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Theorem:
p ◦ q in G

p ◦ (q ∨ ¬F.FP ) in F [] G

where ◦ is any UNITY operator (unless , ensures or leads-to ) and F.FP is the fixed-point predicate of F .
The theorem is proven separately for each operator in the following lemmas.

Lemma 1:
p unless q in G

p unless (q ∨ ¬F.FP ) in F [] G

Proof:

p ∧ F.FP stable in F , stability at fixed point
p ∧ ¬F.FP unless ¬F.FP in F , implication
p unless ¬F.FP in F , simple disjunction
p unless q in G , given
p unless q ∨ ¬F.FP in F [] G , union theorem 2

Lemma 2:
p ensures q in G

p ensures (q ∨ ¬F.FP ) in F [] G

Proof:

p unless ¬F.FP in F , as in the above proof
p ensures q in G , given
p ensures q ∨ ¬F.FP in F [] G , weakening rhs and using the union theorem
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Lemma 3:
p 7→ q in G

p 7→ (q ∨ ¬F.FP ) in F [] G

Proof: The proof is by structural induction on p 7→ q in G.

• p ensures q in G : follows from Lemma 2
• p 7→ r in G, r 7→ q in G:

p 7→ r ∨ ¬F.FP in F [] G , induction hypothesis
r 7→ q ∨ ¬F.FP in F [] G , induction hypothesis
p 7→ q ∨ ¬F.FP in F [] G , cancellation

• p.i 7→ q in G where p = (∃ i :: p.i) :
p.i 7→ q ∨ ¬F.FP in F [] G , induction hypothesis
(∃ i :: p.i) 7→ q ∨ ¬F.FP in F [] G , disjunction 2

Corollaries
1.

p ◦ ¬F.FP in G

p ◦ ¬F.FP in F [] G

2.

p ◦ q in G
r ⇒ F.FP

p ◦ q ∨ ¬r in F [] G

Proof:

p ◦ q ∨ ¬F.FP in F [] G , from the theorem
p ◦ q ∨ ¬r in F [] G , weakening the rhs: ¬F.FP ⇒ ¬r

3.

p ◦ q in G
¬q ⇒ F.FP

p ◦ q in F [] G

Proof: Replace r by ¬q in the above corollary.

4. {used in UNITY–19, with 7→ in place of ◦}

p ◦ q in G
r ⇒ F.FP
r unless b in G

(p ∧ r) ◦ (q ∧ r) ∨ b in F [] G

Proof:

r ∧ F.FP stable in F , stability at fixed point
r stable in F , r ⇒ F.FP

(4.1) r unless b in F [] G , union theorem: r unless b in G
p ◦ q in G , given
p ◦ q ∨ ¬r in F [] G , Corollary 2 with r ⇒ F.FP
p ∧ r ◦ (q ∧ r) ∨ b in F [] G , conjoin (4.1) to the above.

For unless and ensures , apply conjunction rule
and for 7→, PSP
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5. {used in UNITY–03; replace b by false in Corollary (4)}

p ◦ q in G
r ⇒ F.FP
r stable in G

(p ∧ r) ◦ (q ∧ r) in F [] G
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