

giv es C

S

= 512. If y ou ha v e sev eral cac hes use the size of the smallest one. If not stated di�eren tly I assume

all lengths are in cac he lines | that is: the size of the cac he and the length of an arra y or tile is giv en in

cac he lines. If y our computer uses cac he lines with di�eren t lengths, use the longest one. Heigh ts are giv en

in lines and nev er in cac he lines.

I ha v e no exp erience with virtual mapp ed cac hes. Therefore, the metho ds presen ted in this pap er ma y or

ma y not w ork for virtual mapp ed cac hes. Y ou need to tak e care of what ev er is necessary to mak e padding

w ork with that kind of cac hes; consider esp ecially the virtual page length and the table lo ok aside bu�er.

3.2 Ho w do y ou pad a single t w o-dimensional arra y?

Wh y do it? to a v oid self-in terference
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What to do? align y our arra y base address at a cac he line b order and extend the line length of the arra y

There are t w o things y ou need to do:

1. mak e y our arra y start at a cac he line b order

2. extend the length of all lines of y our arra y

In sections 3.4 and 3.5 y ou learn wh y y ou need to align the arra y at a cac he line b order. It is not alw a ys

necessary to start an arra y at a cac he line b order (see b o x 6 for a coun ter example). On the other hand,

aligning an arra y at a cac he line b order costs y ou only a few b yte and it do es not do an y harm if y ou do it

unnecessarily . Therefore, it is wise to start all arra ys at a cac he line b order.

If a cac he line holds C L

S

elemen ts of y our arra y and the base address for

y our arra y is adr (in arra y elemen ts) then y ou can calculate the next higher

address whic h is aligned at a cac he line b order, using this function:

base address

= arra y elemen ts

main memory

main memory

cac he lines

A

adr

( adr ; C L

S

) = adr + ( C L

S

� ( adr mo d C L

S

)) mo d C L

S

Note: the outer mo dulo-function is not surplus (consider the case where

( adr mo d C L

S

) is 0). Y ou need to allo cate C

S

� 1 elemen ts more for y our

arra y , to ha v e enough space for the alignmen t.

No w, y ou m ust extend the length of the lines of y our arra y to a v oid self-in terference (see �gure 7). I

assume ro w-ma jor memory la y out, if y our arra y is stored in column-ma jor order then y ou need to extend

the heigh t of the columns. This kind of padding is called in tra-v ariable padding. A t the momen t, there are

t w o algorithms to select a pad length. One is describ ed in P anda et al. [5 ], and the other is m y in v en tion:

Odd-P adding. Here I describ e the Odd-P adding algorithm.

Y ou need to ful�ll the follo wing requiremen ts

1

:

� The size of y our cac he

2

is a p o w er of t w o i. e. C

S

2 f 1 ; 2 ; 4 ; 8 ; 16 ; 32 ; 64 ; : : : g .

� Y our cac he line size is a p o w er of t w o i. e. C L

S

2 f 1 ; 2 ; 4 ; 8 ; 16 ; 32 ; 64 ; : : : g .

� Y ou ha v e c hosen a tile length T

L

whic h is also a p o w er of t w o and is giv en in m ultiples of cac he lines.

� Y ou kno w that y our arra y m ust b e at least U A

L

cac he lines long.

Then the heigh t of y our tile | in lines | is:

T

H

=

C

S

T

L

Y ou do not need to use all lines. T

H

is just the upp er maxim um. The length of y our arra y m ust b e an

o dd m ultiple of the tile length i. e. A

L

= iT

L

where i 2 f 1 ; 3 ; 5 ; 7 ; 9 ; 11 ; 13 ; : : : g . That A

L

m ust b e an o dd

m ultiple of T

L

is the core of the Odd-P adding algorithm and based on a prop ert y of the mo dulo-function

(see section 4.1 for a pro of ). Y ou can use this form ula to calculate suc h a length for y our arra y:

A

L

( U A

L

; T

L

) = U A

L

+ (2 T

L

� (( U A

L

+ T

L

) mo d (2 T

L

))) mo d (2 T

L

)

The new arra y length A

L

ma y b e up to 2 T

L

C L

S

� 1 elemen ts longer than the initial arra y length U A

L

.

(Recall: T

L

is the tile size in cac he lines, C L

S

is the cac he line size in elemen ts. Therefore, T

L

C L

S

is the

tile size in elemen ts.) Confused? Ho w ab out an example?

1

If the �rst t w o requiremen ts do not meet y our situation, y ou need to lo ok at the theorem of section 4.2 to �gure out ho w

to handle y our case. Requiremen t three is w eak ened in sections 3.4 and 3.5.

2

I assume a direct mapp ed cac he. See the end of section 3.1 for ho w to calculate C

S

if y ou ha v e a m ulti-w a y cac he.
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tile

arra y length A

L

= 3.2 T

L

cac he size C

S

= 8 T

L

tile heigh t T

H

= 8 lines

unpadded arra y

cac he

con
ict un used

cac he

pad

padded arra y

arra y length A

L

= 5 T

L

cac he size C

S

= 8 T

L

tile heigh t T

H

= 8 lines

pad = 1.8 T

L

Figure 7: Here is an example of the e�ect of in tra-v ariable padding. In the top �gure, the arra y is not

padded. Only t w o of its eigh t tile lines are mapp ed in to the cac he without causing cac he in terference. A

large part of the cac he remains un used.

In the b ottom �gure, the same arra y has b een padded to the next o dd m ultiple of the tile size. All tile

lines are mapp ed in to the cac he without an y in terference and the whole cac he is used.

Example 1: P adding for a t w o dimensional arra y

Assume the follo wing situation:

� Y our cac he line size C L

S

is 8 elemen ts.

� Y our cac he size C

S

is 128 cac he lines (that is 1024 elemen ts).

� Y ou tile length T

L

is 4 cac he lines.

� Y ou w an t to use an arra y with a length of U A

L

= 32 cac he lines and a heigh t of 256 lines.

The padded length of y our arra y m ust b e an o dd m ultiple of the tile length:

A

L

(32 ; 4) = 32 + (8 � ((32 + 4) mo d 8)) mo d 8 = 36

Y ou need to create an arra y with 256 lines, eac h line has 36 cac he lines, that is 288 elemen ts p er line. Note

that A

L

=T

L

= 36 = 4 = 9 is o dd as required.

It remains to allo cate that arra y and to align its base address at a cac he line b order. The arra y has

256 A

L

C L

S

= 73728 elemen ts but y ou need to add C L

S

� 1 = 7 elemen ts for the aligning purp ose, so that

y ou allo cate 73735 elemen ts.
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adr = alloc( 73735 )

(Note: I assume here that the alloc -function returns a ph ysical address. If the virtual page length is a

m ultiple of the cac he size then the virtual address can b e used, to o.) Assume the op erating system returns

y ou address adr = 12345. Y ou need to use the start of the next cac he line as the base address of y our arra y:

A

adr

(12345 ; 8) = 12345 + (8 � (12345 mo d 8)) mo d 8 = 12352

A

adr

= 12352 is the base address for y our arra y . The size of y our arra y is 256 lines with 288 elemen ts. The

tile length is T

L

C L

S

= 4 � 8 = 32 elemen ts and y our tile heigh t is C

S

=T

L

= 128 = 4 = 32 lines.

This arra y , for example, could b e the Y arra y of the tiled matrix m ultiplication from �gure 1 if the tile

size B is 32. Note: the cross-in terference with arra ys X and Z w ould not b e a v oided, only the self-in terference

of arra y Y w ould b e remo v ed.

F or padding y ou m ust c hange these parts of y our program: the allo cation of y our arra y as describ ed ab o v e,

all accesses to that arra y to tak e in to accoun t the new arra y length and the new arra y base address, and the

lo ops | where p ossible | so that they w ork on y our arra y in tiles whic h are T

L

C L

S

elemen ts long and T

H

lines high.

F rom the text of this section y ou ma y ha v e correctly concluded that y ou can sa v e memory b y c ho osing

the tile length T

L

small. Note ho w ev er that y our hardw are ma y b ene�t from long tiles, esp ecially if y ou ha v e

stream bu�ers. My exp erience sho ws that short tile length degenerate program sp eed on computers with

stream bu�ers.

3.3 Ho w can y ou access that arra y?

Wh y do it? to get the optim um out of padding and tiling

What to do? kno w the rules ab out accessing y our arra y

Let me �rst de�ne what the tile base co ordinate is. It is simple: the tile

base co ordinate ( T

x

, T

y

) is the co ordinate of the leftmost and topmost arra y

elemen t in a tile.

arra y

tile base co ordinate ( T

x

, T

y

)

tile

The basics of tiling are easy: once y ou access an elemen t of a tile, the cac he line whic h holds that elemen t

is loaded in to the cac he. That cac he line sta ys in the cac he un til the tile is mo v ed to some other place of the

arra y . Therefore, y ou should access a once loaded cac he line as often as y ou can b efore y ou mo v e the tile to

another p osition. This also implies the con v erse: if y ou access cac he lines just once, tiling and padding will

not impro v e the sp eed of y our program.

An example for go o d tiling is the access to the Y arra y in the tiled v ersion of the matrix m ultiplication

algorithm from �gure 1. In the i lo op, all elemen ts of the same tile of the Y arra y are accessed o v er and o v er

again. Once for eac h di�eren t v alue of i . The elemen ts of a tile are loaded from memory when �rst accessed

and afterw ards are alw a ys read directly from the m uc h faster cac he.

Unfortunately , things are not alw a ys so easy . Here are some rules whic h

y ou need to pa y atten tion to:

� All y our memory accesses m ust go to that tile and m ust sta y in the

b oundary of it. When y ou access another memory lo cation, a cac he line

b elonging to the tile is kic k ed out of the cac he and m ust b e reloaded

from the slo wly main memory when accessed later, no matter whether

y ou access the same arra y whic h y ou ha v e tiled, another arra y or ev en a

non-arra y v ariable. In section 3.6 I tell y ou ho w to access sev eral arra ys

without causing in terferences.

cac he lines

cac he lines shared

b y t w o tile lines

cac he

tile with three lines

whic h do not start

at a cac he line b order

arra y
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Bo x 6: Brute-F orce-P adding

Brute-F or c e-Padding is another metho d for in tra-v ariable padding. The disadv an tage of Brute-F orce-

P adding is that y ou need to use a pad up to the length of y our cac he min us t w o times the tile length. This

is to o m uc h pad for Brute-F orce-P adding b eing useful in practise. But it still ma y b e used for theoretical

considerations or in v ery rare programming situations.

The adv an tage of Brute-F orce-P adding is that it can deal with o dd situations. Cac he size, arra y

length and tile size m ust not ev en b e m ultiples of a cac he line size. Brute-F orce-P adding c ho oses the arra y

length to b e either A

L

= iC

S

+ T

L

where i 2 N or A

L

= iC

S

� T

L

where i 2 N n f 0 g . Consider this

all-o dd-example:

arra y

user tile length U T

L

= 1.75 C L

S

arra y size A

L

= 11.75 C L

S

real tile length T

L

= 2.75 C L

S

p ossible tile base co ordinates =

an y co ordinate/no restrictions

cac he size C

S

= 9 C L

S

cac he lines

cac he

The length of this arra y is a m ultiple of the cac he size plus the length of the tile i. e. A

L

= C

S

+ T

L

=

9 C L

S

+ 2 : 75 C L

S

. The e�ect is that tile line 1 is mapp ed precisely b ehind tile line 0. Tile line 2 b ehind

tile line 1 and so on. . .

F urthermore, the real tile length of the example arra y is the user tile length plus a cac he line size i. e.

T

L

= U T

L

+ C L

S

= 1 : 75 C L

S

+ 1 C L

S

. Therefore, there will alw a ys b e a cac he line b order b et w een the

end of one line of the tile and the next one. This allo ws the tile base x-co ordinate to start at an y arbitary

p osition and it p ermits the arra y to start at an y arbitary p osition in a cac he line.

Of course, y ou can create suc h a tile length and arra y length with padding. Here is ho w it w orks: (Let

U A

L

b e the arra y length y ou w an t and U T

L

the desired tile length, all v alues are giv en in arra y elemen ts)

Consider these questions:

1. Do es y our arra y start at a cac he line b order?

2. Is y our desired arra y length U A

L

a m ultiple of the cac he line size C L

S

?

3. Is y our desired tile length U T

L

a m ultiple of the cac he line size?

4. Do y ou w an t to mo v e the tile base x-co ordinate only to m ultiples of the cac he line size?

If y ou can answ er all of the ab o v e questions with \y es" then y our tile size is T

L

= U T

L

. If y ou

answ er some questions with \no", or if y ou are unsure, y our m ust use tile size T

L

= U T

L

+ C L

S

.

The maximal heigh t of the tile is T

H

= b C

S

=T

L

c : The length of y our arra y m ust b e:

A

L

= if t < U A

L

mo d C

S

then U A

L

� ( U A

L

mo d C

S

) + t + C

S

else U A

L

� ( U A

L

mo d C

S

) + t

where t = if T

L

< U A

L

mo d C

S

� C

S

� T

L

then C

S

� T

L

else T

L

Note: theorem (42) is an instance of this form ula and is pro v en in section 4.5.

The dra w bac k of Brute-F orce-P adding is y our need to add up to the length of y our cac he min us t w o

times the tile length and min us one elemen t to ev ery arra y line A

L

� U A

L

� C

S

� 2 T

L

� 1.
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Bo x 7: Ho w exp ensiv e is padding?

F or padding, y ou pa y mainly with storage space. Here is ho w m uc h memory y ou lose in the w orst case

(all v ariables are giv en in elemen ts):

cac he line alignmen t all metho ds C L

S

� 1

in ter-v ariable padding all metho ds C

S

� 1

Brute-F orce-P adding ( C

S

� 2 T

L

) � 1

in tra-v ariable padding Odd-P adding 2 T

L

� 1

panda et al.'s D A T ( C

S

� 2 T

L

) � 1

P anda et al. [5] do not write ho w m uc h pad their D A T algorithm uses in the w orst

case. F rom exp erimen ts I kno w that it uses m uc h more pad in the w orst case

than the Odd-P adding algorithm (see also section 3.11). Since the Brute-F orce-

P adding algorithm w ould alw a ys �nd a solution for the parameters used in the D A T

algorithm, the D A T algorithm will at least �nd the same solution. Therefore, I

use the w orst case of the Brute-F orce-P adding algorithm as the w orst case of the

D A T algorithm.

?
Another imp ortan t question is: ho w m uc h faster will y our program b e? Unfortunately it is exceedingly

hard to answ er that question. It mainly dep ends on ho w m uc h y our program su�ers from cac he in terference

b efore y ou do padding, ho w y our hardw are w orks and ho w go o d y our implemen tation of padding is |

debugging cac he problems is v ery di�cult.

It w ould b e helpful to kno w ho w m uc h other programs win in a v erage but padding is relativ ely new

and I do not kno w an y reliable data, y et. My b est guess is that a padded lo op will mak e at le ast 5% in

most cases where padding mak es sense and o v er 50% in v ery rare cases.

� The p ositions where y ou can mo v e the tile base co ordinate to are re-

stricted. T o b e precise: y ou can mo v e the tile y-co ordinate T

y

to an y

line y ou w an t | as long as it sta ys in the arra y , of course. If y ou mo v e T

y

to a far a w a y corner of the univ erse, these nast y space-time-anomalies

will o ccur and y ou and y our computer ma y b e sw allo w ed b y blac k hole.

The problem is the T

x

co ordinate of y our tile. It can only b e mo v ed to

a cac he line b order. Since y ou ha v e aligned the arra y base address at a

cac he line b order | no w y ou see wh y y ou need to do so | T

x

m ust b e

a m ultiple of C L

S

. If the base x-co ordinate of a tile do es not fall on a

cac he line b order, the start of one tile line and the end of another one

will fall in to the same cac he line and giv e rise to cac he-in terference. In

sections 3.4 and 3.5 I describ e ho w to get rid of this restriction.

Note: the frequen t case where the tile is mo v ed horizon tally in suc h a w a y

arra y

arra y

remain in the cac he

elemen tsold tile new tile

that the new tile starts where the old one ends is allo w ed b ecause the tile

length is a m ultiple of the cac he line size.

When y ou mo v e the tile base co ordinate to a new p osition, so that the

old tile o v erlaps partly the new one, the elemen ts in the o v erlapping region

will sta y in the cac he and do not need to b e reloaded.

3.4 Ho w do y ou pad for tiles with o dd base co ordinates?

Wh y do it? to use tiles whic h are not aligned at cac he line b orders
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What to do? enlarge the tile b y adding un used elemen ts

What if y ou need to mo v e the tile base co ordinate to di�eren t p ositions whic h

tile

additional elemen ts

U T

L

C L

S

are not aligned at a cac he line b order? Assume y ou wish to use a tile length

U T

L

whic h is a m ultiple of the cac he line size C L

S

and not necessarily a

p o w er-of-t w o. The case where y our in tended tile length is not ev en a m ultiple

of C L

S

is handled in section 3.5.

Y ou need to mak e the real tile length T

L

some elemen ts longer than U T

L

b efore y ou calculate the arra y length, using the metho d giv en in section 3.2.

That is: y ou pad the tile length with dumm y elemen ts whic h y ou do not really

use. Y ou m ust mak e T

L

at least one cac he line longer than y our in tended

tile length. That is, if U T

L

and T

L

are giv en in m ultiples of C L

S

:

Odd-padding do es not mak e b est

use of the cac he when U T

L

is not

a p o w er of t w o. Assume:

U T

L

= 5 ; C

S

= 32

o dd-padding:

T

L

= 8 ; T

H

= 4

brute force padding (see b o x 6):

T

L

= 5 ; T

H

= 6

Brute force padding can utilize

t w o tile lines more in this case.

T

L

= U T

L

+ 1

Y ou ma y add more than one m ultiple of C L

S

. This is esp ecially helpful when

y ou use the Odd-P adding algorithm and y ou need to mak e T

L

a p o w er of

t w o. Note, ho w ev er, that the Odd-P adding algorithm ma y not necessarily

utilize the cac he b est when y ou do so (see the coun ter example on the righ t).

Y ou calculate the arra y length A

L

with this new, longer T

L

using the form ula

of section 3.2.

cac he lines

cac he

tile with three lines

whic h do not start

at a cac he line b order

arra y

one cac he line pad

un used elemen ts a v oid

cac he in terference

It is imp ortan t to understand that y ou are not allo w ed to use | that is to

access | these additional elemen ts. These un used elemen ts mak e sure that

there is a cac he line b order b et w een an y tile line. Moreo v er, if y ou extend

U T

L

b y at least one cac he line size, y ou do not need to align y our arra y at

a cac he line b order b ecause y our tile base co ordinates ma y then start at an y

arbitrary p osition.

3.5 Ho w do y ou pad for tiles with o dd sizes?

Wh y do it? to use tiles whic h are not a m ultiple of the cac he line size

What to do? enlarge the tile b y adding un used elemen ts

My reason for including this section is to prev en t p eople from making a simple mistak e. When y ou ha v e a

user tile length U T

L

whic h is not a m ultiple of the cac he line size C L

S

y ou c annot alw a ys c ho ose the next

m ultiple of the cac he line size as y our tile length T

L

. Here, y ou can learn wh y y ou cannot do it and ho w y ou

can �nd a go o d tile length.

In general what y ou need to do is: extend y our in tended tile length U T

L

to the next m ultiple of C L

S

and add another C L

S

as pad. F or example let U T

L

b e 22 elemen ts and C L

S

= 8 elemen ts. Extending U T

L

to the next m ultiple of C L

S

giv es 24 and further adding one C L

S

on it results in a real tile length of T

L

= 4

cac he lines or 32 elemen ts. As form ula this is ( U T

L

and C L

S

are giv en in elemen ts and T

L

is giv en in cac he

lines):

T

L

( U T

L

; C L

S

) = ( U T

L

+ ( C L

S

� ( U T

L

mo d C L

S

)) mo d C L

S

)) =C L

S

+ 1

As in section 3.4 y ou are not allo w ed to access these additional elemen ts and y ou can add more m ultiples of

C L

S

to T

L

if y ou w an t to. Y ou can mo v e the tile to an y arbitrary base co ordinate and, hence, do not need

to align the arra y at a cac he line b order.

There is a sp ecial case where y ou do not need to add the additional cac he line size. This case o ccurs

when

g cd ( U T

L

mo d C L

S

; C L

S

) = ( U T

L

mo d C L

S

)

and y ou do not mo v e the tile base co ordinate to an y other p osition than:

( i ( U T

L

mo d C L

S

) ; j ) where i; j 2 N
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Bo x 8: P adding | a quic k o v erview

U T

L

, U A

L

y ou kno w y our arra y length and y our tile length

T

L

, T

H

from y our in tended tile length y ou calculate the necessary real tile length T

L

and the tile heigh t (sections 3.4 and 3.5)

A

L

kno wing T

L

and U A

L

y ou calculate the padded arra y length (section 3.2)

A

adr

, B

adr

y ou allo cate y our arra ys and align the �rst at a cac he line b order (section 3.2)

(if necessary) and then calculate the base address of all further arra ys (if an y)

relativ e to the address of the �rst one (section 3.6)

Note that y our arra y m ust also start at suc h a p osition. If this case meets y our situation, y ou can use this

form ula to calculate y our tile size:

T

L

( U T

L

; C L

S

) = ( U T

L

+ ( C L

S

� ( U T

L

mo d C L

S

)) mo d C L

S

)) =C L

S

Let me �rst explain this form ulae and then wh y a smaller tile size is enough.

Example 2: When can y ou use smaller tiles?

W rite U T

L

as fraction | the w a y c hildren do it | if there is a one on top of the fraction, after shortening,

then y ou can use the later form ula for T

L

. Here are some examples:

U A

L

p ossible base

as fraction

x-co ordinate

8

1

4

i C L

S

1

4

C L

S

5

1

8

i C L

S

1

8

C L

S

3

3

C L

S

7

8

C L

S

2

3

8

C L

S

4

5

There m ust b e a one

3

1

2

i C L

S

1

2

C L

S

3.5 C L

S

8.25 C L

S

5.125 C L

S

3.75 C L

S

5.875 C L

S

2.375 C L

S

No w, let me explain wh y y ou can use a shorter tile in some cases. A tile

line with o dd length uses one or t w o cac he lines only partially , the leftmost

or the righ tmost or b oth of them. Tiles with lines whic h use alw a ys only one

cac he line partially can use shorter real tile length. Tiles whic h use sometimes

b oth the leftmost and the righ tmost cac he line partially need a cac he line

more (see the example at the righ t). The p ossible x-co ordinates pla y also a

role. If the U T

L

= 3 : 5 C L

S

tile could b e mo v ed in 0 : 25 C L

S

steps, it w ould

also sometimes use b oth cac he lines at its b order partially and, therefore,

w ould need a real tile size of ( T

L

= 5)

3

.

) T

L

= 4 C L

S

U T

L

= 3

1

2

C L

S

U T

L

= 2

3

4

C L

S

) T

L

= 4 C L

S

= tile line

cac he lines

Note that I did not pro v e an y of m y claims of sections 3.4 and 3.5.

3.6 Ho w do y ou pad for sev eral arra ys?

Wh y do it? to a v oid cross-in terference when accessing sev eral arra ys in the same lo op

3

F or usage with the Odd-P adding algorithm y ou w ould need to use T

L

= 8 b ecause T

L

m ust b e a p o w er of t w o.
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arra y B

cac he

arra y A

single arra y

Figure 8: Here, I explain the relationship b et w een padding for one arra y and padding for sev eral arra ys. All

arra ys in this �gure are �v e times as long as a tile line. The cac he is eigh t tile lines long. The padded arra y

in �gure 7 has the same relation b et w een arra y length and cac he size.

The tile of a single arra y (top) has eigh t lines. When using t w o arra ys (b ottom), these eigh t tile lines

are distributed b et w een these t w o arra ys, so that eac h arra y has exactly four lines. Arra y A uses the top

four tile lines of the single arra y and arra y B uses the b ottom four lines. Distributing the tile lines this w a y

a v oids cross-in terference b et w een the t w o arra ys. The tric k is to �nd the rigth base address for arra y B .

What to do? pad the base address of the arra ys (in ter-v ariable padding)

The basic idea here is to distribute the a v ailable tile lines among sev eral arra ys b y arranging their base

address appropiately . This is done b y in ter-v ariable padding | through addition of un used elemen ts at the

b egin of the arra y . There is a strong relation to the one-arra y case (see �gure 8).

Assume y ou w an t to access n arra ys. Let these arra ys ha v e n um b ers 0 (the �rst one) to n � 1 (the last

one). Eac h arra y m ust ha v e the same length A

L

and use the same tile length T

L

and tile heigh t T

H

. Here

is ho w y ou do it:

1. First, �nd the appropiate tile length T

L

b y refering to sections 3.4 and 3.5. If y ou w an t to use the

algorithm of P anda et al. [5 ], a tile length whic h is a m ultiple of the cac he line size C L

S

will do it. If

y ou w an t to use the Odd-P adding algorithm from section 3.2 y ou need a tile length whic h is a p o w er

of t w o.

2. Since y ou use n arra ys, the heigh t of a tile is:

T

H

=

�

C

S

nT

L

�

All arra ys m ust use the same T

L

and T

H

.



3 THE P ADDING F OR TILING GUIDE 22

�
�
�
�

�
�
�
��

�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

��
��
��
��

��
��
��
��

= memory used b y other applications

= in ter-v ariable pad

= elemen ts of the arra ys whic h are not in tiles

= tile lines (di�eren t patterns)

C

S

C

S

main memory

arra y A arra y B

2

nd

tile line of B

1

st

tile line of B

mo v ed b y 2 C

S

3

r d

tile line has b een

real address of theoretical

padded base adr. of B ( B

adr

)

in ter-v ariable pad for B

b y alloc() -function ( U B

adr

)

start address of B returned

theoretical p osition of the

2

nd

tile line of A

1

st

tile line of A

at a cac he line b order

pad to align arra y A

b y alloc() -function ( adr )

start address of A returned

cac he

3

r d

tile line of A

Figure 9: In ter-v ariable padding w orks b y mo ving the base addresses of the arra ys around. The arra ys are

three times as long as a tile and the cac he is four times as long as a tile line. The long v ertical lines in

the main memory sho w where a cac he mapping starts/ends. Note that the distance b et w een the start of a

cac he mapping and a tile line is exactly the distance whic h determines where the tile line is mapp ed in to the

cac he. F or example the second tile line of arra y A starts exactly at a cac he mapping b egin in main memory .

Consequen tly , it is mapp ed at the b eginning of the cac he.

The dark gra y parts are in ter-v ariable padding. F or simplicisit y in tra-v ariable padding is not sho wn in

this �gure. The base address of arra y A has b een padded to align the arra y at a cac he line b order. The

base address of arra y B has b een padded to the start of this theoretical 3

r d

tile line. Note that arra y B is

automatically aligned at a cac he line b order b ecause this 3

r d

tile line starts alw a ys at whatev er arra y A is

aligned to.

3. With the new tile length, calculate the arra y length A

L

, using the Odd-P adding algorithm from section

3.2 or the metho d from panda et al. [5 ]. It is imp ortan t that all arra ys ha v e the same length.

4. Allo cate the �rst arra y ( A ) and align its base address A

adr

at a cac he line b order:

A

adr

( adr ; C L

S

) = adr + ( C L

S

� ( adr mo d C L

S

)) mo d C L

S

adr is the address | in arra y elemen ts | whic h the alloc() -function of the op erating system returns,

when y ou allo cate the arra y . Y ou need to allo cate C

S

� 1 elemen ts more for y our arra y , b ecause the

alignmen t lea v es so m uc h elemen ts un used. See section 3.2 for an example. There is an exception to

this rule: if y ou ha v e c hosen T

L

appropriately and section 3.4 or 3.5 w aiv e the requiremen t to align

the arra y at a cac he line b order then y ou do not need to do it.

5. No w, y ou allo cate the remaining arra ys 1 to n � 1. Y ou calculate the base address using this form ula:

B

adr

( A

adr

; U B

adr

; o ) = if ( o + A

adr

) mo d C

S

< U B

adr

mo d C

S

then U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

+ C

S

else U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S
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where

o = ( T

H

A

L

v ) mo d C

S

Y ou m ust allo cate C

S

C L

S

� 1 elemen ts more p er arra y b ecause so m uc h in ter-v ariable pad ma y b e

needed. U B

adr

is the address the alloc() -function returns to y ou. v is the n um b er of the arra y y ou

are allo cating (1 to n � 1). A

adr

is the padded address of the �rst arra y .

Clearly , the tric k is to �nd the righ t pad for the arra ys 1 to n � 1. Ho w do es it w ork? The ab o v e B

adr

function will result in something lik e A

adr

+ iC

S

+ o . iC

S

do es not matter for the cac he mapping and can

b e ignored. Assume the case where n is 4 and the tile heigh t T

H

is 8. The resulting addresses w ould b e:

A

adr

+ (0 � 8 A

L

) mo d C

S

for arra y 0

A

adr

+ (1 � 8 A

L

) mo d C

S

for arra y 1

A

adr

+ (2 � 8 A

L

) mo d C

S

for arra y 2

A

adr

+ (3 � 8 A

L

) mo d C

S

for arra y 3

That is: arra y 0 uses tile lines 0{7 of a single arra y . Arra y 1 starts exactly where the 8

th

tile line of a single

arra y w ould go and, therefore, uses tile lines 8{15 of that imaginary single arra y . Arra y 2 starts exactly

where the 16

th

tile line of a single arra y w ould b egin and uses tile lines 16{23. Arra y 3 uses tile lines 24-31

of that theoretical single arra y (enjo y also �gure 9).

3.7 Ho w can y ou access sev eral arra ys?

Wh y do it? to a v oid cross-in terference and get the maxim um out of padding

What to do? kno w the rules

The rules are the same as those stated in section 3.3. T o k eep this pap er

small and to a v oid b oring the reader I do not rep eat them here. There is one

additional new rule when handling sev eral arra ys. This rule go es lik e this:

F or all arra ys accessed at the same time, i. e. in the same lo op, y ou m ust

use the same base co ordinate for all tiles. See �gure 10 for what happ ens

when y ou violate this rule. This rule is a sev ere restriction of the usefulness

of padding. If this restriction is a problem, y ou m y w an t to try one of these

metho ds to a v oid cac he in terference: cop ying (T emam et al. [8 ]) or T etris.

arra y A arra y B

The tile base co ordinate is a concept whic h I in tro duced to explain ho w

y ou m ust handle y our arra ys. It is nothing whic h y ou need to tell y our

hardw are or op erating system ab out. Y ou simply access the arra ys in the de-

scrib ed w a y . Y our hardw are will then op erate correctly (. . . er . . . hop efully).

3.8 Ho w do y ou handle m ulti-dimensional arra ys?

Wh y do it? to a v oid cac he in terference when accessing arra ys with more

than t w o dimensions

What to do? c hop the arra y in to t w o-dimensional planes

If y ou need to w ork on arra ys with more than t w o dimensions, simply dissect

them in to a n um b er of t w o dimensional planes and pad and access them as

describ ed in the previous sections. Sometimes y ou will �nd y ourself in a

situation where y ou need to access sev eral | but not all | planes at once.

I will sho w y ou on an example ho w y ou can handle this:

Assume y ou ha v e a 3D-arra y with 6 planes but y ou access only three of

them at the same time. First y ou access planes 0, 1 and 2. Next 1, 2, 3
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cross-in terference b ecause a

tile line from eac h arra y is mapp ed to

same lo cation in the cac he

arra y B

cac he

arra y A

Figure 10: The accesses to the arra ys in this example do not use the same tile base co ordinates for b oth

arra ys and, therefore, cause cac he in terference. Compare this with �gure 8.

Bo x 9: The Odd-P adding algorithm | a quic k o v erview

� y our tile length and y our cac he size is a p o w er of t w o

� y our arra y and y our tile start alw a ys at a cac he line b order

� y our tile heigh t is the cac he size divided b y the tile length

� y our arra y length m ust b e an o dd m ultiple of y our tile length

then 2, 3, 4 �nally 3, 4, 5. Ho w do y ou pad this? Assume y our cac he can

hold 16 tile lines, then for three arra ys eac h tile has a heigh t of 5 lines and

one line remains un used. F urther I assume y ou ha v e padded the arra y length

appropriately .

Y ou pad the �rst three planes (0, 1, 2) as if y ou had only these three

arra ys using the metho d describ ed in section 3.6. Y ou pad plane 3 using the

B

adr

-function with the same o y ou used for arra y 0. Then y ou pad plane 4

with the o y ou used for arra y 1 and �nally y ou pad arra y 5 with the o of

plane 2. The result is this:

tile lines

0{4

5{9

10{14

plane 3, 4, 5

plane 0, 1, 2

0

1

2

3

1

2

3

4

2

3

4

5

access patterns

plane # padded using o of arra y tile lines reserv ed

0 0 0{4

1 1 5{9

2 2 10{14

3 0 0{4

4 1 5{9

5 2 10{14

This w a y , there will b e no in terference with an y access com bination men-

tioned ab o v e. F or example when y ou access planes 2, 3, 4 then tile lines

10{14, 0{4 and 5{9 are used resp ectiv ely . There are no o v erlapping tile lines.
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3.9 Ho w do y ou pad for hierarc hical cac hes?

Wh y do it? to mak e b est use of all cac hes y ou ha v e

What to do? sorry , man, there is (almost) no w a y . . .

First of all, let me clarify: in this section I discuss only padding for hierar-

pro cessor

small cac he

big

cac he

main memory

data

read

c hical tiling for c aches . Hierarc hical tiling can b e used for other stu� but

then it uses totally di�eren t mapping functions and, therefore, the metho ds

describ ed in this text do not apply .

tile accessed �rst is

accessed latter again

Let me assume y ou ha v e t w o cac hes: a small and fast one and one whic h

is bigger and slo w er but still faster than y our memory . The idea b ehind

hierarc hical tiling is: to use not only the small cac he but also the big one to

sp eed up y our program. Y ou need to ha v e or create an access pattern lik e

this: �rst y ou access one tile, then y ou c hange the tile base co ordinates and

access some other tiles, later y ou will come bac k and re-access the �rst tile.

Hierarc hical tiling tries to hold the data of the �rst tile in the big cac he, so

that it need not to b e read from memory when the tile is accessed the second

time.

F or hierarc hical tiling to mak e sense y our big cac he m ust b e

� m uc h faster than the memory

� m uc h bigger than the �rst cac he (McKinley and T emam [4] found that the cac he size m ust b e made

m uc h bigger to gain a signi�can t win.)

But this is a com bination y ou usually do not �nd in real computers. The \big" cac he is either small and fast

or large and slo w.

Nev ertheless, I kno w p ossibilities to com bine padding with hierarc hical tiling but there is only one whic h

mak es sense to me and it is a v ery restricted case. I explain y ou that case here but m y advise is to a v oid

hierarc hical tiling as long as y ou ha v e no reason to b eliev e that it will b e a great adv an tage in y our case.

Most lik ely y ou will �nd y ourself sp ending m uc h time and gaining only a small win. If y ou still b eliev e

hierarc hical tiling is an adv an tage for y ou, consider reading ab out T etris b ecause T etris has more p o w erful

means to utilize sev eral cac hes.

Here is ho w y ou pad for t w o cac hes: the smaller/faster cac he has size C

S

, and tile size T

H

, T

L

with tile

base co ordinates T

x

, T

y

. The bigger cac he has size B C

S

and tile size B T

H

, B T

L

and tile base co ordinates

B T

x

, B T

y

.

� The size of the big cac he, B C

S

, m ust b e a p o w er of t w o.

� The tile in the big cac he m ust ha v e the same length as the tile in the small cac he, i. e. B T

L

= T

L

.

(I told y ou: it is a restricted case!)

� The parameters of the small cac he m ust meet all requiremen ts of the Odd-P adding algorithm, that is:

{ The size of y our small cac he is a p o w er of t w o i. e. C

S

2 f 1 ; 2 ; 4 ; 8 ; 16 ; 32 ; 64 ; : : : g .

{ Y our cac he line size is a p o w er of t w o i. e. C L

S

2 f 1 ; 2 ; 4 ; 8 ; 16 ; 32 ; 64 ; : : : g .

{ Y ou ha v e c hosen a tile length T

L

whic h is also a p o w er of t w o and is giv en in m ultiples of cac he

lines.

{ Y ou kno w that y our arra y m ust b e at least U A

L

cac he lines long.

� Y ou pad the length and the start address of y our arra y using the parameters of the small cac he. Y ou

must use the Odd-Padding algorithm , as describ ed in section 3.2 or section 3.6 if y ou deal with sev eral

arra ys.
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arra y B

arra y A

arra y B

arra y A

f o r i : = 2 t o N � 1 d o

f o r j : = 2 t o N � 1 d o

A [ i � 1 , j ] : = ( B [ i � 1 , j ] + B [ i + 1 , j ] +

B [ i , j � 1 ] + B [ i , j + 1 ] ) / 4

f o r j j : = 1 t o N � 1 b y T l d o

f o r i : = 2 t o N � 1 d o

f o r j : = m a x ( j j , 2 ) t o

m i n ( j j + T l � 1 , N � 1 ) d o

A [ i � 1 , j ] : =

( B [ i � 1 , j ] + B [ i + 1 , j ] +

B [ i , j � 1 ] + B [ i , j + 1 ] ) / 4

Figure 11: The top �gure sho ws ho w the un tiled stencil op eration pro cesses the arra y . The b ottom �gure

sho ws the tiled one, using tile size Tl . Note that the arra ys are three times T

L

long but the tiled lo op lea v es

out one elemen t of the left and righ t column. Letting a tile start one elemen t from the left is not legal

b ecause a tile m ust start at a cac he line b order.

That is all y ou need to do. The small and the big tile ha v e the same length but not the same heigh t:

T

H

=

C

S

T

L

B T

H

=

B C

S

B T

L

=

B C

S

T

L

=

T

H

( B C

S

)

C

S

arra y

small tile

big tile

Y ou can access eac h tile using the rules of section 3.3 or section 3.7 if y ou

use sev eral arra ys (in that case y ou need to divide T

H

and B T

H

b y n ). But

y ou need to follo w this additional rule: The small tile m ust alw a ys b e inside

the big tile, esp ecially T

x

= B T

x

. When y ou access a cac he line for the �rst

time, the cac he line is loaded in to the big and the small cac he. It will remain

in the small cac he un til y ou c hange the base co ordinates of the small tile. It

will remain in the big cac he un til y ou c hange the base co ordinates for the big

tile, no matter ho w often y ou c hange the base co ordinates of the small tile.

3.10 Ho w do y ou pad for stencil op erations?

Wh y do it? to a v oid cac he-in terference when doing stencil op erations

What to do? apply the metho ds of the former sections

I do not w an t to discuss stencil op erations in general. See the pap er of Riv era and Tseng [7] for a more general

discussion. Instead I concen trate up on the relation b et w een stencil op erations and padding. F urthermore, I

discuss only the example sho wn in �gure 6 on page 11. Please, ha v e a lo ok on that �gure.

If the arra ys are small enough, y ou do not need to use tiling. F or the example from �gure 6, if the cac he

holds a little bit more than t w o complete lines of the arra ys then tiling w ould b e unnecessary . I assume that

the arra ys are greater than that, so that y ou m ust tile the lo op as sho wn in �gure 11.

Ho w to c ho ose T

L

? Assume y ou ha v e a cac he with 128 cac he lines. I

advise y ou to split y our cac he in four tile lines, eac h 32 cac he lines long, as

sho wn in the �gure at the righ t. Then the access to A and eac h access to a

cac he

= area reserv ed and

protected for B

A

B B BB

line of B get an o wn tile line. That is a bit generous b ecause the accesses

to B require only to protect the gra y area from an y other use but the Odd-

P adding algorithm can only pad the arra ys for a p o w er of t w o n um b er of
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tile lines and that is four here. Y ou could use the remaining white space for

access to other arra ys if y ou ha v e suc h p ossibilities.

Note: the access to A is a write. In con trast to read-accesses writes ma y

b e dela y ed b y the write bac k bu�er of y our CPU. That is: they ma y happ en

later than they app ear in the program. Therefore, y ou need to reserv e t w o to

eigh t cac he lines b ehind a write access to a v oid con
icts with the next cac he

op eration.

CPU write

p oin t where

write should

o ccur

p oin t where

write actually

o ccurs

cac he

line

cac he

dela y

Tile y our lo op in suc h a w a y that it will use only 31 cac he lines, that is:

lea v e one cac he line unaccessed. In �gure 11 Tl should b e ( T

L

� 1) C L

S

. The

reason is that the accesses to arra y elemen ts B[i,j-1] and B[i,j+1] will

ha v e a lo ok in to the neigh b or tile. If y ou lea v e one cac he line un used, this

cac he line is used for that glimpse and no useful data is thro wn out of the

cac he.

Tl

arra y B

\visit" of neigh b or tile

Y ou need to pad the whole thing as describ ed in section 3.6. T o b e more

precise: y ou �rst pad the length of b oth arra ys. They will need to ha v e the

same length but not the same heigh t. Y ou do not need the �rst and last

\frame" line of arra y A . The situation is exactly as sho wn in �gure 6.

cac he

T

L

A

B B BB

The arra y A is the one with n um b er 0 and is aligned at a cac he line

b order as describ ed in section 3.2. Then arra y B is allo cated (with C

S

C L

S

� 1

elemen ts more for padding) and its base address is calculated using the B

adr

-

function from section 3.6. Here is an imp ortan t di�erence to that section:

y our arra ys use di�eren t tile heigh ts therefore y ou use o = T

L

for this B

adr

calculation (see the picture at the righ t). T ec hnical sp eaking y ou can c ho ose

an y o b et w een 1 and 2 T

L

� 2 or so. This w ould just mo v e the gra y area with

the accesses to B around in the cac he. With suc h o 's y ou could also place

other arra y accesses appropriately in the cac he.

The distance b et w een the B -accesses is de�ned b y the arra y length and

| since y ou ha v e padded the arra y length | b y tile length T

L

. Note: I do

not pro v e an ything from this section.

3.11 Ho w do y ou c ho ose a padding algorithm?

F or in tra-v ariable padding y ou can c ho ose b et w een sev eral algorithms. This is in teresting b ecause it is the

kind of padding where y ou most lik ely sp en t most memory for. Cho osing the righ t algorithm for in tra-

v ariable padding can sa v e y ou m uc h memory . (F or in ter-v ariable padding and cac he line alignmen t there is

only one p ossible metho d, so y ou do not ha v e a c hoice.) Y ou do not w an t to use the follo wing tec hniques for

padding:

Lam, Roth b erg and W olf 's metho d [3] often utilizes only a small part of the cac he. Moreo v er, it is not

a padding tec hnique b ecause it tells y ou y our tile size after y ou c ho ose y our arra y length. But most of

all: y ou can not c ho ose y our tile size, it tells y ou what size y ou m ust use.

Coleman and McKinley's algorithm [2 ] is also not a padding tec hnique. As Lam, Roth b erg and W olf 's

metho d [3] it tells y ou a tile size after y ou c ho ose y our arra y length. This tile size is rectangular and

uses most of the cac he but again: y ou can not c ho ose y our tile size or shap e. Y ou m ust accept whatev er

tile size this algorithm returns. It ma y b e a v ery degenerate tile.

Riv era and Tseng's metho d [6 ] do es only w orst case padding. That is: they only a v oid cases whic h are

describ ed in b o x 4. This tec hnique do es not guaran tee y ou that there will b e no cac he in terference.

Consequen tly , y ou do not kno w whic h size y our tile ma y ha v e.

Riv era and Tseng's metho d [7 ] do es only w orst case padding and in ter-v ariable padding. It is sp ecially

designed to handle stencil op erations.
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D A T 100%

D A T 90%

D A T 80%

D A T 70%

D A T 60%

D A T 50%

Odd-P adding

Av erage P ad Dep ending on Arra y Length

length of the arra y in elemen ts

2200200018001600140012001000

4 U T l

3 : 5 U T l

3 U T l

2 : 5 U T l

2 U T l

1 : 5 U T l

1 U T l

0 : 5 U T l

0 U T l

Figure 12: This plot sho ws the a v erage pad required for di�eren t user arra y length U A

L

. I assume a cac he

with 1024 elemen ts and a cac he line length of 8 elemen ts. Other v alues of C

S

and C L

S

will giv e v ery similar

curv es. F or eac h user arra y length b et w een 1024 and 2048 | I measure one p oin t all 8 elemen ts | I calculate

the a v erage pad length. That is: I calculate the pad for all tile sizes b et w een 8 elemen ts and 256 elemen ts

in steps of 8 elemen ts, dividing eac h single pad b y the tile length and use the a v erage as the v alue for that

p oin t. The meaning of the di�eren t p ercen tage n um b ers for P anda et al.'s D A T algorithm are describ ed in

b o x 12.

D A T 100%

D A T 90%

D A T 80%

D A T 70%

D A T 60%

D A T 50%

Odd-P adding

Av erage P ad Dep ending on Tile Size

length of the tile in elemen ts

300250200150100500

500

450

400

350

300

250

200

150

100
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0

Figure 13: This plot sho ws the a v erage pad for di�eren t tile length. I assume a cac he with 1024 elemen ts

and a cac he line length of 8 elemen ts. Other v alues of C

S

and C L

S

will giv e v ery similar curv es. F or eac h

user tile length U T

L

b et w een 8 and 256 I calculate the a v erage pad length. F or eac h giv en tile length the

a v erage pad is pro duced b y calculating the required pads for all arra y lengths from 1024 to 2048 in steps of 8

elemen ts. The meaning of the di�eren t p ercen tage n um b ers for P anda et al.'s D A T algorithm are describ ed

in b o x 12.
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Bo x 10: Whic h one is b etter: Odd-P adding or D A T?

Whic h algorithm is b etter: Odd-P adding or D A T? P anda et al.'s D A T [5] algorithm is b etter than the

Odd-P adding algorithm if y ou ignore the w orst case b eha vior of D A T. Odd-P adding has b een designed to

handle p o w er-of-t w o tile lengths when y ou w an t to utilize the whole cac he. F or this case the Odd-P adding

algorithm �nds the shortest p ossible pad. But the D A T algorithm �nds the same pad in that case. In all

other cases the Odd-P adding algorithm will p erform p o orly:

The tile length is not a p o w er of t w o. In this case y ou m ust exten t the tile length b y adding un used

elemen ts to it as describ ed in sections 3.4 and 3.5. F or example for a user tile length of 17 cac he

lines y ou w ould need to add 15 un used cac he lines to get the real tile length of 32 cac he lines. Ab out

50% of y our cac he w ould remain un used. In a v erage o v er all p ossible m ultiple of a cac he line long

tiles, the Odd-P adding algorithm utilizes ab out 75% of the cac he. Note: the Odd-P adding algorithm

utilizes 100% of the cac he for all p o w er-of-t w o tile length.

Y ou do not w an t to use the whole cac he. If y ou do not use the whole cac he, most lik ely , there is a

shorter pad than the one the Odd-P adding algorithm calculates. P anda et al.'s D A T algorithm will

�nd this shorter pad and, therefore, is b etter.

F urthermore, b oth algorithms a v oid the same amoun t of cac he in terference, so that no one mak es y our

program faster than the other. Both algorithms are applicable in the same situations, so that no algorithm

can handle a case whic h the other can not handle. Note ho w ev er, that I in tro duced a metho d to handle

hierarc hical tiling whic h requires the Odd-P adding algorithm (see section 3.9). The real problem of P anda

et al.'s D A T algorithm is that it uses m uc h more pad than the Odd-P adding algorithm in the w orst case.

Bo x 11: Wh y should y ou use the Odd-P adding algorithm?

Bo x 10 explains that the D A T algorithm from P anda et al. [5] is in general the b etter padding algorithm.

So wh y should y ou b other with the Odd-P adding algorithm? Here are some p oin ts where the Odd-P adding

algorithm has an adv an tage o v er the D A T algorithm:

� The Odd-P adding algorithm is a simple form ula (see b o x 9): mak e y our tile length a p o w er-of-t w o,

align y our tile alw a ys at a cac he line b order and mak e y our arra y length an o dd m ultiple of the tile

length. Simple to remem b er, simple to apply . Y ou do not need to lo ok up and hac k in a whole

pro cedure when y ou just w an t to try something out or when w asting some memory do es not matter.

� In the w orst case the Odd-P adding algorithm uses a pad whic h is shorter than t w o times the p o w er-

of-t w o tile size. P anda et al.'s algorithm uses m uc h more pad in the w orst case. Sometimes y ou ma y

w an t to use that fact to mak e sure that y ou do not need to o m uc h memory for the pad.

� If y our tile length is a p o w er-of-t w o and y ou w an t to use the whole cac he, there is no b etter solution

than the one calculated b y the Odd-P adding algorithm.

� I pro v ed the Odd-P adding algorithm correct, so y ou can rely on it.

The most signi�can t adv an tage of the Odd-P adding algorithm are the facts that it is a simple form ula

and has an acceptable w orst case pad.
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Bo x 12: What do es D A T 90% mean?

F or the algorithm from P anda et al. (D A T) I can c ho ose ho w man y ro ws m y tile should ha v e. F or D A T

with 100% I use all ro ws whic h �t in to the cac he. F or D A T with 90% I used 90% of the ro ws whic h w ould

�t in to the cac he. F or D A T with 50% I use half of the ro ws whic h w ould �t in to the cac he. I round

the n um b er of ro ws to w ards zero if necessary , i. e. 70% of 11 ro ws giv es 7 ro ws. F or the Odd-P adding

algorithm, I can not c ho ose the utilization of the cac he but I alw a ys need to extend the tile length to w ards

the next larger p o w er-of-t w o n um b er. This results in an a v erage cac he utilization of ab out 75% for the

Odd-P adding algorithm.

Cierniak and Li's metho d [1 ] do es not ev en in tend to a v oid an y cac he in terference.

Cop ying b y T emam, Granston and Jalb y [8 ] is a v ery p o w erful metho d but not a metho d for padding.

I compare it to padding in section 6.

T etris (see section 5) is also a v ery p o w erful metho d but not a metho d for padding, to o. I compare it to

padding in section 6.

The Brute-F orce-P adding algorithm (see b o x 6) w astes to o m uc h memory to b e useful in practise.

It ma y b e used for theoretical issues or in v ery strange situations.

It remains P anda, Nak am ura, Dutt and Nicolau's D A T algorithm [5] and the Odd-P adding algorithm (see

b o x 9). F or the rest of this section I w an t to compare these t w o algorithms. Bo x 10 discusses whic h one is

the b etter one and b o x 11 tells y ou when y ou ma y w an t to use the Odd-P adding algorithm. I also compare

D A T with the Odd-P adding algorithm in t w o graphs:

�gure 12 sho ws ho w m uc h pad these algorithms use dep ending on the arra y length.

�gure 13 sho ws ho w m uc h pad these algorithms use dep ending on the tile length.

Please, ha v e a lo ok at these �gures. Here, I discuss �gure 12 in more detail:

?
What is the essence of �gure 12?

The plot sho ws that the D A T algorithm needs less pad than the Odd-P adding algorithm if y ou utilize

90% or less of the cac he. The D A T 100% case sho ws clearly that the w orst case of the D A T algorithm

is m uc h w orse than the one of the Odd-P adding algorithm. Note ho w ev er, that although the di�erence

b et w een D A T's 100% line and the Odd-P adding line is large, the Odd-P adding uses only ab out 75%

of the cac he in a v erage (see b o x 10) and comes not ev en close to the 100% cac he utilization.

?
Wh y has the Odd-P adding curv e suc h a strange lo ok?

The strange lo ok of the Odd-P adding line results from the fact that the algorithm can only handle

p o w er-of-t w o tile lengths. F or some arra y sizes the Odd-P adding algorithm needs only a v ery small pad

in a v erage o v er all the di�eren t tile sizes. F or some other arra y lengths the Odd-P adding algorithm

needs v ery large pads in a v erage. This pro duces the large jumps in the line of the Odd-P adding

algorithm.

?
Wh y is the a v erage heigh t of the Odd-P adding curv e not one U T

L

?

The Odd-P adding algorithm has an a v erage pad length of one p o w er-of-t w o tile length T

L

. The a v erage

heigh t of the curv e in the graph is somewhat higher than one user tile length. The reason is that the

user tile length U T

L

is not alw a ys a p o w er-of-t w o and I m ust divide the pad b y U T

L

and not b y T

L

.

Since U T

L

is often smaller than T

L

the resulting curv e is a bit higher than one U T

L

.

No w, let me discuss �gure 13 in more detail:
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?
Wh y has the Odd-P adding curv e suc h steps in �gure 13?

In a v erage the Odd-P adding algorithm uses a pad whic h is as long as one tile. This and the fact that

the tile length m ust b e a p o w er-of-t w o causes the steps in the line of the Odd-P adding algorithm. F or

example: for all user tile sizes b et w een 65 and 128 elemen ts the Odd-P adding algorithm uses a real tile

size of 128 elemen ts whic h giv es an a v erage pad of 128 elemen ts o v er all arra y lengths. This is the 128

elemen ts high step whic h y ou see b et w een tile sizes 65 and 128 in �gure 13.

?
Wh y is the D A T curv e sometimes higher than the Odd-P adding curv e?

The D A T algorithm requires the most pad for 100% cac he utilization and small tile length. Ho w ev er,

it actually utilizes the cac he with up to 100% where as the Odd-P adding algorithm fails to do so if

the user tile length is not a p o w er-of-t w o. F or example: for a tile length of 24 elemen ts | the tallest

p eak of D A T's 100% curv e | the Odd-P adding algorithm uses a real tile length of 32 elemen ts and,

therefore, utilizes the cac he only ab out 75%.

?
Is there a relation b et w een the D A T 100% curv e and the Odd-P adding curv e?

Note that the 100% curv e of D A T meets the curv e of the Odd-P adding algorithm at all p o w er-of-t w o

tile length lik e 8, 16, 32, 64, 128 and so on. The pad calculated b y the Odd-P adding algorithm is the

shortest p ossible for p o w er-of-t w o tile length if y ou w an t to use the whole cac he, therefore, b oth curv es

m ust meet at this sp ots.

?
Wh y has D A T's 100% curv e suc h tall p eaks?

The high p eaks of D A T's 100% curv e are a result of the follo wing: If y ou w an t to use the whole cac he,

there is sometimes no other solution than the one describ ed in b o x 6 (Brute-F orce-P adding). But

the Brute-F orce-P adding algorithm has a w orst case of ab out the cac he size min us t w o times the tile

length. F or the tile lengths where this large w orst case pad is often required D A T's 100% curv e has a

tall p eak. Since longer tile lengths reduce the w orst case padding length of the Brute-F orce-P adding

algorithm, the p eaks of the D A T 100% curv e get smaller when the tile length increase.

?
What is the essence of �gure 13?

The Odd-P adding algorithm p erforms acceptable for small tile lengths but lo oses for larger ones. With

increased tile length b oth algorithm need more pad.

T o sum it up: P anda et al.'s D A T algorithm pro duces a shorter pad in a v erage | at least when y ou use

90% or less of y our cac he | and is, therefore, b etter than the Odd-P adding algorithm. Nev ertheless, the

Odd-P adding algorithm ma y �nd some applications b ecause it is easy to remem b er and to apply and has a

b etter w orst case b eha vior than the D A T algorithm.
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4 The Odd-P adding Pro ofs

Pro ofs are v ery imp ortan t but I kno w that most p eople will not b other with them. Therefore, the inno cen t

reader ma y skip this section.

In this part of the text I pro v e �v e theorems:

The core theorem is used in the pro ofs of the Odd-P adding-algorithm theorem and the m ulti-arra y-access-

algorithm theorem. It is a prop ert y of the mo dulo function and sho ws that no line of a tile is mapp ed

on another one if a tile line has length one.

The Odd-P adding-algorithm theorem pro v es that there is no self-in terference when y ou use the Odd-

P adding-algorithm for just one arra y . I also sho w the imp ossibilit y to �nd pads whic h are shorter than

the ones used b y the Odd-P adding-algorithm if y ou w an t to utilize the whole cac he.

The Odd-P adding-form ula theorem sho ws that the Odd-P adding-form ula comes up with the correct

arra y length for the Odd-P adding-algorithm.

The m ulti-arra y-access-algorithm theorem pro v es cross- and self-in terference freeness, when y ou use

the Odd-P adding-algorithm with sev eral arra ys. This is actually a more complex v ersion of the Odd-

P adding-algorithm theorem.

The m ulti-arra y-access-form ula theorem ensures that this form ula returns the righ t base address for

the padding of sev eral arra ys with the Odd-P adding-algorithm.

In the pro ofs I will use some fact whic h I hop e are common kno wn or at least b eliev able without pro of. I

call them axioms and put them in b o x 13 on page 34.

4.1 The core theorem

I w an t to pro v e

h; u 2 N n f 0 g (1)

^ p; q 2 N ^ p; q < u (2)

^ gcd ( h; u ) = 1 (3)

^ ( ph ) mo d u = ( q h ) mo d u (4)

)

p = q

Assume that all v ariables are giv en in m ultiples of the tile length T

L

and not in cac he line size C L

S

. Then h

is the length of the arra y and u the size of the cac he. Since the basis unit is the length of a tile, t w o tiles in

the cac he either fall exactly on eac h other or not. There is no p ossibilit y for one tile line to partial o v erlap

the other. The theorem (4) states that tile line p is only mapp ed on q if p is q .

Note that I am a liar. In section 3.2 I tell y ou h | the length of the arra y in tile sizes | m ust b e o dd

and u | the cac he size | m ust b e a p o w er of t w o. If u is a p o w er of t w o, all its prime factors are 2, whereas

h is o dd and do es not con tain an y 2 as prime factor. Hence, the gcd ( h; u ) is 1. Therefore, the b east I pro v e

here is stronger than necessary .

Pro of 1: The core theorem

ph mo d u = q h mo d u

(1.1)

=

f apply the axiom for mo d (6) g

ph �

j

ph

u

k

u = q h �

j

q h

u

k

u

(1.2)
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=

n

+

j

ph

u

k

u , � q h

o

( p � q ) h =

�j

ph

u

k

�

j

q h

u

k�

u

(1.3)

=

f consider the cases p = q and p 6= q g

Case 1: p = q

( p � q ) h =

� j

ph

u

k

�

j

q h

u

k�

u

(1.4)

=

f rewrite p = q g

( q � q ) h =

� j

q h

u

k

�

j

q h

u

k�

u

(1.5)

=

f b oth sides collapse to 0 g

true

(1.6)

=

f rewrite this with the assumption from this case whic h is also true g

p = q
(1.7)

Case 2: p 6= q

( p � q ) h =

� j

ph

u

k

�

j

q h

u

k�

u

(1.8)

=

n

substitute v for

�j

ph

u

k

�

j

q h

u

k�o

( p � q ) h = v u

(1.9)

=

8

>

<

>

:

T o b e an equalit y b oth sides m ust ha v e the same prime factors. F rom gcd ( h; u ) = 1 (3) follo ws

that h and u do not share an y prime factors. Therefore, v m ust deliv er all prime factors of h ,

that is h divides v . Substitute v = v

0

h where v

0

= v =h . Note: ( p � q ) 6= 0 ^ h > 0 from (1) )

( p � q ) h 6= 0 ) v u 6= 0 b ecause ( p � q ) h = v u: v u 6= 0 ) v 6= 0 ) v

0

6= 0.

9

>

=

>

;

( p � q ) h = v

0

hu

(1.10)

=

f =h This step is legal b ecause h > 0 (1) g

( p � q ) = v

0

u

(1.11)

)

f = )� g

( p � q ) � v

0

u

(1.12)

)

f p � ( p � q ) b ecause 0 � q from (2) g

p � v

0

u

(1.13)

=

f p < u from (2) and v

0

6= 0 g

false

(1.14)

=

f from the assumption of this case: ( p = q ) = false g

p = q
(1.15)
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Bo x 13: The axioms used in the pro ofs

Here are the axioms whic h I use without pro ving them. I hop e these axioms are kno wn or at least

b eliev ed without me pro ving them. Most of them can b e established b y using plain arithmetic and

structural induction o v er the de�nition of the mo dulo function (5) and 
o or function.

a 2 N ^ b 2 N n f 0 g

^ a mo d b = if a < b then a else ( a � b ) mo d b (5)

a 2 N ^ b 2 N n f 0 g

^ a mo d b = a �

j

a

b

k

b (6)

a; i 2 N ^ b 2 N n f 0 g

^ ( a + ib ) mo d b = a mo d b (7)

a; c 2 N ^ b 2 N n f 0 g

^ (( a mo d b ) + c ) mo d b = ( a + c ) mo d b (8)

a; b 2 N ^ c; d 2 N n f 0 g ^ a < c

^ ( a + bc ) mo d ( dc ) = a + ( b mo d d ) c (9)

a; b; d 2 N ^ c 2 N n f 0 g

^ ( a + d ) mo d c = ( b + d ) mo d c ) a mo d c = b mo d c (10)

a; b; e; f 2 N ^ c 2 N n f 0 g ^ a; b < c

^ a + ec = b + f c ) a = b ^ e = f (11)

b

1

; b

2

2 B ^ a; c 2 N

^ if b

1

then a else ( if b

2

then a else c ) = if b

1

_ b

2

then a else c (12)

F urthermore, I reason in the pro of of the core theorem ab out prime factors and some times mo v e expres-

sions in to if branc hes.

)

f from (1.7) and (1.15) g

p = q
(1.16)

2

A thanks to Prof. J. Misra here. He told us in his Spring 1998 class to replace pro ofs b y con tradiction

through pro ofs b y induction. In the �rst place, this w as a pro of b y con tradiction: giv en the facts, assume

one tile line falls on another one . . . When I tried to c hange the pro of in to an induction I found this m uc h

nicer one.

4.2 The Odd-P adding-algorithm theorem

I w an t to pro v e that the Odd-P adding-algorithm do es a v oid self-in terference. That is, no cac he line in the

tile will b e mapp ed on to another one, regardless of the base address of the arra y adr and regardless of the

base co ordinates of the tile T

x

and T

y

.

adr ; T

x

; T

y

; x

p

; y

p

; x

q

; y

q

2 N (13)

^ h; T

H

; T

L

2 N n f 0 g (14)

^ x

p

; x

q

< T

L

^ y

p

; y

q

< T

H

(15)

^ A

L

= hT

L

(16)
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^ C

S

= T

H

T

L

(17)

^ gcd ( h; T

H

) = 1 (18)

^ m ( T

adr

( x

p

; y

p

)) = m ( T

adr

( x

q

; y

q

)) (19)

)

x

p

= x

q

^ y

p

= y

q

where m is the cac he mapping function and T

adr

is the address of the cac he line with co ordinates x; y in

memory:

m ( adr ) = adr mo d C

S

(20)

T

adr

( x; y ) = adr + T

y

A

L

+ T

x

+ y A

L

+ x (21)

The Odd-P adding-algorithm requires that C

S

and T

L

are a p o w er-of-t w o and A

L

is an o dd m ultiple of T

L

(see b o x 9). Mathematically , this implies that the Odd-P adding-algorithm c ho oses the arra y length A

L

in suc h a w a y that its greatest common divisor with the cac he size C

S

is T

L

i. e. gcd( C

S

; A

L

) = T

L

)

gcd( T

H

T

L

; hT

L

) = T

L

) gcd ( T

H

; h ) = 1. Line (17) ensures that T

L

divides C

S

and line (16) ensures that

T

L

divides A

L

. This theorem sa ys: \an y t w o cac he lines of the tile with the co ordinates x

p

; y

p

and x

q

; y

q

fall

only on eac h other if they are the same."

Pro of 2: The Odd-P adding theorem

m ( T

adr

( x

p

; y

p

)) = m ( T

adr

( x

q

; y

q

))

(2.1)

=

f unfold de�nition of T

adr

(21) g

m ( adr + T

y

A

L

+ T

x

+ y

p

A

L

+ x

p

) = m ( adr + T

y

A

L

+ T

x

+ y

q

A

L

+ x

q

)

(2.2)

=

f unfold de�nition of m (20) g

( adr + T

y

A

L

+ T

x

+ y

p

A

L

+ x

p

) mo d C

S

= ( adr + T

y

A

L

+ T

x

+ y

q

A

L

+ x

q

) mo d C

S

(2.3)

)

f use axiom (10) to remo v e adr , T

y

A

L

, T

x

g

( x

p

+ y

p

A

L

) mo d C

S

= ( x

q

+ y

q

A

L

) mo d C

S

(2.4)

=

f rewrite C

S

= T

H

T

L

from (17) and A

L

= hT

L

from (16) g

( x

p

+ y

p

hT

L

) mo d ( T

H

T

L

) = ( x

q

+ y

q

hT

L

) mo d ( T

H

T

L

)

(2.5)

=

f axiom (9) applies b ecause x

p

; x

q

< T

L

(15) g

x

p

+ (( y

p

h ) mo d T

H

) T

L

= x

q

+ (( y

q

h ) mo d T

H

) T

L

(2.6)

)

f axiom (11) applies b ecause x

p

; x

q

< T

L

(15) g

x

p

= x

q

^ ( y

p

h ) mo d T

H

= ( y

q

h ) mo d T

H

(2.7)

)

f apply the core theorem (4) from section 4.1 b ecause y

p

; y

q

< T

H

(15) and gcd( h; T

H

) = 1 (18) g

x

p

= x

q

^ y

p

= y

q

(2.8)

2

Is the Odd-P adding-algorithm the only solution whic h utilizes the whole cac he or are there other p ossibilities?

Solutions where the cac he size C

S

is not a m ultiple of the tile length T

L

cannot use the whole cac he, so at
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least a few cac he lines will b e un used. It remains to c hec k for solutions where T

L

divides C

S

. The Odd-

P adding-algorithm c ho oses gcd ( h; T

H

) = 1 but what if h and T

H

share a common factor? Let this factor b e

n with n > 1 so that gcd( hn; T

H

n ) = n and the assumptions (15), (16), (17) rewrite to:

y

p

; y

q

< T

H

n

A

L

= hnT

L

C

S

= T

H

nT

L

I c ho ose x

p

= x

q

= x and y

p

= y , y

q

= ( y + mT

H

) where 1 � m < n so that y

p

6= y

q

. Let me rewrite pro of

step (2.5) with these v ariables:

( x + y hnT

L

) mo d ( T

H

nT

L

) = ( x + ( y + mT

H

) hnT

L

) mo d ( T

H

nT

L

)

=

f use axiom (9) b ecause x < T

L

n (15) g

x + (( y h ) mo d T

H

) T

L

n = x + (( y h + mT

H

h ) mo d T

H

) T

L

n

=

f remo v e mT

H

h b y applying axiom (7) g

x + (( y h ) mo d T

H

) T

L

n = x + (( y h ) mo d T

H

) T

L

n

This equalit y is alw a ys true despite the fact that I ha v e c hosen y

p

6= y

q

. T o express this �nding in w ords: if h

and T

H

share a common factor then some tile lines are mapp ed on eac h other and cause cac he in terferences.

This in turn implies that the Odd-P adding-algorithm uses the only p ossible solutions whic h utilize the whole

cac he. Note: other algorithms e. g. P anda, Nak am ura, Dutt and Nicolau [5 ] ma y �nd the same amoun t of

pad as the Odd-P adding algorithm.

4.3 The Odd-P adding-form ula theorem

I w an t to pro v e that the function that calculates the arra y length A

L

A

L

( U A

L

; T

L

) = U A

L

+ (2 T

L

� (( U A

L

+ T

L

) mo d (2 T

L

))) mo d (2 T

L

) (22)

returns the next bigger or equal arra y length whic h is an o dd m ultiple of T

L

. Let the initial or user arra y

length U A

L

b e

U A

L

= 2 iT

L

+ j T

L

+ k where (23)

k = U A

L

mo d T

L

(24)

j =

( U A

L

� k ) mo d (2 T

L

)

T

L

(25)

i =

U A

L

� j T

L

� k

2 T

L

(26)

An y address U A

L

can b e expressed using k ; j; i . The ab o v e form ulas sa y ho w to calculate k ; j; i from a giv en

U A

L

. Note that this implies

0 � k < T

L

(27)

0 � j < 2 (28)

I pro v e the theorem b elo w. This is not the most b eautiful form but pro ving U A

L

� A

L

( U A

L

; T

L

) < U A

L

+ 2 T

L

and gcd( A

L

( U A

L

; T

L

) ; T

L

) = T

L

^ A

L

( U A

L

; T

L

) =T

L

= 2 N + 1 will b e t w o long pro ofs with man y case splits. I
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b eliev e these facts can b e seen from the theorem b elo w and stating the longer pro ofs will not b e an adv an tage

for the reader.

T

L

2 N n f 0 g (29)

^ U A

L

; i; j; k 2 N (30)

^ A

L

( U A

L

; T

L

) = if j = 0 _ k = 0 then (2 i + 1) T

L

else (2( i + 1) + 1) T

L

(31)

. . . and here go es the pro of:

Pro of 3: The Odd-P adding-form ula theorem

U A

L

+ (2 T

L

� (( U A

L

+ T

L

) mo d 2 T

L

)) mo d 2 T

L

(3.1)

=

f replace U A

L

with 2 iT

L

+ j T

L

+ k (23) g

2 iT

L

+ j T

L

+ k + (2 T

L

� ((2 iT

L

+ j T

L

+ k + T

L

) mo d 2 T

L

)) mo d 2 T

L

(3.2)

=

f simplify g

(2 i + j ) T

L

+ k + (2 T

L

� (( k + (2 i + j + 1) T

L

) mo d 2 T

L

)) mo d 2 T

L

(3.3)

=

f apply (9) b ecause k < T

L

from (27) g

(2 i + j ) T

L

+ k + (2 T

L

� ( k + ((2 i + j + 1) mo d 2) T

L

)) mo d 2 T

L

(3.4)

=

f apply (7) g

(2 i + j ) T

L

+ k + (2 T

L

� k � (( j + 1) mo d 2) T

L

) mo d 2 T

L

(3.5)

=

f apply de�nition of mo d (5) g

(2 i + j ) T

L

+ k + (2 T

L

� k � ( if j + 1 < 2 then j + 1 else ( j + 1 � 2) mo d 2) T

L

) mo d 2 T

L

(3.6)

=

f mo v e T

L

in to the if g

(2 i + j ) T

L

+ k + (2 T

L

� k � if j < 1 then ( j + 1) T

L

else (( j � 1) mo d 2) T

L

) mo d 2 T

L

(3.7)

=

f note j 2 f 0 ; 1 g (28) g

(2 i + j ) T

L

+ k + (2 T

L

� k � if j = 0 then T

L

else (0 mo d 2) T

L

) mo d 2 T

L

(3.8)

=

f mo v e 2 T

L

� k and mo d 2 T

L

in to the if g

(2 i + j ) T

L

+ k + if j = 0 then ((2 � 1) T

L

� k ) mo d 2 T

L

else (2 T

L

� k ) mo d 2 T

L

(3.9)

=

f apply (5) b ecause T

L

� k < 2 T

L

from (27) g

(2 i + j ) T

L

+ k + if j = 0 then T

L

� k else (2 T

L

� k ) mo d 2 T

L

(3.10)

=

f apply de�nition of mo d (5) g

(2 i + j ) T

L

+ k + if j = 0 then T

L

� k

else if 2 T

L

� k < 2 T

L

then 2 T

L

� k else (2 T

L

� k � 2 T

L

) mo d 2 T

L

(3.11)

=

f rewrite if with � k < 0 ) k > 0 g

(2 i + j ) T

L

+ k + if j = 0 then T

L

� k else if k > 0 then 2 T

L

� k else � k mo d 2 T

L

(3.12)

=

f exc hange if -cases k > 0 to k = 0 (recall that 0 � k < T

L

) g
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(2 i + j ) T

L

+ k + if j = 0 then T

L

� k else if k = 0 then 0 mo d 2 T

L

else 2 T

L

� k

(3.13)

=

f mo v e (2 i + j ) T

L

+ k in to the if s g

if j = 0 then (2 i + j ) T

L

+ k + T

L

� k

else if k = 0 then (2 i + j ) T

L

+ k else (2 i + j ) T

L

+ k + 2 T

L

� k

(3.14)

=

f rewrite j 2 f 0 ; 1 g (28) and k in the then and else branc hes g

if j = 0 then (2 i + 1) T

L

else if k = 0 then (2 i + 1) T

L

else (2( i + 1) + 1) T

L

(3.15)

=

f collapse if s to one if using axiom (12) g

if j = 0 _ k = 0 then (2 i + 1) T

L

else (2( i + 1) + 1) T

L

(3.16)

2

What is the relation b et w een this theorem and the Odd-P adding-algorithm theorem (19)? If y ou w an t to use

the Odd-P adding-algorithm y ou need to �nd an arra y length whic h ful�lls the assumptions of that theorem.

F or a cac he size C

S

= 2

i

; i 2 N the form ula (22) deliv ers suc h an arra y length. Assume y our in tended arra y

length is U A

L

and y ou w an t to use a tile with length T

L

and heigh t T

H

= C

S

=T

L

(all length in cac he lines

with the exception of T

H

, of course). Since T

L

m ust divide C

S

ev enly , y ou m ust select a p o w er of t w o, that

is T

L

= 2

j

; j 2 N ; j � i . The assumptions (16), (17), (18) of the Odd-P adding-algorithm are:

A

L

= hT

L

C

S

= T

H

T

L

gcd( h; T

H

) = 1

F rom C

S

= T

H

T

L

and y our c hoices it follo ws that T

H

= 2

i � j

. Then y ou use the Odd-P adding-form ula to

calculate A

L

. The result is A

L

= (2 n + 1) T

L

; n 2 N | as stated b y theorem (31) whic h I just pro v ed.

Therefore, h = (2 n + 1), that is, h is o dd and do es not con tain an y 2 as prime factor. T

H

consists solely of 2s

as prime factors. Hence, the requiremen t gcd ( h; T

H

) = 1 of the Odd-P adding-algorithm theorem is ful�lled.

T o sum it up: the Odd-P adding-form ula will deliv er the righ t arra y length if y our cac he size is a p o w er of

t w o.

Pro ving the correctness of the form ula that aligns arra y A with initial base address adr at a cac he line

b order C L

S

w ould b e somewhat similar to pro of 3 ab o v e.

A

adr

( adr ; C L

S

) = adr + ( C L

S

� ( adr mo d C L

S

)) mo d C L

S

) (32)

Moreo v er, this form ula is simpler and somewhat similar to the one pro v ed ab o v e. Therefore, I omit that

pro of.

4.4 The m ulti-arra y-access-algorithm theorem

In section 4.2 I pro v ed that the Odd-P adding-algorithm a v oids cac he in terference when used for one arra y .

In this section I pro v e that there will b e no in terference ev en when y ou use it to access sev eral arra ys at

once.

This pro of and this theorem are v ery similar to the ones from section 4.2. Actually , if y ou set the

n um b er of arra ys, n , to one, then this theorem b ecomes the one of section 4.2. Nev ertheless, I w an t to giv e

b oth theorems b ecause the theorem of section 4.2 is confusing enough and the theorem here has ev en more

v ariables. Therefore, I hop e it is helpful for the reader to b e able to compare the t w o theorems and see where

they di�er.
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Here is the theorem I w an t to pro v e:

adr ; r ; T

x

; T

y

; i

p

; v

p

; x

p

; y

p

; i

q

; v

q

; x

q

; y

q

2 N (33)

^ h; n; T

0

H

; T

L

2 N n f 0 g (34)

^ v

p

; v

q

< n ^ x

p

; x

q

< T

L

^ y

p

; y

q

< T

0

H

(35)

^ T

H

= nT

0

H

+ r (36)

^ A

L

= hT

L

(37)

^ C

S

= T

H

T

L

(38)

^ gcd( h; T

H

) = 1 (39)

^ m ( T

adr

( i

p

; v

p

; x

p

; y

p

)) = m ( T

adr

( i

q

; v

q

; x

q

; y

q

)) (40)

)

v

p

= v

q

^ x

p

= x

q

^ y

p

= y

q

Let me explain the new v ariables. n is the n um b er of arra ys accessed at the same time. Since there are T

H

tile lines a v ailable in the cac he, the maxim um tile heigh t p er arra y T

0

H

is reduced to T

0

H

= b T

H

=n c . The


o or function ma y cause some tile lines to remain un used. r is the n um b er of those un used lines. Note that

the reduced heigh t of the tile is expressed in y

p

; y

q

< T

0

H

(35).

Here, the address calculation is more complex b ecause this theorem deals with sev eral arra ys. Let these

arra ys b e n um b ered from 0 to n � 1 and let v b e the n um b er of an arra y . The reference address | that

is the address of arra y 0 | is adr . The other arra ys are stored with a relativ e distance to that arra y .

The m ulti-arra y-access-form ula whic h I pro v e in section 4.5 will calculate suc h addresses. The distance is

a m ultiple, i , of the cac he size | whic h is irrelev an t, of course | and (( T

0

H

A

L

v ) mo d C

S

) where v is the

n um b er of the arra y . This giv es the new address function T

adr

:

T

adr

( i; v ; x; y ) = adr + iC

S

+ ( T

0

H

A

L

v ) mo d C

S

+ T

y

A

L

+ T

x

+ y A

L

+ x (41)

The theorem (40) ab o v e sa ys: \t w o arra y accesses are only mapp ed to the same line in the cac he if they

b elong to the same arra y and ha v e the same co ordinates in the tile."

Pro of 4: The m ulti-arra y-access-algor ithm theorem

m ( T

adr

( i

p

; v

p

; x

p

; y

p

)) = m ( T

adr

( i

q

; v

q

; x

q

; y

q

))

(4.1)

=

f unfold de�nition of T

adr

(41) g

m ( adr + i

p

C

S

+ ( T

0

H

A

L

v

p

) mo d C

S

+ T

y

A

L

+ T

x

+ y

p

A

L

+ x

p

) =

m ( adr + i

q

C

S

+ ( T

0

H

A

L

v

q

) mo d C

S

+ T

y

A

L

+ T

x

+ y

q

A

L

+ x

q

)

(4.2)

=

f unfold de�nition of m (20) g

( adr + i

p

C

S

+ ( T

0

H

A

L

v

p

) mo d C

S

+ T

y

A

L

+ T

x

+ y

p

A

L

+ x

p

) mo d C

S

=

( adr + i

q

C

S

+ ( T

0

H

A

L

v

q

) mo d C

S

+ T

y

A

L

+ T

x

+ y

q

A

L

+ x

q

) mo d C

S

(4.3)

=

f apply axiom (7) to get rid of i

p

C

S

and i

q

C

S

g

( adr + ( T

0

H

A

L

v

p

) mo d C

S

+ T

y

A

L

+ T

x

+ y

p

A

L

+ x

p

) mo d C

S

=

( adr + ( T

0

H

A

L

v

q

) mo d C

S

+ T

y

A

L

+ T

x

+ y

q

A

L

+ x

q

) mo d C

S

(4.4)

=

f apply axiom (8) to remo v e the inner mo d C

S

g

( adr + T

0

H

A

L

v

p

+ T

y

A

L

+ T

x

+ y

p

A

L

+ x

p

) mo d C

S

=

( adr + T

0

H

A

L

v

q

+ T

y

A

L

+ T

x

+ y

q

A

L

+ x

q

) mo d C

S

(4.5)

)

f use axiom (10) to remo v e adr , T

y

A

L

, T

x

g
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( T

0

H

A

L

v

p

+ y

p

A

L

+ x

p

) mo d C

S

= ( T

0

H

A

L

v

q

+ y

q

A

L

+ x

q

) mo d C

S

(4.6)

=

f simplify g

( x

p

+ ( T

0

H

v

p

+ y

p

) A

L

) mo d C

S

= ( x

q

+ ( T

0

H

v

q

+ y

q

) A

L

) mo d C

S

(4.7)

=

f rewrite C

S

= T

H

T

L

from (38) and A

L

= hT

L

from (37) g

( x

p

+ ( T

0

H

v

p

+ y

p

) hT

L

) mo d T

H

T

L

= ( x

q

+ ( T

0

H

v

q

+ y

q

) hT

L

) mo d T

H

T

L

(4.8)

=

f use axiom (9) b ecause x

p

; x

q

< T

L

(35) g

x

p

+ (( T

0

H

v

p

+ y

p

) h mo d T

H

) T

L

= x

q

+ (( T

0

H

v

q

+ y

q

) h mo d T

H

) T

L

(4.9)

)

f use axiom (11) b ecause x

p

; x

q

< T

L

(35) g

x

p

= x

q

^ ( T

0

H

v

p

+ y

p

) h mo d T

H

= ( T

0

H

v

q

+ y

q

) h mo d T

H

(4.10)

)

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

Observ e that T

0

H

v

p

+ y

p

and T

0

H

v

q

+ y

q

are smaller than T

H

:

T

0

H

v

p

+ y

p

< T

H

=

f T

H

= nT

0

H

+ r from (36) g

T

0

H

v

p

+ y

p

< nT

0

H

+ r

)

f replace v

p

b y n � 1 b ecause v

p

< n (35) g

( n � 1) T

0

H

+ y

p

< nT

0

H

+ r

=

f subtract ( n � 1) T

0

H

on b oth sides b ecause n > 0 and T h

0

> 0 (34) g

y

p

< T

0

H

+ r

)

f Since y

p

< T

0

H

from (35) and r � 0 from (33) g

true

The same argumen t is true for T

0

H

v

q

+ y

q

< T

H

. Therefore, I can apply the core theorem (4) from

section 4.1 b ecause T

0

H

v

p

+ y

p

; T

0

H

v

q

+ y

q

< T

H

and gcd ( h; T

H

) = 1 (39)

9

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

;

x

p

= x

q

^ ( T

0

H

v

p

+ y

p

) = ( T

0

H

v

q

+ y

q

)

(4.11)

)

f use axiom (11) b ecause y

p

; y

q

< T

0

H

(35) g

v

p

= v

q

^ x

p

= x

q

^ y

p

= y

q

(4.12)

2

This theorem also holds for just one arra y . Then n w ould b e 1. v

p

and v

q

m ust b e 0 b ecause of assumption

(35). The conclusion w ould reduce to x

p

= x

q

^ y

p

= y

q

. Therefore, this theorem subsumes the Odd-

P adding-algorithm theorem from section 4.2.

4.5 The m ulti-arra y-access-form ula theorem

The m ulti-arra y-access-function B

adr

aligns the base address of arra y B relativ e to the base address of the

arra y A . The di�erence b et w een the t w o base addresses mo dulo C

S

is o . T o express it more concretely: U B

adr

is the initial or �rst p ossible base address of arra y B . A

adr

is the base address of arra y A whic h is | for
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the usage in the m ulti-arra y-access-theorem | the �rst of the n arra ys. The relativ e distance o should b e

(( T

0

H

A

L

v ) mo d C

S

) where v is the n um b er of the B arra y , A

L

the arra y length after in tra-v ariable padding

and T

0

H

= b T

H

=n c the tile heigh t.

The function B

adr

calculates the next p ossible start address for the arra y B so that its relativ e p osition

to arra y A is o mo dulo C

S

.

B

adr

( A

adr

; U B

adr

; o ) = if ( o + A

adr

) mo d C

S

< U B

adr

mo d C

S

then U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

+ C

S

else U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

(42)

I w an t to pro v e this theorem:

A

adr

; U B

adr

; o 2 N (43)

^ C

S

2 N n f 0 g (44)

^ o < C

S

(45)

^ m ( B

adr

( A

adr

; U B

adr

; o ) � A

adr

) = o (46)

This theorem sa ys: \if y ou calculate the base address of arra y B using the B

adr

function then the distance

of the mappings of A and B in the cac he will b e o ."

Pro of 5: The m ulti-arra y-access-form ula theorem

m ( B

adr

( A

adr

; U B

adr

; o ) � A

adr

)

(5.1)

=

f unfold de�nition of B

adr

-function (42) g

m

0

@

0

@

if ( o + A

adr

) mo d C

S

< U B

adr

mo d C

S

then U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

+ C

S

else U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

1

A

� A

adr

1

A

(5.2)

=

f mo v e � A

adr

in to the if g

m

0

@

if ( o + A

adr

) mo d C

S

< U B

adr

mo d C

S

then U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

+ C

S

� A

adr

else U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

� A

adr

1

A

(5.3)

=

f unfold the cac he mapping function m (20) g

0

@

if ( o + A

adr

) mo d C

S

< U B

adr

mo d C

S

then U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

+ C

S

� A

adr

else U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

� A

adr

1

A

mo d C

S

(5.4)

=

f mo v e mo d C

S

in to the if g

if ( o + A

adr

) mo d C

S

< U B

adr

mo d C

S

then ( U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

+ C

S

� A

adr

) mo d C

S

else ( U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

� A

adr

) mo d C

S

(5.5)

=

f apply axiom (7) to remo v e + C

S

g

if ( o + A

adr

) mo d C

S

< U B

adr

mo d C

S

then ( U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

� A

adr

) mo d C

S

else ( U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

� A

adr

) mo d C

S

(5.6)

=

f w ell, collapse b oth cases g
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( U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

� A

adr

) mo d C

S

(5.7)

=

f Remo v e the inner mo dulo functions using axiom (8) g

( U B

adr

� U B

adr

+ ( o + A

adr

) � A

adr

) mo d C

S

(5.8)

=

f without w ords . . . g

o mo d C

S

(5.9)

=

f apply the de�nition of the mo dulo function (5) with o < C

S

from (45) g

o

(5.10)

2

What is the relation b et w een this theorem and the m ulti-arra y-access-algorithm? Y ou use this function

B

adr

( adr ; U B

adr

; ( T

0

H

A

L

v ) mo d C

S

) to calculate the padded base address of the v

th

arra y giv en the base

address adr of the 0

th

arra y . The theorem pro v en ab o v e then results in:

m ( B

adr

( adr ; U B

adr

; ( T

0

H

A

L

v ) mo d C

S

) � adr ) = ( T

0

H

A

L

v ) mo d C

S

=

f unfold the cac he mapping function m (20) g

( B

adr

( adr ; U B

adr

; ( T

0

H

A

L

v ) mo d C

S

) � adr ) mo d C

S

= ( T

0

H

A

L

v ) mo d C

S

=

f mo d C

S

remo v es some i times C

S

where i 2 N g

B

adr

( adr ; U B

adr

; ( T

0

H

A

L

v ) mo d C

S

) � adr � iC

S

= ( T

0

H

A

L

v ) mo d C

S

=

f + adr + iC

S

g

B

adr

( adr ; U B

adr

; ( T

0

H

A

L

v ) mo d C

S

) = adr + iC

S

+ ( T

0

H

A

L

v ) mo d C

S

The righ t side of that expression is exactly the part of the arra y base address I assume in the de�nition of

the T

adr

function (41). T o put it in simple w ords: if y ou use the form ula B

adr

( adr ; U B

adr

; ( T

0

H

A

L

v ) mo d C

S

)

to calculate the base address of y our arra ys then y our arra ys will ha v e the correct base address for the

m ulti-arra y-access-algorithm.

Additionally , I need to pro v e U B

adr

� B

adr

( A

adr

; U B

adr

; o ) < U B

adr

+ C

S

. I split this in to t w o pro ofs

and start with U B

adr

� B

adr

( A

adr

; U B

adr

; o ).

Pro of 6:

U B

adr

� B

adr

( A

adr

; U B

adr

; o )

(6.1)

=

f unfold the de�nition of the B

adr

function (42) g

U B

adr

� if ( o + A

adr

) mo d C

S

< U B

adr

mo d C

S

then U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

+ C

S

else U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

(6.2)

=

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

substitute

a = ( o + A

adr

) mo d C

S

b = U B

adr

mo d C

S

The mo dulo function returns v alues whic h are smaller than its second argumen t. Therefore, a < C

S

and b < C

S

.

9

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

;
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U B

adr

� if a < b then U B

adr

� b + a + C

S

else U B

adr

� b + a

(6.3)

=

f consider the cases individually g

Case 1: a < b

U B

adr

� if a < b then U B

adr

� b + a + C

S

else U B

adr

� b + a

(6.4)

=

f remo v e the if with the assumption of this case g

U B

adr

� U B

adr

� b + a + C

S

(6.5)

=

f� U B

adr

+ b g

b � a + C

S

(6.6)

=

f Since b < C

S

and a � 0 g

true

(6.7)

Case 2: a � b

U B

adr

� if a < b then U B

adr

� b + a + C

S

else U B

adr

� b + a

(6.8)

=

f remo v e the if with the assumption of this case g

U B

adr

� U B

adr

� b + a

(6.9)

=

f� U B

adr

+ b g

b � a

(6.10)

=

f with the assumption of this case a � b follo ws g

true

(6.11)

=

f from (6.7) and (6.11) g

true

(6.12)

2

This theorem ensures that the function B

adr

will return a padded base address for B whic h is greater or

equal the initial address U B

adr

.

No w I pro v e the other part B

adr

( A

adr

; U B

adr

; o ) < U B

adr

+ C

S

.

Pro of 7:

B

adr

( A

adr

; U B

adr

; o ) < U B

adr

+ C

S

(7.1)

=

f unfold the de�nition of the B

adr

function (42) g

0

@

if ( o + A

adr

) mo d C

S

< U B

adr

mo d C

S

then U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

+ C

S

else U B

adr

� U B

adr

mo d C

S

+ ( o + A

adr

) mo d C

S

1

A

< U B

adr

+ C

S

(7.2)

=

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

substitute

a = ( o + A

adr

) mo d C

S

b = U B

adr

mo d C

S

The mo dulo function returns v alues whic h are smaller than its second argumen t. Therefore, a < C

S

and b < C

S

.

9

>

>

>

>

>

>

>

=

>

>

>

>

>

>

>

;



4 THE ODD-P ADDING PR OOFS 44

( if a < b then U B

adr

� b + a + C

S

else U B

adr

� b + a ) < U B

adr

+ C

S

(7.3)

=

f consider the cases individually g

Case 1: a < b

( if a < b then U B

adr

� b + a + C

S

else U B

adr

� b + a ) < U B

adr

+ C

S

(7.4)

=

f remo v e the if with the assumption of this case g

U B

adr

� b + a + C

S

< U B

adr

+ C

S

(7.5)

=

f� U B

adr

� C

S

+ b g

a < b

(7.6)

=

f this is the assumption of this case g

true

(7.7)

Case 2: a � b

( if a < b then U B

adr

� b + a + C

S

else U B

adr

� b + a ) < U B

adr

+ C

S

(7.8)

=

f remo v e the if with the assumption of this case g

U B

adr

� b + a < U B

adr

+ C

S

(7.9)

=

f� U B

adr

+ b g

a < C

S

+ b

(7.10)

=

f This is true b ecause a < C

S

g

true

(7.11)

=

f from (7.7) and (7.11) g

true

(7.12)

2

This theorem ensures that the pad added to U B

adr

is really smaller than C

S

. That is: the function (42)

returns the next p ossible base address for arra y B .
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5 The T etris Idea

T etris is a metho d whic h a v oids cac he in terference b y c hanging the w a y the arra ys are stored in memory .

Unlik e padding T etris requires a m uc h hea vier transformation of the memory la y out. T etris do es a v oid as

m uc h cac he in terference as padding but it is more generally applicable and can handle situations where

padding fails (see b o x 14 on page 49). In fact, I in v en ted T etris due to the restrictions of padding.

A t the momen t T etris is just an idea. It do es not come with an algorithm. If T etris pro v es itself to b e

useful, it w ould b e necessary to dev elop an algorithm in the future. Nonetheless, T etris can b e implemen ted

b y hand. This section giv es a w a y the fundamen tal ideas b ehind T etris. Whereas T etris c hanges m uc h more

hea vier the w a y arra ys are stored in memory than padding, I b eliev e it is m uc h more in tuitiv e. It is more

ob vious whic h data can b e accessed without giving rise to cac he in terference.

T etris splits large arra ys in to smaller ones and distributes the small ones in the memory in suc h a w a y

that sev eral arra ys can b e accessed without causing cac he con
icts.

5.1 T etris basics

T etris a v oids b oth t yp es of cac he con
icts: self- and cross-in terference. It

uses t w o totally di�eren t metho ds to get rid of eac h of them:

self-in terference b y splitting large arra ys in to smaller ones

cross-in terference b y storing the small arra ys in a v ery sp ecial w a y

An arra y whic h is bigger than the cac he ma y cause self-in terference but an

arra y smaller than the cac he cannot cause suc h a thing. Therefore, T etris

requires y ou to split y our big arra ys in to small blo c ks or tiles.

This tak es care of self-in terference but what if y ou need to access sev eral

arra ys? Ho w do es T etris a v oid cross-in terference then? Imagine ho w y our

cac he sees y our memory: it sees the memory as a lot of c h unks of its o wn

size. W ell, w e all tend to pro ject our o wn failure on to others, don't w e?

cac he

main memory. . .

0 1 2 3 4

cac he instances

I will call eac h suc h a c h unk a c ache instanc e and I will en umerate them starting with 0. Imagine a cac he

line 12 cac he lines from the b eginning of cac he instance 0. This cac he line will b e mapp ed on to the cac he

line 12 of y our cac he. Moreo v er, cac he line 12 of cac he instance 1 will also b e mapp ed on to cac he line 12 of

y our cac he and so will all the other cac he lines 12 of the other cac he instances.

cac he line 12

cac he

main memory

. . .

T o a v oid cross-in terference T etris uses the cac he instances. It distributes the tiles of all arra ys accessed in

one lo op among the cac he instances. This m ust b e done in suc h a w a y that

� All tiles of an arra y use the same cac he lines in all cac he instances whic h hold a tile of that arra y .

� Eac h instance con tains no more than one tile from an arra y . Cac he instances are not required to hold

tiles from eac h arra y .
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� Eac h tile of an arra y has the same size. A tile whic h ma y consist of sev eral lines is alw a ys a m ultiple

of a cac he line long but some elemen ts ma y remain un used.

� All cac he instances start at a cac he line b order.

� The distance b et w een an y t w o cac he instances is either zero or a m ultiple of the cac he size.

� All cac he instances are exactly as big as the cac he. Note: not all space in a cac he instance m ust b e

used. Some cac he lines ma y just remain un used.

main memory

arra ys of di�eren t shap e and size

non-arra y v ariables

un used memory

tiles with di�eren t shap e and size are distributed among the cac he instances

See also �gure 5. Y ou ma y also reserv e a cac he line for normal (non-arra y) v ariables whic h are accessed in

the lo op. McKinley and T emam [4] found that suc h accesses happ en frequen tly in lo ops. The T etris memory

la y out will a v oid all cross-in terference.

5.2 T etris access rules

Ho w can y ou access those arra ys? The answ er is: on a cac he line base! The

�rst thing to observ e is: y ou can access all tiles of one cac he instance at the

same time. But y ou can go further: since arra ys do not in terfere ev en across

instances, y ou can read a tile from arra y A from, lets sa y , instance 3 and a tile

form arra y B from instance 5 in the same lo op. But y ou can go ev en further:

as long as y ou do not access the same cac he line y ou can read elemen ts of

the same arra y from di�eren t instances. F or example, assume arra y B uses

cac he lines 4 to 12. Then y ou could read cac he line 4 from instance 0, cac he

line 5 from instance 1, cac he line 6 from instance 2 and so on . . . just to giv e

one p ossible example.

cac he

= tile of B

main memory

= one cac he line of B

Note: y ou are not forced to use suc h di�cult access patterns. Y ou just can access one whole tile at once

and when y ou �nished w orking on it go to the next one. But at least y ou ha v e the p ossibilit y to use more

complex access patterns if y ou need to.

5.3 T etris mapping rules

There are t w o mapping functions in v olv ed in T etris (in practise y ou will

probably only deal with one whic h is the union of these t w o):

mapping of the tiles in the cac he instances This function answ ers the

question: \In whic h cac he instance and at whic h p osition inside that

instance can I �nd tile xy z ". Note: all tiles of an arra y use the same

p osition in all cac he instances whic h store a tile of that arra y .

mapping of tiles

in to instances

in to tiles

elemen ts

mapping of

arra y elemen ts

arra y

tile

memory

mapping of arra y elemen ts in to tiles This function answ ers the ques-

tion: \In whic h tile and in whic h p osition inside the tile do I �nd the

arra y elemen t with co ordinates x; y ; z ; : : : "
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Ho w do y ou c ho ose these functions? The answ er is: there are no restrictions.

Y ou are on y our o wn. Most lik ely y ou w an t to ha v e a simple mapping func-

tion lik e the \traditional" padding mapping: the leftmost, topmost blo c k is

mapp ed in to tile 0 and that is mapp ed ro w-ma jor in to instance 0.

Sometimes, y ou will come across situations where di�eren t | p erhaps

more complex | mapping functions will b e an adv an tage. F or m ulti-dimen-

sional arra ys for example y ou can c hop them in to planes as y ou did for

padding but it is not longer necessary . Y ou can c ho ose an y mapping ev en

m ulti-dimensional tiles are p ossible | that is: the elemen ts of a tile come

traditional

mapping

0 1 2

3 . . .

from a v olume and not only from a plane or line. If y ou ha v e a stream-bu�er,

y ou ma y w an t to arrange the elemen ts of a tile in suc h a w a y that the lo ops

access one cac he line after the other without skipping some lines.

tiled for tiled for

lo op 1 lo op 2

arra y arra y

Another reason for using more complex mapping functions are di�eren t

access patterns of sev eral lo ops. Imagine y ou ha v e t w o lo ops, the �rst requires

narro w and v ery tall tiles, the second needs wide but short tiles. F or this

example, let the second lo op require tiles whic h are only one line tall. Ho w

can y ou handle this? Mak e y our tiles narro w (one or t w o cac he lines long)

and as high as the �rst lo op requires but rotate the lines b y one for eac h

tile (see �gure at the righ t and pa y sp ecial atten tion to the line n um b ers).

When the second lo op accesses line 2, for example, it can use the line 2 from

as man y tiles as a single tile has lines. The reason is that line 2 in tile 1

o ccupies the space of line 1 in tile 0 and line 2 in tile 2 o ccupies the space

of line 0 in tile 0 and so on . . . Therefore, when loaded in to the cac he, the

cac he lines whic h hold data of line 2 o ccup y another space in the cac he for

eac h tile (as sho wn in the �gure of section 5.2).

tile 1 tile 2tile 0

0

1

2

1

2

3

2

3

4

. . .

line n um b ers

.

.

.

.

.

.

.

.

.

A note to stencil op erations (see �gure 6): The problem is that these

op erations ha v e a lo ok at the neigh b oring tiles. As with padding the solution

is not to c hange the memory la y out but to let the tiles, whic h the lo ops use,

b e a cac he line smaller than the ph ysical tile. The un used cac he line is then

used for the glimpse in to the neigh b or tiles without causing loss of useful

data.

tile used b y lo op

ph ysical tile

arra y

tile length

\visit" b y neigh b or

T o sum it up: Y ou are completely free in c ho osing ho w to map y our arra y

elemen ts in to tiles and whic h cac he instance to c ho ose for whic h tile but one

mapping ma y b e b etter in y our situation than another one.

5.4 T etris and hierarc hical cac hes

Ho w can y ou use sev eral cac hes? I w an t to explain this with an example. Assume y ou ha v e t w o cac hes and

the big cac he is four times larger than the small one. That is four instances of the small cac he �t in to one

instance of the big cac he.

main memory

small cac he

instances of the

big cac he instance

small cac he

big cac he

Consequen tly , tile line 12 of four consecutiv e small cac he instances will b e mapp ed on to four di�eren t places

in the big cac he but in to the same place of the small cac he.
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tile lines 12-15tile lines 8{11

small cac he instances 2

main memory

big cac he

small cac he

main memory

big cac he

small cac he

= arbitrary accesses to

other instances of the

small cac he

data remains in

the big cac he

Figure 14: In the top �gure cac he lines 8 { 11 and 12 { 15 of di�eren t instances 2 of the small cac he are

accessed. In the b ottom �gure other instances of the small cac he are accessed but not cac he lines 8 { 15 of

small cac he instance 2. Despite the fact that these cac he lines are kic k ed out of the small cac he, they remain

in the big cac he. If the program later accesses the v ery same memory lo cations of these cac he lines again,

they will b e in the big cac he and do not need to b e read from the main memory .

main memory

big cac he

small cac he= tile line 12

When y ou read or write data from the i

th

small cac he instance within a big cac he instance it will b e stored

in the big cac he un til y ou read or write data from/to another i

th

small cac he instance, ev en when y ou access

small cac he instances whic h are not the i

th

in b et w een. Let me mak e an example (see �gure 14): assume

arra y B o ccupies cac he lines 8 to 15 in the small cac he instances. No w, y ou access cac he lines 8 to 11 in the

small cac he instance 2 within the big cac he instance 0 and cac he lines 12 to 15 in the small cac he instance

2 within the big cac he instance 1. Then y ou access all cac he lines in all other small cac he instances with

the exception of all instances 2. Finally , y ou re-access small cac he instance 2 within the big cac he instance

0 and 1 to read cac he lines 8 to 11 and 12 to 15 resp ectiv ely . These cac he lines will still b e in the big cac he

but not in the small cac he.

5.5 T etris and m ultiple lo ops

What do y ou need to do if y our program has sev eral lo ops whic h access arra ys? Basically , there are t w o

problems:

1. The lo ops access di�eren t arra ys but also share some arra ys. Y ou will probably not ha v e a problem if

the lo ops do not share at least one arra y .

2. The lo ops access the same arra y but ha v e di�eren t access requiremen ts. That is: they ha v e di�eren t

access patterns or need di�eren t tile sizes or shap es.

In section 5.3 I discuss an example whic h handles problem 2. The tric k is to �nd a smart mapping and to

reorder the lo ops appropriately . If this do es not help, y ou need to ha v e a lo ok at section 5.6.
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Bo x 14: T etris v ersus P adding

Both T etris and padding can completely a v oid cac he in terference. The real di�erence b et w een them is

that padding can only handle v ery restricted situations whereas T etris can handle most situations.

T etris padding

in tuitiv e

algorithm a v ailable / easy to implemen t

c hanges arra y la y out only a bit

tiles with o dd sizes and o dd base address

m ulti-dimensional arra ys

sev eral arra ys in the same lo op

?
di�eren t arra y sizes

di�eren t tile sizes

di�eren t access patterns

sev eral lo ops

?
hierarc hical cac hes

?
arra ys with non-rectangular shap e

non-arra y v ariables

w astes memory

The question marks sa y: \it is p ossible but v ery restricted." Let me brie
y discuss the p oin ts:

in tuitiv e That T etris is more in tuitiv e is m y sub jectiv e opinion.

algorithm a v ailable / easy to implemen t Section 3 presen ts sev eral padding algorithms.

c hanges arra y la y out only a bit P adding just mak es the lines of the arra ys longer and mo v es the base

addresses around. T etris requires a total di�eren t arra y la y out (see section 5.1).

tiles with o dd sizes and o dd base address F or padding see sections 3.4 and 3.5. F or T etris see sec-

tion 5.3.

sev eral arra ys in the same lo op P adding can only handle di�eren t arra ys if they ha v e the same sizes

and are accessed v ery similarly (see sections 3.6 and 3.7).

di�eren t arra y sizes T etris can w ork with di�eren t arra y sizes (see sections 5.1 and 5.3). P adding do es

not accept di�eren t arra y sizes (see section 3.6).

di�eren t tile sizes T etris can w ork with di�eren t tile sizes (see sections 5.1 and 5.3). P adding do es not

accept di�eren t tile sizes (see section 3.6).

di�eren t access patterns T etris accepts di�eren t access patterns (see section 5.2). P adding requires

v ery similar access patterns for all arra ys (see section 3.7).

sev eral lo ops T etris can handle m ultiple lo ops (see section 5.5). P adding can handle sev eral lo ops only

if the same arra ys are accessed and the same tile size is used.

hierarc hical cac hes F or T etris see section 5.4. Hierarc hical padding w orks only if the big tile is as long

as the small tile (see section 3.9).

arra ys with non-rectangular shap e T etris can handle non-rectangular arra ys when y ou can �nd an

appropriate mapping function (see section 5.3). F or padding arra ys m ust b e rectangular.

non-arra y v ariables F or T etris see section 5.1. P adding can only pad arra y v ariables.

w astes memory Whic h tec hnique w astes more memory dep ends on y our program and y our padding

algorithm and y our implemen tation of T etris.
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F or the rest of this section, I will concen trate on problem 1 b y giving an

example. Imagine: y ou ha v e t w o lo ops: lo op one accesses arra ys A and B ,

lo op t w o accesses arra ys B , C , D and E . Ho w can y ou handle this? The answ er

is simple:

= E

= D= C

= B= A

lo op 2 cac he usage

lo op 1 cac he usage

= un used

� Arra ys A and B are not allo w ed to share an y cac he line.

� Arra ys B , C , D and E are not allo w ed to share an y cac he line.

� Arra y A 's cac he lines ma y b e used b y C , D and E

One p ossible solution is that arra y A uses the same cac he lines as arra ys C , D but not in the same cac he

instances as sho wn on the righ t.

AB E D C un used

p ossible memory organization for the example

Usually , there will b e sev eral solutions for problem 1. Y ou ma y w an t to c ho ose the one that ful�lls all

requiremen ts (tile size etc.), mak es b est use of y our cac he and do es not w aste to o m uc h memory .

5.6 T etris Cop y-Bu�er

T etris giv es y ou m uc h p ossibilities to cop e with most cac he problems but there are still situations where

T etris fails. Suc h situations arise when y ou need to deal with to o man y access patterns, to o man y lo ops

or/and to o man y arra ys so that y ou can not �nd a T etris memory la y out whic h tak es care of ev ery thing.

This is the w orst case of T etris. I can think of t w o problems:

1. Y ou need to c hange the w a y the arra y is stored in memory .

2. A lo op accesses sev eral arra ys and at least one arra y uses the same cac he lines as one or more other

arra ys. That is, the arra ys w ould o v erlap in the cac he. (I assume y ou ha v e stored all arra ys in the

\T etris-w a y", that is: they are c hopp ed in small pieces and are distributed in to cac he instances.)

If this happ ens y ou are forced to cop y data to a v oid cac he con
icts. T etris comes with an o wn cop ying

tec hnique | I call it Copy-Bu�er

4

. That is, ev en in the w orst case T etris do es not p erform so bad. Let me

�rst describ e cop ying in general and afterw ards the T etris Cop y-Bu�er idea.

F or all tiles

1. cop y data from arra y

in to Cop y-Bu�er

2. run main lo op on tile;

access Cop y-Bu�er

instead of arra y

3. cop y data from cop y-

bu�er bac k to arra y

Basically , cop ying w orks lik e this: Y ou ha v e a lo op whic h do es the \real"

w ork on the tile. I will call this lo op the main lo op. If the main lo op reads

data from A , y ou cop y this data in to a bu�er b efore y our en ter the main

lo op. Then the main lo op w orks on the tile but instead of accessing arra y

A directly it accesses its cop y in the bu�er. When the main lo op �nished

w orking on the tile, y ou cop y the data from the bu�er bac k in to the original

arra y A if the main lo op has c hanged this data. See b o x at the righ t.

No w, I describ e the T etris Cop y-Bu�er tec hnique. The basic idea is to

use the T etris memory la y out to

� a v oid all cac he in terference

� k eep the cac he lines of the Cop y-Bu�er all the time in the cac he

� a v oid to cop y man y arra ys

�����
�����
�����
�����

instance 5

instance 0

instance 11

CB

A

cop y

cop y-bu�er

cac he

main lo op can

access: B ,

C and cop y-bu�er

This mak es T etris Cop y-Bu�er m uc h faster than usual cop ying as describ ed

b y T emam et al. [8]. Usual cop ying either copies only some of the arra ys

accessed and m ust accept cac he in terference during the execution of the main

4

Note: if y ou cop y to p ermanen tly c hange the w a y the arra y is stored in memory then T etris Cop y-Bu�er is not applicable

but read on: y ou can still learn ho w to a v oid cac he in terference while cop ying.
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lo op or it copies all arra ys but su�ers hea vily from in terference while cop ying.

Usual cop ying m ust reload at least some of the cac he lines of the Cop y-Bu�er

b ecause they get kic k ed out due to cac he in terference.

The tric k on T etris Cop y-Bu�er is the w a y the lo cation of the bu�er is

c hosen:

���� ����

A

cop y-bu�er A

cop y

B

cop y-bu�er B

� The bu�er is nev er mo v ed to another lo cation.

� The cac he lines of the bu�er do not cause an y in terference. That is, no

other arra y whether copied or not uses the same cac he lines in another

cac he instance.

Here are the detailed rules for T etris Cop y-Bu�er:

� There m ust b e enough space in the cac he to hold the Cop y-Bu�er and

all other arra ys and v ariables y ou w an t to access in the main lo op. If

this is not the case, e. g. the Cop y-Bu�er requires 50% of the cac he and

another arra y requires 80% of the cac he, consider the p ossibilit y that

y ou ha v e c hosen tile sizes, that are to o big.

��
��
��
��

��
��
��
��

main lo op can access:

arra ys C, D, E and

cop y-bu�er of A, B

instance 0

5

instance 9

BA

C D E

cop y-bu�er B

cop y-bu�er A

� The Cop y-Bu�er m ust o ccup y tile lines whic h are not used b y an y arra y

or v ariable whic h is accessed in the main lo op or b y a cop y op eration.

That is, the main lo op can access the Cop y-Bu�er without causing cac he

in terference and no cop y op eration will thro w out the cac he lines of a

Cop y-Bu�er.

� The Cop y-Bu�er for an arra y is alw a ys in the same cac he instance. Ev en

when y ou mo v e from one tile to the next, y ou m ust not mo v e the bu�er.

If y ou mo v e the bu�er, the cac he lines of the old bu�er lo cation will b e

thro wn out of the cac he and the lines of the new bu�er will b e loaded.

This causes unnecessary dela ys.

�����
�����
�����
�����

�����
�����
�����
�����

�����
�����
�����
�����

����������
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�
�
�
�
�
�
�
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�
�
�nev er use this cac he lines

instance 0

instance 1

instance 3

instance 2

cop y-bu�er

cac he

Y ou ma y w an t to kno w ho w m uc h b etter the T etris Cop y-Bu�er is compared

to usual cop ying. The answ er is: it dep ends en tirely on ho w m uc h cac he

in terference are caused b y usual cop ying. The p oin t here is that an y argumen t

ab out cac he in terference in general in v olv es so man y parameters that it w ould

not b e scien ti�c.

5.7 T etris matrix m ultiplication example

The previous sections describ e the T etris idea from an abstract p oin t of

view. In this section I giv e a concrete example. I will sho w an implemen ta-

tion of the matrix m ultiplication algorithm using the T etris data la y out. I

further describ e ho w I dev elop ed this program. I presen t the T etris matrix

m ultiplication example in C co de b ecause it in v olv es some di�cult p oin ter

calculations whic h are not easily represen ted in an abstract syn tax.

C

S

= 128 cac he lines

C L

S

= 8 w ords

L , H = 22 w ords

M = 12 w ords

Y -tile uses 61 cac he lines

X , Y -tiles use 33 cac he lines eac h

I decided to use the v ery same tiled matrix m ultiplication algorithm

5

whic h is sho wn in �gure 1. F or simplicit y , I restricted all arra ys to b e square

and ha v e the same size. These are the steps whic h I to ok to dev elop the

program:

1. I started with analyzing the algorithm. Esp ecially , the parameters whic h

determine the tile size are imp ortan t. I named the length of the tile for

Y

M

XZ

H

HL L

the Y arra y L and its heigh t H . The tile of the X arra y m ust ha v e H as

its length, that is: it m ust b e as long as the Y -tile is heigh. The length

5

Mathematicians kno w faster w a ys to m ultiply matrices. I use this simple algorithm b ecause I fo cus only on cac he issues.
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of the tile of the Z arra y m ust b e L , that is: it m ust b e as long as the

Y -tile. I c hose M as the heigh t of b oth the X and the Z -tile. I �gured out

it w ould b e the b est to c ho ose a large and square tile for Y . The tiles of

the X and Z arra ys could b e smaller.

X

cac he

four un used elemen ts

one un used cac he line

Z
Y

2. I decided ho w the arra ys should b e distributed in to cac he instances. I

assigned half of the cac he to eac h of the other arra ys and a quarter of

the cac he to the X and Z arra ys. Since accesses to X do not o ccur in the

inner lo op and are relativ ely seldom it is unnecessary to reserv e a part

of the cac he for it. Using a quarter of the cac he will actually slo w do wn

the T etris program b ecause the Y -tile is smaller than necessary but I

though t it is instructiv e to sho w that T etris can handle this. A further

sp eed increase w ould b e p ossible b y reserving only one line of length

L for the Z -tile but that w ould result in to o m uc h un used memory . I

w ould need a whole cac he instance for eac h line of length L to store the

Z arra y .

L

n

RAh

= tile = arra y

RAl

H

3. Giv en this la y out I calculated the tile size in elemen ts. I use a Cra y T3E

computer with DEC Alpha 21164 pro cessors. The top lev el cac he has

1024 w ords and the largest cac he line size is 8 w ords. This computer

has stream bu�ers so that I w an ted to read as man y consecutiv e cac he

lines as p ossible to mak e b est use of them. I c hose L , H = 22. This giv es

the next smaller square whic h �ts in to half of the cac he. The remaining

cac he lines are b est used b y c ho osing M = 12.

4. Then, I created the mapping functions for eac h arra y (see section 5.3). A mapping function calculates

the address of an elemen t from its x , y co ordinates. The functions m ust, of course, honor the T etris

memory la y out, that is the fact that the arra ys are distributed in to sev eral cac he instances. The part

of these functions whic h is m ultiplied b y C

S

� C L

S

calculates the address of the cac he instance and the

righ t part the address of the elemen t within the cac he instance. Since the algorithm access the elemen ts

in ro w-ma jor order, I stored the elemen ts in ro w-ma jor order within the cac he instances, lea ving no

space b et w een the tile lines. This w a y I can utilize the stream bu�ers b est. XADR , YADR and ZADR are

the mapping functions for the arra ys X , Y and Z resp ectiv ely:

#define XADR(y,x) (X + ( (y / M)*RAh + (x / H) )*(CS*CLS) + (y % M)*H + (x % H))

#define YADR(y,x) (Y + ( (y / H)*RAl + (x / L) )*(CS*CLS) + (y % H)*L + (x % L))

#define ZADR(y,x) (Z + ( (y / M)*RAl + (x / L) )*(CS*CLS) + (y % M)*L + (x % L))

X , Y and Z are the base addresses of the arra ys. CS*CLS is the size of the cac he in elemen ts and,

therefore, the size of the cac he instances. RAl is the length of the arra y in whole m ultiples of L . F or

example, let L b e 22 then for a Y arra y with length 100, RAl w ould b e 5 since 5 � 22 is the next greater

than 100 m ultiple of 22. RAh is the heigh t of the arra y in m ultiples of H .

5. Next, I wrote the initialization of the program as sho wn in �gure 15. I tested this part v ery carefully

to ensure that the data w as stored in the righ t w a y . The initialization of the arra ys is not sho w. I

simply used the ab o v e mapping functions to calculate the address of eac h elemen t.

6. Afterw ards, I wrote the �rst v ersion of the matrix m ultiplication and tested its correctness. I still used

the mapping functions to calculate the addresses of the elemen ts in the inner lo op.

7. Finally , I optimized the matrix m ultiplication b y remo ving the exp ensiv e address calculation from the

inner lo op. This resulted in the co de sho wn in �gure 16. It is p ossible to remo v e the address calculation

completely from the matrix m ultiplication b y replacing it through some simple additions and a bunc h

of p oin ter v ariables but it will not result in signi�can t impro v ed sp eed.
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#define CLS 8 /* length of a c ache line in elements */

#define CS 128 /* size of the c ache in c ache lines */

#define L 22 /* length of Y and Z -tile in elements */

#define H 22 /* height of Y -tile and length of X -tile */

#define M 12 /* height of X and Z -tile */

#define WORD (sizeof(double) ) /* length of a wor d in bytes */

#define MYMIN(n,m) ((n) < (m) ? (n) : (m)) /* minimum of n and m */

#define CEIL(v,s) ((v) + ( ( (s) - ((v) % (s)) ) % (s) )) /* r ound v to next multiple of s */

double *Mtx; /* p ointer to the al lo c ate d memory */

int RAl; /* r e al arr ay length (in multiples of L ) */

int RAh; /* r e al arr ay height (in multiples of H ) */

double *X, *Y, *Z; /* arr ay b ase addr esses */

int jj, kk, i, k, j; /* index variables */

double *YY, *YYY, *XX, *ZZ, *ZZZ; /* auxiliary p ointers */

double r; /* auxiliary variable to hold element of X */

/* c alculate r e al arr ay length and height */

RAl = CEIL(n,L) / L;

RAh = CEIL(n,H) / H;

/* how many c ache instanc es do I ne e d? */

i = RAl * RAh; /* numb er of c ache instanc es use d by Y */

j = RAh * CEIL(n,M) / M; /* numb er of c ache instanc es use d by X and Z */

if(j > i) i = j; /* which one uses mor e c ache instanc es? */

/* al lo c ate memory */

Mtx = malloc( i*( CS * CLS + CLS -1 ) * WORD );

assert( Mtx );

/* c alculate b ase addr esses i. e. o�sets into the �rst c ache instanc e */

X = (double *) CEIL((long) Mtx ,CLS);

Y = X + CEIL((long) (H*M), CLS);

Z = Y + CEIL((long) (L*H), CLS);

if( (Z + CEIL((long) (L*M), CLS)) - X > (long) CS * CLS)

{

printf( "The tiles exe e d the size of your c ache! \ n" );

exit(EXIT_FAILUR E) ;

}

... initialize matric es (not shown) ...

Figure 15: The initialization and address calculation part of the T etris matrix m ultiplication.
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/* matrix multiplic ation */

for( kk = 0; kk < n; kk += H )

{

for( jj = 0; jj < n; jj += L )

{

for( i = 0; i < n; i++ )

{

XX = X + ( (i / M)*RAh + (kk / H) )*(CS*CLS) + (i % M)*H;

YY = Y + ( (kk / H)*RAl + (jj / L) )*(CS*CLS);

ZZ = Z + ( (i / M)*RAl + (jj / L) )*(CS*CLS) + (i % M)*L;

for( k = kk; k < MYMIN( kk + H, n ); k++ )

{

YYY = YY;

r = *(XX++);

ZZZ = ZZ;

for( j = jj; j < MYMIN( jj + L, n ); j++ )

{

*(ZZZ++) += r * *(YYY++);

}

YY += L;

}

}

}

}

Figure 16: The main lo ops of the T etris matrix m ultiplication.

Besides sev eral mistak es with the p oin ter calculation, I had to �gh t t w o main problems: the Cra y compiler

\optimized" m y lo ops when I run it in high optimization lev els and I had to align m y co de b y hand. That is:

I had to insert some no-op instructions b efore the matrix m ultiplication lo ops to gain maxim um p erformance.

5.8 T etris | to w ards an algorithm

In this section I discuss some of the issues whic h ma y arise if someone w an ts to �nd a T etris algorithm. Most

of the readers m y w an t to skip this section. This is not a complete list of p oin ts whic h m ust b e considered

for a T etris algorithm; it is more a collection of some though ts ab out it.

T etris w as b orn to b e used in compilers. When I sa w the restrictions of padding, it w as clear to me

that padding is to o w eak to b e used b y compilers, so I though t of something more p o w erful and came up

with T etris. Since T etris c hanges the data la y out hea vily , it is certainly easier to use with a programming

language in whic h the arra y la y out is unkno wn to the programmer.

T o get the b est results when applying T etris, all p ossibilities | lik e mapping functions, lo op c hangings,

tile sizes and so on | m ust b e considered. Most lik ely , this requires h uman creativit y and can not b e done

b y a computer. Nev ertheless, it should b e p ossible to �nd an algorithm whic h can handle most cases with

v ery go o d results b y applying some heuristics. Here are some p oin ts whic h suc h an algorithm ma y need to

tak e in to consideration:

� Whic h v ariables are accessed in the inner lo ops?

� Whic h v ariables are shared b y sev eral lo ops?

� Whic h restrictions/dep endencies exist b et w een lo ops and tile sizes?
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Bo x 15: The m yth of the transparen t cac he

F or more than a decade scien tists all o v er the w orld ha v e b een studying ho w to mak e b est use of the cac he

| without m uc h success. The hardw are p eople promised a transparen t cac he. So far they ha v e not k ept

their promise. Allo w me to mak e some philosophic commen ts ab out the hardw are issue.

F rom the p oin t of view of a hardw are designer, T etris is just a soft-

w are sim ulation of a fully addressable fast memory bu�er. T etris abuses

the cac he to pla y the roll of this bu�er. T etris is a comparativ ely di�-

cult replacemen t for suc h a bu�er. Hardw are designers seem to dream of

impro ving the sp eed of programs with hardw are whic h do es not need an y

soft w are supp ort, lik e cac hes. Should T etris ev er b ecome wide spread used

| what I do not kno w | this dream w ould ha v e come to its w orst end.

T etris represen ts a h uge soft w are e�ort to circum v en t a fully automated

hardw are feature | the cac he.

21164

Is there no b etter solution? First, w e need some or sev eral kinds of fast and small, close to the pro cessor

memory . But is a cac he the only thing w e can think of ? I b eliev e, the in terference problem with arra ys

| the v ery one against padding and T etris �gh t | is an in trinsic cac he problem, caused b y the mapping

function. I do not sa y that ha ving a fully addressable fast memory bu�er is the ultimate solution to the

in terference problem but I sa y that this problem will not b e solv ed with a cac he. I b eliev e that to o man y

p eople concen trate on cac hes instead of searc hing for other solutions.

� Ho w should the algorithm select a tile size?

� Ho w to tile the lo ops? Note: it ma y sometimes b e necessary to tile lo ops di�eren tly than for usual

tiling b ecause T etris p ermits | with some restrictions | to access tiles whic h are distributed among

sev eral cac he instances. See the stencil op eration and the t w o-lo ops example discussed in section 5.3.

� Ho w should the algorithm �nd a mapping function? That is, ho w should the algorithm map tiles to

cac he instances and ho w to map the elemen ts of the arra y in to the tiles? Section 5.3 has an example

whic h sho ws that it is necessary to b e a bit creativ e here; esp ecially if the algorithm deals with sev eral

distinct lo ops.

� Ho w should the algorithm a v oid w asting to o m uc h memory?

� When should the algorithm cop y data?

� Ho w should the algorithm handle m ulti-dimensional arra ys?

� Whic h non-arra y v ariables should b e stored using T etris?

� When do es hierarc hical tiling mak e sense? That is: when do es it impro v e the program sp eed | m y

hierarc hical tiled matrix m ultiplication slo ws do wn the program | or when do es hierarc hical tiling

result in other adv an tages?

� Ho w should the algorithm supp ort other hardw are features lik e virtual mapp ed cac hes or stream

bu�ers?

The b est approac h to w ards an algorithm w ould probably b e to �rst gain exp erience b y applying T etris to a

n um b er of programs b y hand. Afterw ards, an algorithm could b e dev elop ed whic h ignores most of the ab o v e

questions, for example b y c ho osing the same tile size for all tiles, b y not considering hierarc hical tiling and

b y ignoring the Cop y-Bu�er tec hnique. Later the algorithm could b e extended to handle more cases and to

b e more e�cien t. W ell, so m uc h for theory . . .



6 THE EXPERIMENTS 56

6 The Exp erimen ts

Basically , there are three metho ds whic h are v ery strong in a v oiding cac he con
icts: padding, cop ying and

T etris. Unfortunately , it is hard to argue whic h one is b etter. P adding can not handle all situations but it is

easier to implemen t as cop ying and T etris. In general, I can not sa y ho w m uc h a certain tec hnique impro v es

a program. It dep ends on the program and the hardw are.

In this section I try all metho ds on a certain program (matrix m ultiplication) and on a certain hardw are

(Cra y T3E) to compare them. Bo x 16 describ es the programs and algorithms in detail. Bo x 17 describ es

the hardw are and ho w I made the exp erimen ts. Bo x 18 explains wh y I ha v e c hosen matrix m ultiplication.

Bo x 19 tries to answ er the question whic h metho d is the fastest. Figures 17 and 18 sho w the results of the

exp erimen ts.

6.1 Discussion of the graphs

In this section I try to explain wh y the curv es of �gures 17 and 18 lo ok the w a y they lo ok. Note that I can

not op en the cac he and see what is going on there. Therefore, the explanations giv en here are m y b est guess

and not a general truce.

?
Is there alw a ys no sp eed di�erence b et w een cop ying, padding and T etris?

Y ou do not see a big di�erence b et w een the execution times of the cop ying, padding, T etris-Cop y-

Bu�er and T etris programs. The reason is that the matrix m ultiplication can reuse data a lot and

causes relativ ely few loads from main memory after the program has b een tiled. If I had used the

stencil op eration from �gure 6 | whic h reuses a once loaded elemen t just three times and accesses the

memory m uc h hea vier | the di�erence b et w een the metho ds w ould b e m uc h more signi�can t.

?
Are the tin y di�erences b et w een cop ying, padding and T etris meaningful?

Y es. The di�erences are not just a measuremen t error. These tin y di�erences in the execution time

are actually cross-in terference or o v erhead from cop ying. F or example: T etris is alw a ys faster than

T etris-Cop y-Bu�er whic h has some o v erhead from cop ying.

?
Are the optimized programs una�ected b y Stream Bu�er issues?

No. When y ou compare the enlargemen ts of the t w o graphs, y ou will see that all fast programs are

one to four nano-seconds slo w er without Stream Bu�ers than with them. Moreo v er, I programmed

the T etris v ersion Stream Bu�er friendly , therefore, it lo oses more than padding and cop ying when the

stream bu�ers are switc hed o�.

?
Wh y is T etris slo w er than padding and cop ying without Stream Bu�ers?

The padded program su�ers from cross-in terference but there is not m uc h in terference in the matrix

m ultiplication. The cop ying program su�ers from the cop ying o v erhead but that is small b ecause there

is m uc h reuse in the matrix m ultiplication algorithm. Nev ertheless, b oth programs should b e slo w er

than T etris and T etris-Cop y-Bu�er ev en without Stream Bu�er supp ort. The p oin t here is that the

T etris program use a smaller tile size whic h slo ws it do wn.

?
Should not the padded program b e faster than the cop ying program?

Theoretically , the answ er should b e y es. I ha v e no explanation for the fact that b oth programs run at

the same sp eed.

?
Wh y are the cop ying, padding and T etris curv es not completely ev en?

When the user arra y length is not an exact m ultiple of a tile size then some tiles are only partly used.

The lo op o v erhead is higher for partly used tiles than for full tiles. This causes the jittering. The up

and do wn b ecomes smaller for larger arra y sizes b ecause larger arra ys ha v e m uc h more full tiles than

partly used tiles.
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Figure 17: This plot sho ws ho w m uc h time the di�eren t programs sp en t for the matrix m ultiplication

dep ending on the arra y length. The time is divided b y the cubic arra y length. F or y our con v enience I

enlarged the small b o x in the graph.
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Figure 18: Since y ou ma y not ha v e Stream Bu�ers I made the exp erimen t from �gure 17 again but switc hed

o� the Stream Bu�ers. Again, I enlarged a part of the graph.
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Figure 19: Ha v e a lo ok at �gure 1: in the k -lo op, one line of the Z -arra y is reused while eac h line of the

Y -arra y is loaded. A t arra y length 512, exactly t w o lines �t in to the 1024 elemen t cac he. The unoptimized

program uses the same cac he lines for the arra y lines 0, 2, 4, 6, 8, . . . of the Y -arra y . This is not a problem

but, b y c hance, the single line of the Z -arra y uses also the v ery same cac he lines as this lines of the Y -arra y

(left �gure). Actually , elemen t i of the Y -arra y line uses the same cac he line as the elemen t i of the Z -arra y

line. This causes cac he thrashing | the cac he lines of the Y and Z -arra ys thro w eac h other out of the cac he.

This slo ws do wn the program and causes the p eak in the unoptimized curv e at arra y length 512.

The middle �gure sho ws the situation for arra y length 256. F our lines of the arra y �t in to the cac he but

only one causes cac he thrashing. Therefore, the cac he thrashing slo ws do wn the program only b y half of the

amoun t of time as it has slo w do wn the program for arra y length 512. So the p eak in the curv e for arra y

length 256 is only half as high as for 512. F or arra y length 128 the p eak is only a quarter as high as for 512

b ecause eigh t lines �t in to the cac he and only one of them causes this w orst case cross-in terference.

F or the tiled program the p eak in it's curv e at arra y length 512 is ev en higher. The tiled program do es

not use the Stream Bu�ers as e�ectiv e as the unoptimized program do es, instead it hop es the cac he is able to

hold all elemen ts of the tile. The tiled program su�ers from the same cross-in terference as the unoptimized

program but in addition it mak es bad use of the cac he (righ t �gure).

Since ev ery second tile line uses the same cac he lines and a tile is only 32 elemen ts long, only a tin y part

of the cac he gets used. When the tiled program tries to reuse the �rst tile line, the line has long b een thro wn

out of the cac he. The e�ect is not so dramatic for arra y length 256 and 128 due to the secondary cac he. This

t w elv e times larger 3-w a y cac he with it's random replacemen t strategy can then hold enough cac he lines of

the tile to mak e reuse p ossible.
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Bo x 16: The sample programs

All programs whic h I use in the plots implemen t the matrix m ultiplication algorithm sho wn in �gure 1 on

page 4. I c ho ose all arra ys to ha v e the same square sizes. F or example, when the plot sa ys arra y length

128 then all arra ys ha v e a user arra y length of 128 elemen ts and a heigh t of 128 lines. All programs are

written in C. I use the optimization -O1 of the Cra y C-compiler for all programs. F urthermore, I tried

to mak e all programs | with the exception of the T etris program | as fast as p ossible b y c ho osing the

b est tile sizes, access patterns and b y making the programs stream bu�er friendly if p ossible.

unoptimized The unoptimized program is the v ery co de sho wn in �gure 1 (a). This program do es not

implemen t an y optimizations lik e padding or cop ying.

tiled The tiled program is the co de sho wn in �gure 1 (b). This program do es not implemen t an y other

optimizations lik e padding or cop ying | just simple tiling. The tile size | B in �gure 1 | is 32.

The arra ys ha v e exactly the size A

L

� A

L

.

cop ying The cop ying program implemen ts the co de sho wn in �gure 1 (b) but it copies the tile of the

Y -arra y in to a con tin uous bu�er b efore en tering the i -lo op. The program uses a 32 � 32 elemen t

tile for the Y -arra y so that the whole cac he is used. Lam et al. [3 ] found that cop ying the Z -arra y as

w ell pro duces more o v erhead as b ene�t.

padded The padded program uses the co de sho wn in �gure 1 (b). The length of arra y Y is padded to

a v oid self-in terference. I use the Odd-P adding algorithm but note that the c hoice of the padding

algorithm do es not in
uence the n um b er of the remaining cac he con
icts and, therefore, do es not

in
uence the sp eed of this program. Arra ys X and Z can not cause self-in terference b ecause it is only

one line accessed in the inner lo op and there is no reuse of that line in the i and j -lo ops. T o a v oid

w orst case cross-in terference b et w een arra ys Y and Z the base address of arra y Y is padded so that

there is alw a ys a relativ e distance of at least 16 elemen ts b et w een these arra ys. The tile size | B in

�gure 1 | is 32. Exp erimen ts ha v e sho wn that a smaller tile size slo ws do wn the program.

T etris The T etris program co de is sho wn in �gures 15 and 16 on page 54. I use the same parameters

as describ ed in section 5.7. Esp ecially the Y -tile size is 22 � 22 and the X and Z -tile size is 22 � 12.

This c hoice is not optimal but I w an ted to sho w that T etris can handle three arra ys with di�eren t

tile sizes and access patterns. Section 5.7 explains ho w to impro v e this program.

T etris-Cop y-Bu�er The Cop y-Bu�er v ersion of T etris is basically the same program as sho wn in �gures

15 and 16. It also uses the same parameters as the T etris program. I delib erately c hanged the arra y

la y out so that the Y -arra y uses the same cac he lines as the X and Z -arra ys | in di�eren t cac he

instances, of course. Therefore, I need to use the Cop y-Bu�er tec hnique (see section 5.6) to cop y

the Y -tile in to a bu�er b efore the i -lo op. The cop ying program and the T etris-Cop y-Bu�er program

can b e compared b ecause they cop y the same amoun t of data during the whole execution of the

programs despite the fact that the tile sizes are di�eren t. The di�eren t tile sizes do not a�ect the

o v erhead caused b y cop ying, instead they somewhat sp eed up the main w ork lo op of the cop ying

program.

I had problems with the co de alignmen t b y all programs but some programs seem to b e more sensible to

it than others. Bad co de alignmen t sometimes doubled the execution time.
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Bo x 17: The exp erimen tal setup

The measuremen ts for �gures 17 and 18 are made on a Cra y T3E, using the programs describ ed in

b o x 16. The T3E has DEC Alpha 21164 pro cessors. The graphs sho w the execution time of the matrix

m ultiplication divided b y ( U A

L

)

3

. That is: I normalized the graphs using the function ( U A

L

)

3

. The time

sho wn is the time needed b y one pro cessor for executing the matrix m ultiplication lo ops. The initialization

of the programs and matrices is not measured. F or arra y lengths b et w een 24 and 768 elemen ts, I to ok

one sample for eac h m ultiple of 8 arra y length. Note that the x-axis whic h sho ws the user arra y length

U A

L

in elemen ts has a logarithmic scale.

The DEC Alpha 21164 pro cessor has t w o lev els of cac hes. The �rst cac he (data cac he) is a direct

mapp ed 1024 elemen t cac he with a cac he line size of 4 elemen ts. The second cac he is a 3-w a y 12288

elemen t cac he with a cac he line length of 8 elemen ts. Whic h cac he line out of a three-cac he-line-set gets

replaced is c hosen randomly . One elemen t is 8 b ytes long whic h is the size of double .

The Cra y T3E has six data Stream Bu�ers whic h w ork as replacemen t for the third cac he lev el.

These stream bu�ers automatically detect accesses to consecutiv e memory lo cations and start prefetc hing

those cac he lines. F or �gure 18 I switc hed the Stream Bu�ers o� b y setting the en vironmen t v ariable

SCACHE D STREAMS to 0.

Bo x 18: Wh y do I use matrix m ultiplication?

Here are some p oin ts whic h explain wh y matrix m ultiplication is a go o d c hoice:

� Matrix m ultiplication is simple and wide kno wn.

� It is a famous example for cac he exp erimen ts.

� It has m uc h reuse whic h is imp ortan t to sho w cac he e�ects.

� It accesses sev eral arra ys so that I can sho w that T etris can handle them all.

� It has di�eren t access patterns so that padding can not a v oid all cac he in terference. That is: padding

should not b e as fast as T etris.

� I can implemen t matrix m ultiplication using di�eren t tile sizes whic h pro ofs that T etris can handle

this, to o.

On the other hand, there are some reasons wh y matrix m ultiplication is a bad c hoice:

� It has to o m uc h reuse and to o few direct memory accesses. This is wh y y ou do not see a signi�can t

di�erence b et w een most programs.

� It has to o few cross in terference. Therefore, y ou can not see a di�erence b et w een T etris and padding.

In the end I need to c ho ose an example algorithm for the exp erimen ts and no matter whic h one I c ho ose

it will ha v e its adv an tages and disadv an tages.
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Bo x 19: Whic h metho d is faster?

There are sev eral metho ds whic h a v oid cac he con
icts. Whic h one is the b est for y our program? Ho w m uc h

faster y our program will b e when y ou implemen t one of these tec hniques dep ends on man y parameters |

lik e y our hardw are, the memory access patterns of y our program, the cac he in terference caused b y y our

program and the cac he in terference a v oided b y the metho d. This are to o man y parameters, so that I can

not tell y ou ho w m uc h y ou will win when y ou use one of these metho ds. I can not ev en promise y ou that

y our program will not b e slo w er than b efore. But from exp erience and theoretical considerations I can,

at least, tell y ou some relations among these metho ds.

slo w

fast

?

?

cop ying

T etris-Cop y-Bu�er

?

?

?

A B

A

A

B

B

B is as fast as A or faster

B is most lik ely faster as A but in some cases slo w er

it is unkno wn whic h one is faster

tiling

padding

T etris

unoptimized

?

Most lik ely a tiled program is faster as the unoptimized original program but I sa w some (badly) tiled

programs whic h where slo w er than the original; mainly b ecause the original v ersion could mak e b etter

use of the Stream Bu�ers.

A padded program is alw a ys faster than the tiled program b ecause it uses the v ery same lo ops but

a v oids at least some cac he con
icts. I nev er sa w a padded program whic h w as slo w er than the original

and I do not exp ect to do so but theoretically it w ould b e p ossible. F or example: when the lo op o v erhead

caused b y tiling slo ws do wn the padded program more than it wins b y a v oiding cac he con
icts.

I kno w that T etris-Cop y-Bu�er is faster than cop ying b ecause it a v oids cac he con
icts while it copies.

Whether these b oth metho ds are faster than y our original program or not dep ends on ho w m uc h cac he

con
icts they can a v oid, ho w often once copied data is reused and ho w high the o v erhead caused b y

cop ying is. F or the same reasons these metho ds can b e faster or slo w er than tiling. In situations where

padding can a v oid all cac he con
icts a padded program is sure faster than cop ying and T etris-Cop y-Bu�er.

If padding can not a v oid all cac he con
icts, then it dep ends on the relation b et w een the time sp en t for

the remaining cac he con
icts of padding to the time sp end for the cop ying o v erhead.

T etris is faster than T etris-Cop y-Bu�er and cop ying b ecause it has not to pa y the o v erhead of cop ying

| here, I assume that T etris can a v oid all cac he con
icts. T etris is as fast as padding when padding

can a v oid all cac he con
icts b ecause T etris can a v oid the same con
icts as padding. In a situation where

T etris can a v oid more cac he con
icts as padding, T etris will b e faster.
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?
Wh y do es the unoptimized curv e rise so m uc h around 110?

The secondary cac he of the Alpha pro cessor can store 12288 elemen ts, that is: it can store one complete

arra y ( Y ) of size 110. Ev en the unoptimized program can hold that arra y in the cac he as long as the

arra y length is smaller than 110.

?
Wh y are most programs a bit faster for v ery small arra ys?

Because of the �rst cac he whic h can hold 1024 elemen ts and is faster than the second one. Most

programs use a tile size of 32 � 32 whic h exactly �ts in to the �rst cac he. The T etris programs use a

tile size of 22 � 22 and m ust already deal with four tiles for arra y size 24. Therefore, their curv es are

higher at these p oin ts.

?
What causes the p eaks in the curv e of the tiled program?

The tiled program su�ers from self- and cross-in terference. Dep ending on ho w long the arra ys are and

whic h base address they ha v e, the amoun t of cac he con
icts raises or drops. Some arra y lengths are

o dd m ultiples of the tile length 32. Then the arra y length ful�lls the requiremen ts of the Odd-P adding

algorithm and there are no self-in terference but there will still b e cross-in terference.

?
What causes the p eaks in the curv e of the unoptimized program?

The p eaks are caused b y w orst case cross-in terference (cac he thrashing) as describ ed in b o x 4. Figure 19

explains the details.

?
What causes the tall p eak at arra y size 512 in the curv e of the tiled program?

W orst case cross- and self-in terference in the cac he as describ ed in b o x 4. Please, see �gure 19 for

details, again.

6.2 Summary

It is hard to predict the e�ect of a cac he con
ict a v oiding metho d on the sp eed of a giv en program. F or

matrix m ultiplication cop ying, padding and T etris run almost at the same sp eed. F or other programs the

out come ma y b e totally di�eren t. The smo oth curv es sho w that these metho ds really get rid of most cac he

in terference. F urthermore, T etris pro v ed that it can handle di�eren t tile sizes and access patterns. Ev en the

w orst case for T etris | when it is necessary to emplo y the T etris-Cop y-Bu�er tec hnique | is comparativ ely

fast.
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7 Conclusion

Tiling can impro v e the sp eed of programs but it m ust b e accompanied b y a tec hnique whic h a v oids cac he

con
icts. Three of these tec hniques are reasonable strong: cop ying, padding and T etris.

tec hnique adv an tage disadv an tage

padding easy to implemen t can not handle all situations

cop ying strong and 
exible causes m uc h o v erhead

T etris strong and 
exible no algorithm a v ailable/hard to implemen t

Cop ying is not m uc h used b ecause p eople fear the o v erhead but the exp erimen ts with matrix m ultiplication

sho w that it is quite go o d in some cases. In the future P adding and T etris ha v e to pro v e their usefulness in

practise.

A few y ears ago, If I w ould ha v e talk ed ab out the state of the art of padding to a programmer, I migh t

v ery w ell ha v e had to face this question:

\Y ou mean that the thing is sup ernatural?"

Sherlo c k Holmes in Sir Arth ur Conan Do yle's

The hound of the Baskervil les

A glimpse at the \w ork of others" section in this pap er sho ws clearly that this is not longer true. P adding

can b e considered to b e w ell understo o d but it is new and not wide spread b y no w.

There are sev eral algorithms for in tra-v ariable padding. P anda et al.'s [5 ] metho d and the t w o in tro duced

in this pap er: Odd-P adding and Brute-F orce-P adding c hange the length of the arra y in v olv ed and ha v e

di�eren t requiremen ts for the tile length. Whereas P anda et al.'s [5] metho d searc hes for an appropriate

pad, the Odd-P adding and the Brute-F orce-P adding algorithm are based on mathematical prop erties of

the mo dulo-function. I not only sho w ed the w orst-case memory consumption of the Brute-F orce-P adding

algorithm and the Odd-P adding algorithm but ev en pro v ed that the Odd-P adding algorithm is correct.

padding algorithm adv an tage disadv an tage

Brute-F orce-P adding simple, 
exible uses to o m uc h pad

P anda et al.'s D A T shortest a v erage pad, 
exible bad w orst case b eha vior

Odd-P adding simple, shortest w orst case pad not so 
exible, longer a v erage pad

P adding is p o w erful enough to handle a lot of common cases lik e: tiles with o dd sizes and base co ordinates,

sev eral or m ulti-dimensional arra ys, stencil op erations. But there are serious w eaknesses whic h restrict the

usefulness of padding: for accessing sev eral arra ys at once, all arra ys and tiles m ust ha v e the same size.

F urthermore, the w a y y ou can access the arra ys is restricted, hierarc hical tiling w orks only in a sp ecial case,

and I carefully nev er talk ed ab out ho w to pad arra ys whic h are accessed in di�eren t lo ops with di�eren t

access requiremen ts. P adding fails in suc h prominen t cases lik e matrix m ultiplication, where it can a v oid all

self-in terference but not all cross-in terference b ecause the arra ys in v olv ed ha v e di�eren t access patterns. In

suc h cases cop ying (T emam et al. [8]) or T etris m ust b e emplo y ed.

T etris is a p o w erful metho d to a v oid cac he con
icts but it do es not come with an algorithm. A t the

momen t T etris can only b e implemen ted b y hand and some in tuition is necessary to get b est results. Should

T etris pro v e to b e useful in future then it w ould b e necessary to dev elop an algorithm.
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