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The completion theorem is the following. For any finite set of predicates, p.is and q.is,

(Vi
pa — Q.
q.1 unless b

)
Vi = pi) — (Vi = qi) VD

We prove the following generaliztion.

Theorem
(Vi
pa o .

q.1 unless b

)
Vi :4€e8 :pi)— [Vi:4i€8 :qi) AN Vi :i¢S8 : pi = qi)] VDb

Here S is any subset of predicate indices.
Corollary 1: Setting S to the complete set (of all indices) we obtain the completion theorem.
Corollary 2: Setting S to the empty set we obtain as the consequent,
true — (Vi = pi = qi) Vb
Corollary 3: From the given antecedents, conclude

Fi = pi) — [Vi = pi = qi) N(3i = qi)] Vb
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Proof: From the theorem

pjr—lgg ANV i#j  pi = qi) VD
=[Vi = pi= qi)AN((Fi = qi)] VDb

The result follows by taking the disjunction of the above leads-to over all j.
Note: The first disjunct in the rhs is the same as the rhs of “unless -disjunction”; see UNITY-01.
Proof of the Theorem (Due to Ernie Cohen)
Lemma: From the given antecendents
true — (Vi = pi = qi) Vb
Proof: Assume that the predicate indices range over 0 < i < N. Define
Aj = (Vi : 0<i<j : pi = qi)

We show, (Vj : 0<j< N : true — Aj V b). It then follows that true — A.N V b, which is the
statement of the lemma. The proof is by induction on j.

7 =0 : true — true , follows trivially

j+1,7>0: , true

— {induction hypothesis} Aj Vb

= {weakening} (Aj N —pj) VvV pj Vb

— {p.j — q.j, cancellation} (Aj N —pj) V qj Vb

— {q.j — (A.j A q.j) V b, applying PSP to true — A.j V b, q.j unless b}

(Aj AN —pj) VvV (Aj A qj) Vb
{rewriting} [Aj A (pj = qj)] V b
{definition of A.(j + 1)} A(G+1) v Db O

The proof of the main theorem is as follows.

true — (Vi = pi = qi) Vb
, from the lemma
(Vi:i€eS : qi)unless b
, simple conjunction over the unless properties
Vi:ieS :qi)— [Vi = pi=qi) NNVi:i€8 :qi] VDb
, PSP on the above two
Vi:i€eS :pi)— Vi :4i€S8 : qi)
, completion theorem
Vi:di€eS :pi)— [Vi = pi = qi) NVi:i€eS :qi)] VDb
, transitivity on the above two
Vi:i€eS :pi)— [Vi:i€8 :qi) AN Vi :i¢8 : pi = qi)] VD
, predicate calculus on the rhs g



