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Abstract. Evolution operates on whole genomes by operations that
change the order and strandedness of genes within the genomes. This
type of data presents new opportunities for discoveries about deep evo-
lutionary rearrangement events. Several distance-based phylogenetic re-
construction methods have been proposed [12, 21, 19] that use neighbor
joining (NJ) [16] with the expected breakpoint or inversion distances
after k rearrangement events. In this paper we study the variance of
the breakpoint and inversion distances. The result is combined with
Weighbor [5], an improved version of NJ using the variance of true evolu-
tionary distance estimators, to yield two new methods, Weighbor-IEBP
and Weighbor-EDE. Experiments show the new methods have better ac-
curacy than all previous distance-based methods, and are robust against
model parameter misspecifications.

1 Background

Distance-based phylogenetic reconstruction. A (phylogenetic) tree T on
a set of taxa S is a tree representation of the evolutionary history of S:
T is a tree leaf-labeled by S, such that the internal nodes reflect past
speciation events. Given a tree T on a set S of genomes and given any
two leaves i, j in T , we denote by P (i, j) the path in T between i and j.
We let λe denote the number of evolutionary events on the edge e during
the evolution of the genomes in S within the tree T ; we call it the true
evolutionary distance between the two endpoints. We can then define the
matrix of true evolutionary distances, dij =

∑
e∈P (i,j) λe, which is additive

(a distance D is additive if it satisfies the four-point condition: for every
distinct four points {i, j, l,m}, Dij+Dlm ≤ max{Dil+Djm, Dim+Djl}).
Given an additive matrix, many distance-based methods are guaranteed
to reconstruct the tree T and the edge weights.

Neighbor joining and its variants BioNJ and Weighbor. Neighbor joining
(NJ) is the most popular distance-based tree inference method. The input
to the method is a matrix of estimated leaf-to-leaf distances {Dij |1 ≤
i, j ≤ n} on n leaves. Starting with these leaves as one-node subtrees, the
algorithm creates new subtrees iteratively by picking two subtrees using a
least-squares criterion of the distances to other roots of the subtrees (the



pairing step), and updates the distances of the root of the new subtree to
other roots of the subtrees (the distance update step) according to some
least-squares criterion [7].

In reality, we do not get exact distance estimates between leaves due
to the random nature of evolution. Atteson showed NJ is guaranteed to
reconstruct the true tree topology if the input distance matrix is suffi-
ciently close to a distance matrix defining the same tree topology [1].
Consequently, techniques that yield a good estimate of the matrix {dij}
are of significant interest.

In this paper we will use two modified versions of neighbor joining
called BioNJ [7] and Weighbor [5]. Both methods use the variance of
the true distance estimators in the pairing (Weighbor only) and distance
update steps to improve the accuracy of the tree reconstruction.

Genome rearrangement evolution. Modern laboratory techniques yield
the ordering and strandedness of genes on a chromosome, allowing us to
represent each chromosome by an ordering of signed genes (where the
sign indicates the strand). Evolutionary events can alter these orderings
through rearrangements such as inversions and transpositions, collectively
called genome rearrangements. Because these events are rare, they give us
information about ancient events in the evolutionary history of a group
of organisms. In consequence, many biologists have embraced this new
source of data in their phylogenetic work [6, 14, 15]. Appropriate tools
for analyzing such data remain primitive when compared to those devel-
oped for DNA sequence data; thus developing such tools is becoming an
important area of research.

The genomes of some organisms have a single chromosome or contain
single chromosome organelles (such as mitochondria [4] or chloroplasts
[14, 15]) whose evolution is largely independent of the evolution of the
nuclear genome for these organisms. When each genome has the same set
of genes and each gene appears exactly once, a genome can be described
by an ordering (circular or linear) of these genes, each gene given with
an orientation that is either positive (gi) or negative (−gi). If the genome
is circular, we always represent the genome “linearly” so g1 is positive
and at the first position. A close inspection shows a circular genome with
n genes, when represented linearly, is identical to a linear genome with
n− 1 genomes.

Let G be the genome with signed ordering g1, g2, . . . , gk. An inversion
between indices a and b, for a ≤ b, produces the genome with linear order-
ing (g1, g2, . . . , ga−1,−gb,−gb−1, . . . ,−ga, gb+1, . . . , gk). A transposition on
the (linear or circular) ordering G acts on three indices, a, b, c, with a ≤ b



and c /∈ [a, b], picking up the interval ga, ga+1, . . . , gb and inserting it im-
mediately after gc. Thus the genome G above (with the assumption of c >
b) is replaced by (g1, . . . , ga−1, gb+1, . . . , gc, ga, ga+1, . . . , gb, gc+1, . . . , gk).
An inverted transposition is a transposition followed by an inversion of
the transposed subsequence.

The Generalized Nadeau-Taylor Model. The Generalized Nadeau-Taylor
(GNT) model [21] of genome evolution uses only genome rearrangement
events which do not change the gene content. The model assumes that the
number of each of the three types of events obeys a Poisson distribution
on each edge, that the relative probabilities of each type of event are
fixed across the tree, and that events of a given type are equiprobable.
Thus we can represent a GNT model tree as a triplet (T, {λe}, (α, β)),
where the (α, β) defines the relative probabilities of transpositions and
inverted transpositions (hence an event is an inversion with probability
1− α− β). For instance, ( 13 ,

1
3) indicates that the three event classes are

equiprobable, while the pair (0, 0) indicates that only inversions happen.

Estimating true evolutionary distances using genome rearrangements. Let
us be given a set of genome rearrangement events with a particular weight-
ing scheme; the weight of a sequence of rearrangement events from this
set is the sum of the weights of these events. The edit distance between
two gene orders is the minimum of the weights of all sequences of events
from the given set that transform one gene order into the other. For ex-
ample, the inversion distance is the edit distance when only inversions
are permitted and all inversions have weight 1. The inversion distance
can be computed in linear time [2], and the transposition distance is of
unknown computational complexity [3].
Another type of genomic distance that received much attention in the

genomics community is the breakpoint distance. Given two genomes G
and G′ on the same set of genes, a breakpoint in G is an ordered pair of
genes (ga, gb) such that ga and gb appear consecutively in that order in
G, but neither (ga, gb) nor (−gb,−ga) appear consecutively in that order
in G′. The number of breakpoints in G relative to G′ is the breakpoint
distance between G and G′. The breakpoint distance is easily calculated
by inspection in linear time.
Estimating the true evolutionary distance requires assumption about

the model; in the case of gene-order evolution, the assumption is that the
genomes have evolved from a common ancestor under the Nadeau-Taylor
model of evolution. The technique in [4], applicable only to inversions,
calculates this value exactly, while Approx-IEBP [21] and EDE [12], appli-
cable to very general models of evolution, obtain approximations of these



values, and Exact-IEBP [19] calculates the value exactly for any combi-
nation of inversions, transpositions, and inverted transpositions. These
estimates can all be computed in low polynomial time.

Variance of genomic distances. The following problem has been stud-
ied in [17, 19]: given any genome G with n genes, what is the expected
breakpoint distance between G and G′ when G′ is the genome obtained
from G by applying k rearrangements according to the GNT model? Both
papers approach the problem by computing the probability of having a
breakpoint between every pair of genes; by linearity of the expectation
the expected breakpoint distance can be obtained by n times the afore-
mentioned probability. Each breakpoint can be characterized as a Markov
process with 2(n− 1) states. But the probability of a breakpoint is a sum
of O(n) terms that we do not know yet how to further simplify.

However the variance cannot be obtained this way since breakpoints
are not independent (under any evolutionary model) by the following sim-
ple observation: the probability of having a breakpoint for each breakpoint
position is nonzero, but the probability of the breakpoint distance being
1 is zero (the breakpoint distance is always 0 or at least 2). Thus, to com-
pute the variance (or the second moment) of the breakpoint distance we
need to look at two breakpoints at the same time. This implies we have
to study a Markov process of O(n2) states and a sum of O(n2) terms that
is hard to simplify. As for the inversion distance, even the expectation is
still an open problem.

Estimating the variance of breakpoint and inversion distances is im-
portant for several reasons. Based on these estimates we can compute
the variances of the Approx-IEBP and Exact-IEBP estimators (based on
the breakpoint distance), and the EDE estimator (based on the inversion
distance). It is also informative when we compare estimators based on
breakpoint distances to other estimators, e.g. the inversion distance and
the EDE distance. Finally, variance estimation can be used in distance-
based methods to improve the topological accuracy of tree reconstruction.

Outline of this paper. We start in Section 2 by presenting a stochastic
model approximating the breakpoint distance, and derive the analytical
form of the variance of the approximation, as well as the variance of the
IEBP estimators. In Section 3 the variance of the inversion and the EDE
distances are obtained through simulation. Based on these variance esti-
mates we propose four new methods, called BioNJ-IEBP, Weighbor-IEBP,
BioNJ-EDE, and Weighbor-EDE. These methods are based on BioNJ and
Weighbor, but the variances in these algorithms have been replaced with



the variances of IEBP and EDE. In Section 4 we present our simulation
study to verify the accuracy of these new methods.

2 Variance of the Breakpoint Distance

The approximating model. We first define the following notation in this
paper:

(
a
b

)
is the number of choosing b objects from a (the binomial coef-

ficient) when a ≥ b ≥ 0;
(
a
b

)
is set to 0 otherwise.

We motivate the approximating model by the case of inversion-only
evolution on signed circular genomes. Let n be the number of genes, and b
be the number of breakpoints of the current genome G. When we apply a
random inversion (out of

(
n
2

)
possible choices) to G, we have the following

cases according to the two endpoints of the inversion [10]:
1. None of the two endpoints of the inversion is a breakpoint. The number
of breakpoints is increased by 2. There are

(
n−b
2

)
such inversions.

2. Exactly one of the two endpoints of the inversion is a breakpoint.
The number of breakpoints is increased by 1. There are b(n− b) such
inversions.

3. The two endpoints of the inversion are two breakpoints. There are
(
b
2

)

such inversions. Let gi and gi+1 be the left and right genes at the left
breakpoint, and let gj and gj+1 be the left and right genes at the right
breakpoint. There are three subcases:
(a) None of (gi,−gj) and (−gi+1, gj+1) is an adjacency in G0. The

number of breakpoints is unchanged.
(b) Exactly one of (gi,−gj) and (−gi+1, gj+1) is an adjacency in G0.

The number of breakpoints is decreased by 1.
(c) (gi,−gj) and (−gi+1, gj+1) are adjacencies in G0. The number of

breakpoints is decreased by 2.
When b ≥ 3, out of the

(
b
2

)
inversions from case 3, case 3(b) and 3(c)

count for at most b inversions; this means given that an inversion belongs
to case 3, with probability at least 1 − b/

(
b
2

)
= b−3

b−1 it does not change
the breakpoint distance; this probability is close to 1 when b is large.
Furthermore, when b << n almost all the inversions belong to case 1 and
2. Therefore, when n is large, we can drop cases 3(b) and 3(c) without
affecting the distribution of breakpoint distance drastically.
The approximating model we use is as follows. Assume first the evo-

lutionary model is such that each rearrangement creates r breakpoints
on an unrearranged genome (for example, r = 2 for inversions and r = 3
for transpositions and inverted transpositions). Let us be given n boxes,
initially empty. At each iteration r boxes will be chosen randomly (with-
out replacement); we then place a ball into each of these r boxes if it is
empty. The number of nonempty boxes after k iterations, bk, can be used



to estimate the number of breakpoints after k rearrangement events are
applied to an unrearranged genome. This model can also be extended to
approximate the GNT model: at each iteration, with probability 1−α−β
we choose 2 boxes, and with probability α+ β we choose 3 boxes.

Mean and variance of the approximating model. Fix n (the number of
boxes) and k (the number of times we choose r boxes). Consider the
expansion of the following expression

S = ((x1x2 + x1x3 + · · ·+ xn−1xn)/(n2))
k.

Each term corresponds to the number of ways of choosing r = 2 boxes for
k times where the total number of times box i is chosen is the power of xi,
and the coefficient of that term is the total probability of these ways. For
example, the coefficient of x3

1x2x
2
3 in S (when k = 6) is the probability of

choosing box 1 three times, box 2 once, and box 3 twice. Let ui be the
coefficient of the terms with i distinct symbols;

(
n
i

)
ui is the probability i

boxes are nonempty after k iterations. The identity of ui for all terms of
the same set of power indices holds as long as the probability of each box
being chosen is identical; in other words, S is not changed by permuting
{x1, x2, . . . , xn} arbitrarily.
To solve for ui exactly for all k is difficult and unnecessary. Instead

we can find the expectation and variance of bk directly. Actually the
following results give all moments of bk. Let S(a1, a2, . . . , an) be the value
of S when we substitute xi by ai, 1 ≤ i ≤ n, and let Sj be the value of
S when a1 = a2 = · · · = aj = 1 and aj+1 = aj+2 = · · · = an = 0. For
integers j, 0 ≤ j ≤ n, we have

j∑

i=0

(
j

i

)
ui = S(1, 1, 1, . . . , 1︸ ︷︷ ︸

j 1′s

, 0, . . . , 0) = Sj .

Let

Za =
n∑

i=0

i(i− 1) · · · (i− a+ 1)

(
n

i

)
ui =

n∑

i=a

n(n− 1) · · · (n− a+ 1)

(
n− a

i− a

)
ui

for all a, 1 ≤ a ≤ n. We want to express Za by some linear combination
of Si, 0 ≤ i ≤ n. The following lemma, which is a special case of equation
(5.24) in [9], finds the coefficients of the linear combination.

Lemma 1. Let a be some given integer such that 1 ≤ a ≤ n. Let us be
given {ui : 0 ≤ i ≤ n} that satisfy

∑i
j=0

(
i
j

)
uj =

∑n
j=0

(
i
j

)
uj = Si,where

0 ≤ i ≤ n. We have
∑n

i=n−a(−1)
n−i
(

a
n−i

)
Si =

∑n
j=0

(
n−a
j−a

)
uj .



The following results follow from Lemma 1; we state them without proof
due to space limitations.

Theorem 1. For all a, 1 ≤ a ≤ n,

Za = n(n− 1) · · · (n− a+ 1)
n∑

i=n−a

(−1)n−i
(

a

n− i

)
Si.

Corollary 1. (a) Ebk = Z1 = n(1− Sn−1).
(b) Var bk = nSn−1 − n2S2

n−1 + n(n− 1)Sn−2.

These results work for all integers r, 1 ≤ r ≤ n. When there are more
than one type of rearrangement events with different r’s we can change S
accordingly. For example, let γ = α+ β; for the GNT model we can set

S =


1− γ(

n
2

) (
∑

1≤i1<i2≤n

xi1xi2) +
γ(
n
3

)(
∑

1≤i1<i2<i3≤n

xi1xi2xi3)




k

. (1)

Mean and variance of the breakpoint distance under the GNT model. We
begin this section by finding the mean and variance for bk with respect
to the GNT model. By substituting into equation (1):

Sn−1 = (1−
2 + γ

n
)k, Sn−2 =

(
(n− 3)(n− 2− 2γ)

n(n− 1)

)k

.

For the GNT model, we have the following results:

d

dk
Ebk = −nSn−1(

1

k
lnSn−1) = −nSn−1 ln(1−

2 + γ

n
) (2)

Var bk = nSn−1 − n2S2
n−1 + n(n− 1)Sn−2

= (nSn−1 − n2S2
n−1 + n(n− 1)Sn−2) (3)

Using BioNJ and Weighbor. Both BioNJ and Weighbor are designed for
DNA sequence phylogeny using the variance of the true evolutionary dis-
tance estimator. In BioNJ, the distance update step of NJ is modified so
the variances of the new distances are minimized. In Weighbor, the pairing
step is also modified to utilize the variance information. We use the vari-
ance for the GNT model in this section and the expected breakpoint dis-
tance in [19] in the two methods. The new methods are called BioNJ-IEBP
and Weighbor-IEBP. To estimate the true evolutionary distance, we use
Exact-IEBP, though we can also use Equation (2) which is less accurate.
Let k̂(b) denote the Exact-IEBP distance given the breakpoint distance
is b; k̂(b) behaves as the inverse of Ebk, the expected breakpoint distance
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Fig. 1. Accuracy of the estimator for the variance. Each figure consists of two sets
of curves, corresponding to the values of simulation and theoretical estimation. The
number of genes is 120. The number of rearrangement events, k, range from 1 to 220.
The evolutionary model is inversion-only GNT; see Section 1 for details. For each k we
generate 500 runs. We then compute the standard deviation of bk for each k, and those
of k̂(bk) for each k, and compare them with the values of the theoretical estimation.

after k rearrangement events. The variance of k̂(b) can be approximated
using a common statistical technique, the delta method [13], as follows:

Var k̂(b) ' (
d

dk
Ebk)

−2Var bk =

(
1− nSn−1 + (n− 1)(

Sn−2

Sn−1
)
)

nSn−1(ln(1−
2+γ
n
))2

.

When the number of rearrangements are below the number of genes (120
in the simulation), these results are accurate approximations to the mean
and variance of the breakpoint distance under the GNT model, as the sim-
ulation in Figure 1 shows. As the number of rearrangements k is so high
the breakpoint distance is close to the maximum (the resulting genome
is random with respect to the genome before evolution), the simulation
shows the variance is much lower than the theoretical formula. This is
due to the application of the delta method: while the method assumes
the Exact-IEBP distance is continuous, in reality it is a discrete function.
The effect gets more obvious as k is large: different values of k all give
breakpoint distances close to the maximum, yet the Exact-IEBP can only
return one estimate for k, hence the very low variance. This problem is
less serious as n increases.

3 Variance of the Inversion and EDE Distances

The EDE distance. Given two genomes having the same set of n genes and
the inversion distance between them is d, we define the EDE distance as
nf−1( d

n
): here n is the number of genes, and f , an approximation to the

expected inversion distance normalized by the number of genes, is defined



as (see [12]):

f(x) = min{x,
ax2 + bx

x2 + cx+ b
}

We simulate the inversion-only GNT model to evaluate the relationship
between the inversion distance and the actual number of inversion applied.
Regression on simulation results suggests a = 1, b = 0.5956, and c =
0.4577. As the rational function is inverted, we take the larger (and only
positive) root:

x =
−(b− cy)±

√
(b− cy)2 + 4(a− y)by

2(a− y)
.

Let y = d
n
. Thus

f−1(y) = max{y,
−(b− cy)±

√
(b− cy)2 + 4(a− y)by

2(a− y)
}.

Here the coefficients do not depend on n, since for different values of n
the curves of the normalized expected inversion distance are similar.

Regression for the Variance. Due to the success of nonlinear regression in
the derivation of EDE, we use the same technique again for the variance of
the inversion distance (and that of EDE). However for different numbers
of genes, the curves of the variance are very different (see Figure 2). From
the simulation it is obvious the magnitudes of the curves are inversely
proportional to the number of genes (or some kind of function of it).
We use the following regression formula for the standard deviation

of the inversion distance normalized by the number of genes after nx
inversions are applied:

gn(x) = nq
ux2 + vx

x2 + wx+ t
.

The constant term in the numerator is zero because we know g(0) = 0.
Let r be the value such that rn is the largest number of inversions applied;
we use r = 2.5. Note that

ln(
1

rn

rn∑

0

gn(x)) ' ln(
1

r

∫ r

0
gn(x)dx) = q lnn+ ln(

1

r

∫ r

0

ux2 + vx

x2 + wx+ t
dx)

is a linear function of lnn. Thus we can obtain q as the slope in the linear
regression using n as the independent variable and ln( 1

rn

∑rn
0 gn(x)) as

the independent variable (see Figure 2(b); simulation results suggest the
average of the curve indeed is inversely proportional to lnn). When q is
obtained we apply nonlinear regression to obtain u, v, w, and t using the
simulation data for 40, 80, 120, and 160 genes. The resultant functions
are shown as the solid curves in Figure 2, with coefficients q = −0.6998,
u = 0.1684, v = 0.1573, w = −1.3893, and t = 0.8224.
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Fig. 2. Left: simulation (points) and regression (solid lines) of the standard deviation
of the inversion distance. Right: regression of coefficient q (see Section 3); for every
point corresponding to n genes, the y coordinate is the average of all data points in
the simulation.

Variance of the EDE Distance. Let Xk and Yk be the inversion and EDE

distances after k inversions are applied to a genome of n genes, respec-
tively. We again use the delta method. Let x = k

n
. Since Xk = nf(Yk

n
),

we have∣∣∣∣
dYk
dXk

∣∣∣∣
−1

=

∣∣∣∣
dXk

dYk

∣∣∣∣ =
1

n

∣∣∣∣
dXk

d(Yk/n)

∣∣∣∣ = f ′(x) =
d

dx

(
min{x,

x2 + bx

x2 + cx+ b
}

)
.

The point where x = x2 + bx
x2 + cx+ b

is when x = 0.5423. Therefore

f ′(x) =




1 if 0 ≤ x < 0.5423

d
dx
( x2 + bx
x2 + cx+ b

) =
x2(c− b) + 2bx+ b2

(x2 + cx+ b)2
if x ≥ 0.5423

and V ar(Yk) '
∣∣∣ dYk

dXk

∣∣∣
2
V ar(Xk) = (f

′(x))−2(ngn(x))
2 = (ngn(

k
n
)/f ′( k

n
))2.

4 Simulation Study

We present the results of two simulation studies in this section. The
first experiment compares the accuracy of our new methods with other
distance-based methods for genome rearrangement phylogeny. In the sec-
ond experiment we show the robustness of Weighbor-IEBP against errors
in the parameters of the GNT model, (α, β).

4.1 Experiment 1: accuracy of the new methods

In this experiment we compare the trees reconstructed using BioNJ-IEBP,
Weighbor-IEBP, BioNJ-EDE, and Weighbor-EDE to neighbor joining trees



Table 1. Settings for Experiments 1 and 2.

Parameter Value

1. Number of genes 120 (plant chloroplast genome)
2. Model tree generation Uniformly Random Topology

(See the Model Tree paragraph in Section 4.1 for details.)

4. GNT Model parameters (α, β)† (0, 0), ( 1
4
, 1

4
)

5. Datasets for each setting 30

† The probabilities that a rearrangement is an inversion, a transposition, or an inverted
transposition are 1− α− β, α, and β, respectively.

using different distance estimators. The following four distance estima-
tors are used with neighbor joining: (1) BP, the breakpoint distance, (2)
INV [2], the inversion distance, and (3) Exact-IEBP [19] and (4) EDE [12],
true evolutionary distance estimators based on BP and INV, respectively.
The procedure of neighbor joining combined with distance X will be de-
noted by NJ(X). According to past simulation studies [21, 12, 19], NJ(EDE)
has the best accuracy, followed closely by NJ(Exact-IEBP). See Table 1
for the settings for the experiment.

Quantifying error. Given an inferred tree, we compare its “topological
accuracy” by computing “false negatives” with respect to the “true tree”
[11, 8]. During the evolutionary process, some edges of the model tree may
have no changes (i.e. evolutionary events) on them. Since reconstructing
such edges is at best guesswork, we are not interested in these edges.
Hence, we define the true tree to be the result of contracting those edges
in the model tree on which there are no changes.

We now define how we score an inferred tree, by comparison to the
true tree. For every tree there is a natural association between every edge
and the bipartition on the leaf set induced by deleting the edge from the
tree. Let T be the true tree and let T ′ be the inferred tree. An edge e in
T is “missing” in T ′ if T ′ does not contain an edge defining the same
bipartition; such an edge is called a false negative. Note that the external
edges (i.e. edges incident to a leaf) are trivial in the sense that they are
present in every tree with the same set of leaves. The false negative rate
is the number of false negative edges in T ′ with respect to T divided by
the number of internal edges in T .

Software. We use PAUP* 4.0 [18] to compute the neighbor joining method
and the false negative rates between two trees. We have implemented a
simulator [12, 21] for the GNT model. The input is a rooted leaf-labeled
model tree (T, {λe}), and parameters (α, β). On each edge, the simulator
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Fig. 3. The topological accuracy of various distance-based tree reconstruction methods.
The number of genomes is 160. See Table 1 for the settings in the experiment.

applies random rearrangement events to the circular genome at the ances-
tral node according to the model with given parameters α and β. We use
the original Weighbor and BioNJ implementations [5, 7] (downloadable
from the internet) and make modifications so they use the new variance
formulas.

Model Trees. The model trees have topologies drawn from the uniform
distribution 1, and edge lengths drawn from the discrete uniform distri-
bution on intervals [1, b], where b is one of the following: 3, 6, 12, 18
(higher values of b makes the variance of the edge lengths higher). Then
the length of each edge is scaled by the same factor so the diameter of
the tree (the maximum pairwise leaf-to-leaf distance on the tree) is 36,
72, 120, 180, 360 (so low- to high-evolutionary rates are covered).

1 This is easily done and well known by the community by add one leaf at a time to
produce the whole tree. At each iteration, we choose an edge from the current tree
(each edge has the same probability to be chosen) and attach the new leaf to it.



Discussion. The results of the simulation are in Figure 3. Due to space
limitations, and because the relative order of accuracy remains the same,
we describe our results only for a subset of our experiments. For each
setting for simulation, we group methods based on the genomic distances
they are based on: breakpoint or inversion distance. In either group, the
relative order of accuracy is roughly the same. Let Y be the true dis-
tance estimator based on a genomic distance X; e.g. Y=IEBP if X=BP, and
Y=EDE if X=INV. The order of the methods, starting from the worst, is (1)
NJ(X), (2) BioNJ-Y, (3) NJ(Y), and (4) Weighbor-Y (except for very low
evolutionary rates when Weighbor-IEBP is worst, but only by a few per-
cents). The differences between NJ(Y) and BioNJ-Y are extremely small.
Weighbor-EDE has the best accuracy over all methods.

When we compare methods based on breakpoint distance and meth-
ods based on inversion distance, the latter are always better (or no worse)
than the former if we compare methods of the same complexity: NJ(INV)
is better than NJ(BP), NJ(EDE) is better than NJ(Exact-IEBP), BioNJ-EDE
is better than BioNJ-IEBP, and Weighbor-EDE is better than Weighbor-IEBP.
This suggests INV is a better statistic than BP for the true evolutionary
distance under the GNT model, even when transpositions and inverted
transpositions are present. This is not surprising as INV, just like BP,
increases by a small constant when a rearrangement event from the GNT
model is applied. Also, though their maximum allowed values are the
same (the number of genes for circular signed genomes), the fact the av-
erage increase in INV is smaller2 than the average increase in BP gives
INV a wider effective range.

Note Weighbor-IEBP outperforms NJ(Exact-IEBP) when the normal-
ized maximum pairwise inversion distance, or the diameter of the dataset,
exceeds 0.6; Weighbor-IEBP (based on BP) is even better than NJ(EDE)

(based on the better INV) when the diameter of the dataset exceeds 0.9.
This suggests the Weighbor approach really shines under high amounts
of evolution.

2 An inversion creates two breakpoints; a transposition and an inverted transposi-
tion can be realized by three and two inversions, respectively, and they all cre-
ate three breakpoints each. Thus under the GNT model with model parameters
(α, β) and assumption that genome G has only a small breakpoint (BP (G,G0))
and inversion (INV (G,G0)) distance from the reference (ancestral) genome G0, the
average increase in BP (G,G0) after a random rearrangement is applied to G is
2(1 − α − β) + 3α + 3β = 2 + α + β and the average increase in INV (G,G0) is
(1 − α − β) + 3α + 2β = 1 + 2α + β. The latter is always smaller, and the two
quantities are equal only when α = 1, i.e. only transpositions occur.



Running time. NJ, BioNJ-IEBP, and BioNJ-EDE all finish within 1 second
for all settings on our Pentium workstations running Linux. However,
Weighbor-IEBP and Weighbor-EDE take considerably more time; both
Weighbor-IEBP and Weighbor-EDE take about 10 minutes to finish for 160
genomes. As a side note, fast maximum parsimony methods for genome
rearrangement phylogeny, MPME/MPBE, almost always exceed the four-hour
running time limit in the experiment in [20]; Weighbor-EDE is almost as
good as these two methods except for datasets with very high amount of
evolution.

4.2 Experiment 2: robustness of Weighbor-IEBP

In this section we demonstrate the robustness of the Weighbor-IEBP

method when the model parameters are unknown. The settings are the
same in Table 1. The experiment is similar to the previous experiment,
except here we use both the correct and the incorrect values of (α, β)
for the Exact-IEBP distance and the variance estimation. Due to space
limitations the results are not shown here. The false negative curves are
similar even when different values of α and β are used. These results
suggest that Weighbor-IEBP is robust against errors in (α, β).

5 Conclusion and Future Work

In this paper we study the variance of the breakpoint and inversion
distances under the Generalized Nadeau-Taylor model. We then used
these results to obtain four new methods: BioNJ-IEBP, Weighbor-IEBP,
BioNJ-EDE, and Weighbor-EDE. Of these Weighbor-IEBP and Weighbor-EDE
yield very accurate phylogenetic trees, and are robust against errors in
the model parameters. Future research includes analytical estimates of
the expectation and variance of the inversion distance, and the difference
between the approximating model and the breakpoint distance under the
true GNT model.
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