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Abstract

We derive an efficient parallel algorithm to find all occurrences phtern
string in asubjectstring in O(logn) time, wheren is the length of the subject
string. The number of processors employed is of the order of the product of the
two string lengths. The theory of powerlists [2, 3] is central to the development of
the algorithm and its algebraic manipulations.

1 Introduction

We describe a parallel algorithm that finds all occurrencespaternstring in asub-
jectstring in O(logn) time, wheren is the length of the subject string. The number
of processors employed is of the order of the product of the two string lengths. The
emphasis in this note is on the derivation of the algorithm. First, a simple version is
derived whose correctness is obvious; next, a more sophisticated version is derived
through algebraic manipulations of the original program. The theory of powerlists
[2, 3] is central to the development of the algorithm and its algebraic manipulations.
The proposed algorithm is more general than “exact” string matching. A “match”
can be any binary relation over the symbols of the given alphabet. Therefore, wild
character matches as well as characters that never match may be used in either string.

2 Problem Description

We are given two strings, a pattern callgédnd a subject calleg, over some alphabet.
Henceforth, the length of a stringis denoted byh|. We assume thdif| and|g| are

both powers of 2; we discuss in section 7 how this restriction can be removed. The
symbols in a string are indexed starting at 0 and we Wit refer to the symbol with
indexi in string A.



Itis required to output a string of boolean valwesf the same length as the subject,
denoting for each position if the pattern matches the subject starting at that position.
That is,

bi=(Vj:0<j<|fl:fj=girj), 0<i<|g|—If]
b; = False lg| = f] <i<]gl

As we have remarked earlief; = g;; may be replaced by; > g¢;.; for any
binary relation>.

3 Powerlist

The powerlistdata structure was introduced in [3] to facilitate descriptions of parallel
algorithms. The smallest powerlist —corresponding to the empty list for the linear
case—is a list of one element. There are two different ways in which two powerlists
are joined to create a longer powerlistpldndq are powerlists of the same length then

e p| g is the powerlist formed by concatenatipng@ndq, and

e px g is the powerlist formed by successively taking alternate items fr@mnd
q, starting withp.

Thus, the length op | g or px ¢ is double the length o (andg). Hence, the
length of a powerlist i2"™, for somen, n > 0. Powerlists can be nested, but we will
not use that feature in this note.

In the following examples the sequence of elements of a powerlist are enclosed
within angular brackets.

)pa(1) =(01),
(01)](23)=(0123), (01)sa(23) = (0213)

The operator is calledtie and > is zip. Note that(p > g)2; = p; and(p < ¢)2j41 =
g;, forall j,0 < j < |[p|.

Convention: We write function application without parentheses where no confusion
is possible. For functiongande, we write “d z instead of d(z)” and “e x 3" instead of
“e(x,y)". The constructors| and < have the same binding power and their binding
power is lower than that of function application. m|

Functions over linear lists are typically defined by case analysis —a function is
defined over the empty list and, recursively, over non-empty lists. Functions over pow-
erlists are defined analogously. For instance, the following function reverses the order
of the elements of the argument powerlist.

rev({z) = (x)
rev(p| q) = (revq) | (rev p)



The case analysis, as for linear lists, is based on the length of the argument pow-
erlist. We adopt the pattern matching scheme of modern functional programming lan-
guages, such as Haskell [1], tieconstructhe argument list into its components,
andg, in the recursive case. Deconstruction, in general, uses the opetasord < .

In the definition ofrev, we have used for deconstruction; we could have used
instead and defineckwv in the recursive case by

rev(pq) = (rev q) > (rev p)

It can be shown that the two proposed definitiong-@f are equivalent and the
following equation holds for any powerligt

rev(revp) =p

Note: In this paper, we use only the zip operator over powerlists. Each string is
treated as a powerlist of symbols.

4 A Simple Pattern Matching Algorithm

We define functionsm that matches patterfi over subjecty. If f andg are both
singleton lists, sayx) and (y) respectively, then the output {Jrue) if x = y and
(False otherwise. That is,

sm (z) (y) = (v = y)

For f a singleton andy a non-singleton, the same strategy can be applied recur-
sively.

sm {(x) (re<as) = (sm{x) r) < (sm(x) s)
For f a non-singleton list ang a singleton, the output i-alse.

sm (paq) (y) = (Falsg

Next, consider the general case whéres of the form(p < ¢) andg is (r < s).
We say thatf matcheg atindexj if (Vk:0 <k < |f|: fr = gj+x)-

e Assertion 1:p < ¢ matches < s at some even indeXk iff p matches at index
k andg matchess at indexk.

e Assertion 2:p <1 ¢ matches: < s at some odd indefk + 1 iff p matchess at
indexk andq matches- at indexk + 1.

We sketch a proof of one part of assertion 2.



pIx g matches s at2k + 1
{definition of “matches}
(Vi:0<j<|paq|:(pr<q); = (ro<s)jportn)
= {consider only the odd indicey + 1}
(Vi:0<2j+1<|ppag|: (ppq)ajtr = (r>8)2j1142k+1)
= {(p™q)2j+1 = q;, (r ™ 8)2j4142k+1 = Tjtk+1}
(Vi:0<j<lql:q =rjsrt1)
= {definition of “matches}
q matches atk + 1

These two assertions permit computationsof (p < q) (r > s) from (sm p r),
(sm q s), (sm p s), and(sm ¢ r). First, abbreviatdsm = y) by smay for all «
andy. Assertion 1 says that the sublist @f» (p< q) (r > s) with even indices is
(smpr A smgs), whereA is applied pointwise oampr andsmgs.

Unlike assertion 1, the corresponding indices in assertionah@k + 1) are not
identical. Therefore, the sublist efn (p < ¢) (r < s) with odd indices is not merely
(smgr A smps); the indices insmqgr have to be decremented, i.emgr has to
undergo a left shift. Letm/qr denote the left shift ofmqgr whereFalseis added to
the right end of the list when it is shifted left. The the sublistof (p<iq) (rs)
with odd indices igsm/qr A smps). The entire listsm (p i q) (r < s) is obtained by
zipping its sublists with even and odd indices. We give the complete algorithm below
including a definition of left shift.

sm (z) (y) = {z =y)

sm (z) (re<s) = (sm{x)r) 1 (sm(x) s)

sm (ppag) (y) = (Falsg

sm (paq) (re<s) = (smpr A smgs) > (sm'qr A smps)

where
smpr=smpr
smgs = sm q s
sm/qr =1ls(smqr)
smps = smps

The definition of left shift/s, is

Is (x) = (Falsé
Is (uv) =v > (lsu)

5 An Improved Pattern Matching Algorithm

In a parallel implementation< and A over lists can be taken to be constant time
operations if each list element is stored at an appropriate processor. Then we have
described @ (log | f| x log |g|) time algorithm for matching patterfiover subjecy.

To see this, first note that left shift applied to a list of lengttakesO(log k) parallel

time. The algorithm fosm first takesO(log | f|) steps each requirin@(log |g|) time,



since a left shift is applied at every step; then the pattern is reduced to a singleton and
thereafteiO(log |g| — log | f|) steps each needing constant time are required.

In this section, we show an optimization that reduces the parallel running time to
O(log |g|). The optimization involves eliminating the left shift function, and we do this
through purely algebraic manipulations.

Define functionsm’ wheresm’ w v is ls(sm w v); this is written asm’uv accord-
ing to our notational convention. We derive the definitiosof from those ofsm and
ls.

sm'’ (z) (y)
= {definition of sm'}
Is(sm (z) (y))
= {definition of sm (z) (y)}
Is(z = y)
= {definition ofis on a singleton list
(False

sm/ (z) (r<s)
= {definition of sm'}
Is(sm (x) (r<as))
= {definition of sm (x) (r < s)}
Is((sm (x) r) pa (sm (x) s))
= {definition ofls (u<v) }
(sm (z) s) > ls(sm () r)
= {definition of sm'}
(sm (x) s) > (sm/ (z) 7)

A similar derivation shows that

sm' (pe<q) (y) = (Falsg
Finally,

sm’ (pp<iq) (r<s)
= {definition ofsm’}
Is(sm (ppagq) (r<s))
= {definition ofsm (p<q) (r =)}
Is((smpr A smqs) 1 (sm/qr A smps))
= {definition ofis}
(sm/qr A smps) < Is((smpr A smgqs))
= {ls distributes oven in the second terfn
(sm’qr A smps) < (Is(smpr) A ls(smgs))
= {ls(smpr) = sm/pr andis(smgs) = sm/qs}
(sm/qr A smps) <1 (sm/pr A sm/qs)

The left shift operation has now been eliminated. Beth and sm’ now require
O(logn) parallel time, where: is the length of the subject string.



6 Putting the Pieces Together

We give the definitions ofm andsm’ together for easy reference.

sm (z) (y) = {z =y)

sm (z) (re<is) = (sm{x)r) 1 (sm(x) s)

sm (p><q) (y) = (Falsg

sm(paq) (re<s) = (smpr A smgs) > (sm'qr A smps)

where
smpr=smpr
smqs =smq s
sm/qr =sm’ qr
smps = smps

z) (y) = (False
) (ro<s) = (sm(x) s) o< (sm/ (z) 1)
) (y) = (Falsg
) (reas) = (sm/qr A smps) <1 (sm/pr A sm/qs)
where

sm'qgr=sm/ qr
smps = smps
sm'pr=sm’pr
sm/qs = sm’ q s

7 Concluding Remarks

The main thrust of this paper is a demonstration that the algebraic properties of pow-
erlists make it possible to derive an algorithm systematically; the final version is effi-
cient and it would have been difficult to arrive there intuitively. Also, observe that no
specific property of the equality operator over the symbols of the alphabet has been ex-
ploited (such as that it is an equivalence relation). Therefore, the proposed algorithm is
applicable where the relevant operator is any binary relation over the alphabet. Thus, if
the alphabet contains symbalsand 3 wherea “matches” every symbol in the alpha-

bet except and 3 matches no symbol other thanthen the pattern can be extended

by as and the subject bgs without affecting the relevant part of the result. This is
particularly useful when the length of the pattern or the subject string is not a power of
2; then such extensions can be applied to bring their lengths to the next power of 2.
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