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In many proofs a standard paradigm is used to deduce from

x =m unless x > m

that
f(z) =n unless f(z) >n
holds, for a specific function f. For instance, given that
(z,y) = (a,b) unless (x,y) > (a,b)
where x,y are integers and (z,y) > (a,b) stands for
x>z ANy>b) AN (x>a V y>b)
we can deduce
T+y=m unlessx+y>m

The purpose of this note is to set down conditions under which such a deduction can be
made, for unless and leads-to properties.

Let A, B be sets in each of which a binary relation ~ is defined (we use the same symbol
for both relations). Let f : A — B be a function that preserves ~, i.e., for any a,b from
A

a~b= fla ~ fb)
Theorem 1: In the following, m,n are not free in p, q.

Vm:meA = pAzxz=munlessq N z ~ m)
(Vn :neB :p A flx)y=nunlessqg N f(z) ~ n)
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Proof: Choose an arbitrary n from B. Now we have from the antecedent,
Vm :meA :pANz=munlessq N © ~ m)
We apply simple disjunction over all m where f(m) =n.

(Im : flm)=n = p AN x=m)unless(Im : f(m)=n 2 g ANz ~ m)

lhs

=3m = f(m)=n A p AN z=m)

=p A f(z)=n , m is not free in p
rhs

=@3m : flm)=n = ¢ ANz ~ m)

=g A {3m: flm)=n =z ~ m) , m is not free in ¢

=q A (@Fm: f(m)=n = f(z) ~ f(m)) v~ m o= f(x) ~ f(m)
=q¢ A 3m = f(z) ~ n) , Leibniz

=q A flx) ~n O

A similar result for leads-to is in the following.

Theorem 2: In the following, m,n are not free in p, q.

Vm:meA:pAxz=mm— g ANz ~m)
Vn:neB =pA flx)y=n+— g AN flz) ~n)

Proof: Apply general disjunction rule to the antecedent, for all m such that f(m) =n, to
conclude

Fm : f(m)=n 2p Azxz=m) — @m: flm)=n = ¢ AN x ~ m)

lhs
rhs

f(x)=n {see the last proof}
fl@) ~n {see the last proof} a
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