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The statement of the completion theorem, given in page 65 of [?], can be written in an
equivalent, though simpler, form. For predicates pi, qi, where i ranges over a finite set, and
predicate r:

(∀ i :: pi 7→ qi)
(∀ i :: qi unless r)

(∧ i :: pi) 7→ (∧ i :: qi) ∨ r)

This version is stated in [?] in page 69 (as formula 1) for two predicate pairs (p, q), (p′, q′);
its proof is also given there. The proof for the general case, stated above, is similar; apply
induction on the number of predicate pairs (pi, qi). It is straightforward to see that the
above version is equivalent to the completion theorem stated in page 65 of [?].

Bengt Jonsson has observed that the completion theorem does not hold for infinite pairs
of predicates (in [?], the theorem is explicitly restricted to finite number of predicate pairs).
His counterexample uses the program

declare x : natural
initially x = 0
assign x := x + 1

Let, for all natural i

p.i ≡ x = 0
q.i ≡ x > i

Then,

(∀ i :: p.i 7→ q.i) and,
(∀ i :: q.i is stable)

If the completion theorem could be applied, we would deduce
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(∀ i :: p.i) 7→ (∀ i :: q.i)
i.e., x = 0 7→ (∀ i :: x > i)

Using the invariant (∃ j :: x = j) and the substitution axiom

x = 0 7→ false

Using the impossibility theorem,

x 6= 0 is invariant

This invariant contradicts the initial condition.
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