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Abstract

Semi-supervisedlusteringusesa small amountof super

vised datato aid unsupervisedearning. One typical ap-

proachspeci es a limited numberof must-linkand cannot-
link constraintsbetweenpairs of examples. This paper
presents pairwiseconstrainedtlusteringframeavork anda

new methodfor actively selectingnformative pairwisecon-

straintsto getimproved clusteringperformance.The clus-

tering and active learningmethodsare both easily scalable
to largedatasetsandcanhandlevery high dimensionabata.
Experimentakndtheoreticalresultscon rm thatthis active

queryingof pairwise constraintssigni cantly improvesthe

accurag of clusteringwhengivenarelatively smallamount
of supervision.

1 Intr oduction

In mary datamining andmachinelearningtasks,thereis a
large supplyof unlabeleddatabut limited labeleddata,since
labeleddata can be expensve to generate. Consequently
semi-supervisedkarning, learningfrom a combinationof
bothlabeledandunlabeleddata,hasbecomea topic of sig-
ni cant recentinterest[6, 20, 30]. More speci cally, semi-
supervisedlustering theuseof clasdabelsor pairwisecon-
straints on someexamplesto aid unsupervisedlustering,
hasbeenthefocusof severalrecentprojects[4, 22, 33, 34].
In a semi-supervisedlusteringsetting,the focusis on
clusteringlargeamountsf unlabeleddatain the presencef
a smallamountof superviseddata. In this setting,we con-
sider a framawork that has pairwise must-linkand cannot-
link constraintsbetweenpointsin a dataset(with an asso-
ciatedcostof violating eachconstraint),in additionto hav-
ing distancedetweerthe points. Theseconstraintspecify
thattwo examplesmustbein the samecluster(must-link) or
differentclusters(cannot-link)[33]. In real-world unsuper
vised learningtasks,e.g., clusteringfor spealer identi ca-
tion in a conversation17], visual correspondenci multi-
view image processind7], clusteringmulti-spectralinfor-
mationfrom Marsimaged32], etc.,consideringsupervision
in the form of constraintsis generallymore practicalthan
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providing classlabels, sincetrue labels may be unknavn
a priori, while it canbe easierto specify whetherpairs of
pointsbelongto the sameclusteror differentclusters.

We proposea cost function for pairwise constained
clustering(PCC)that canbe shavn to be the con guration
enegy of a Hidden Markov RandomField (HMRF) over
the datawith a well-de ned potential function and noise
model. Then, the pairwise-constrainedlusteringproblem
becomegquialentto nding theHMRF con gurationwith
the highestposteriorprobability, i.e., minimizing its enegy.
We presentanalgorithmfor solvingthis problem.

Further in orderto maximizethe utility of the limited
supervisediataavailablein asemi-supervisesetting,super
visedtrainingexamplesshouldbe activelyselectechsmaxi-
mally informative onesratherthanchoserat randomiif pos-
sible[27]. In thatcase fewer constraintswill berequiredto
signi cantly improve the clusteringaccurag. To this end,
we presenta nev methodfor actively selectinggood pair-
wise constraintgor semi-supervisedlustering.

Both our active learningandpairwiseconstraineclus-
teringalgorithmsarelinearin thesizeof thedata,andhence
easily scalableto large datasets.Our formulationcan also
handlevery high dimensionaldata, as our experimentson
text datasetslemonstrate.

Section?2 outlinesthe pairwise constrainedclustering
framawork, andSection3 presentsare nementof KMeans
clustering[13, 25], calledPCKMeans thatutilizes pairwise
constraints.In Section4, we presenta methodfor actively
picking goodconstraintsy askingqueriesof theform “Are
thesetwo examplesin sameor differentclasses?”.Experi-
mentalresultson clusteringhigh-dimensionatext dataand
UCI datademonstratehat (1) PCKMeans clusteringwith
constraintperformsconsiderablbetterthanunconstrained
KMeans clusteringand(2) actve PCKMeansachieressig-
ni cantly steepeiearningcurvescomparedo PCKMeans
with randompairwisequeries.

2 Pairwise Constrained Clustering

Centroid-based partitional clustering algorithms (e.g.,
KMeans) nd adisjoint partitioning (with each



partition having a centroid ) of a dataset
suchthatthetotal distancebetweerthe pointsandthecluster
centroidsis (locally) minimized. We introducea frameawork
for pairwise constrainedclustering(PCC)thathaspairwise
must-linkand cannot-linkconstraintd33] betweenra subset
of points in the dataset(with a cost of violating each
constraint),in additionto distancesetweenpoints. Since
centroid-basedlusteringcannothandlepairwiseconstraints
explicitly, we formulatethe goal of clusteringin the PCC
framewvork as minimizing a combinedobjective function:
the sum of the total distancebetweenthe points and their
cluster centroids and the cost of violating the pairwise
constraints.

For thePCCframework with bothmust-linkandcannot-
link constraints et be the set of must-link pairs such
that implies and shouldbe assigned
to the samecluster and be the set of cannot-link pairs
suchthat implies and shouldbeassigned
to different clusters. Note that we considerthe tuplesin

and to be orderindependentj.e.,

,andsoalsofor . Let and
betwo setsthatgive theweightscorrespondingo the
must-link constraintsin andthe cannot-linkconstraints
in  respectiely. Let be the cluster assignmentf a
point , where . The costof violating must-
link and cannot-link constraintsis typically quanti ed by
metrics[23]. We restrictour attentionto the uniform metric
(alsoknown asthe generalized?ottsmetric), for which the
cost of violating a must-link is given by
, i.e., if the must-linked points are assigned
to two differentclusterstheincurredcostis . Similarly,
the costof violating a cannot-link is given by
- , i.e., if the cannot-linled pointsare assigned
to the samecluster theincurredcostis — . Notethathere
is theindicatorfunction, with =land
0. Using this model, the problemof PCC undermust-link
andcannot-linkconstraintss formulatedas minimizing the
following objective function, wherepoint  is assignedo
thepartition  with centroid

2.1)

pckm

Minimizing this objective functioncanbeshavn to beequiv-
alentto maximizing the posteriorcon guration probabil-
ity of a Hidden Markov RandomField, details of which
are given in Appendix A.1. The mathematicaformula-
tion of this framework was motivated by the metric label-
ing problem and the geneslized Potts model [7, 23], for
which Kleinbemg et al. [23] proposedan approximational-
gorithm. Their formulation only considersthe set  of

must-linkconstraintsyhichwe extendedo the PCCframe-
work by addingthe set of cannot-linkconstraints. Our
proposedairwiseconstrainedKMeans (PCKMeang algo-
rithm greedily optimizes ,ckm Usinga KMeans-type iter-
ation with a modi ed clusterassignmenstep. For experi-
mentswith text documentswe useda variantof KMeans
called sphericalKkMeans (SPKMeang) [11] that hascom-
putationaladvantagedor sparsehigh dimensionakext data
vectors. We will presentour algorithm and its motivation
basedon KMeans in Section3, but all of it canbe easily
extendedfor SPKMeans In the domainsthat we will be
consideringge.g.,text clusteringdifferentcostsfor different
pairwiseconstraintsarenot availablein general,sofor sim-
plicity wewill beassumingll element®f and tohave
thesameconstantalue in (2.1). We will make a detailed
studyof theeffect of thechoiceof in Section5.
NotethatKMeans hasarunningtime of , Where
is thenumberof datapoints, isthenumberof dimensions

and is the numberof clusters. SPKMeanshasa running
time of , where is the numbernon-zeroentriesin
the input datamatrix. Sothey arebothlinearin the

sizeof the input, makingour PCKMeansalgorithmfor the
PCCframeawork quiteef cient. PCKMeanscanalsohandle
sparsehigh-dimensionatlata(e.g. text, genemicro-array),
sinceit hasthe computationabhdvantageof SPKMeansin
thesedomains.

3 Clustering Algorithm

Givena setof datapoints , a setof must-link constraints
, a set of cannot-link constraints , the weight of the
constraints and the numberof clustersto form , we
proposean algorithm PCKMeans that nds a disjoint
partitioning of  (with eachpartition having a
centroid ) suchthat ,cmis (locally) minimized.

In our previous work [4], we had obsened that proper
initialization of centroid-basedlgorithmslike KMeansus-
ing the provided semi-supervisiorin the form of labeled
points greatly improves clusteringperformance. Here, in-
steadof labeledpoints,we aregivensupervisiorin theform
of constraintn pairsof points— in this casealso,our goal
in theinitialization stepwill beto getgoodestimatef the
clustercentroidsfrom the pairwiseconstraints.

In the initialization step of PCKMeans we take the
transitve closureof the must-link constraintd33] andaug-
menttheset by addingtheseentailedconstraints. Note
thatour currentmodelconsidersonsisten{non-noisy)con-
straints,but it can alsobe extendedto handleinconsistent
(noisy) constraintsasdiscussedn Section?. Let the num-
ber of connecteccomponentsn the augmentedset  be

, which areusedto create neighborhoodsets

TA noteon compleity: thetransitie closureandconstraintaugmenta-
tion takes operations.



For every pair of neighborhoods and that have at

leastonecannot-linkbetweerthem,we addcannot-linkcon-

straintsbetweenevery pair of pointsin and and

augmenthe cannot-linkset by theseentailedconstraints,

againassumingonsisteng of constraintsFromnow on,we

will referto theaugmentedanust-linkandcannot-linksetsas
and respectiely.

Note that the neighborhoodsets , which contain
the neighborhoodnformation inferred from the must-link
constraintsand are unchangediuring the iterationsof the
algorithm, are different from the partition sets , which
containthe clusterpartitioninginformationandgetupdated
ateachiterationof thealgorithm.

After thispreprocessingtepweget neighborhoodets

, which areusedto initialize the clustercentroids.
If , Where is the requirednumberof clusters,we
selectthe neighborhoodsetsof largestsize andinitialize
the cluster centerswith the centroidsof thesesets. If
, we initialize  clustercenterswith the centroidsof
the neighborhoodsets. We thenlook for apoint thatis
connectedby cannot-linksto every neighborhoodet. If such
a point exists, it is usedto initialize the cluster
If there are any more cluster centroidsleft uninitialized,
we initialize them by random perturbationsof the global
centroidof  [14].

Figurel: PCKMeansalgorithm

The algorithmPCKMeansalternatedbetweerthe clus-
ter assignmenandcentroidestimationsteps(seeFigure1).
In the clusterassignmenstepof PCKMeans every point

is assignedo a clustersuchthat it minimizesthe sum
of the distanceof to the clustercentroidandthe costof
constrainwiolationsincurredby that clusterassignmen(by
equialently satisfyingasmary must-linksandcannot-links
aspossibleby the assignment)Note thatthe clusterassign-
mentstepis orderdependentsincethe subsetsof and

associateavith eachclustermay changewith the assign-
mentof a point. For our experimentswe considerarandom
orderingof the pointsin this assignmenstep. The centroid
re-estimationstepis the sameas KMeans, i.e., eachclus-
ter centroidis calculatedby taking the meanof the points
assignedo thatcluster

LEMMA 1. Thealgorithm PCKMeanscorvergesto a local
minimumof

Proof. For analyzingthe cluster assignmentstep, let us
consider(2.1). Eachpoint movesto a new cluster
only if thecomponen(-

) of  pekm, cONtributed by the
point , decreasesSowhenall pointsare given their new
assignment, pckm Will decreaser remainthesame.

For analyzingthe centroid re-estimationstep, let us
consideranequialentform of (2.1):

(3-2) pckm

is re-estimatedy taking the
, which minimizes

Eachclustercentroid
meanof the pointsin the partition
the component(- ) of  pokm in (3.2)
contrituted by the partition . The pairwise constraints
do not take in partin this stepbecausdhe constraintsare
not an explicit function of the centroid. As aresultonly the
rst term(- ) of  pekmin (3.2)is
minimizedin this step.

Hencethe objective functiondecreaseafterevery clus-
ter assignmentnd centroid re-estimationsteptill corver
gencejmplying thatthePCKMeansalgorithmwill corverge
to alocalminimumof  peim. ]

4 Active Learning Algorithm

In the semi-supervisedetting,getting labelson datapoint
pairsmaybeexpensve. In this sectionwe discussanactive
learning schemein the PCC settingin order to improve
clustering performancewith as few queriesas possible.
Formally, the schemehasaccesdo a noiselessoraclethat
canassigna must-link or cannot-linklabel on a given pair

, andit canposea constannumberof queriesto the



oracle?

In orderto get pairwise constraintsthat are more in-
formative than randomin the PCC model, we have devel-
opedan active learningschemefor selectingpairwisecon-
straintsusing the farthest- rst traversalscheme. The basic
ideaof farthest- rsttraversalof a setof pointsis to nd
pointssuchthatthey arefar from eachother In farthest- rst
traversal,we rst selecta startingpoint at random,choose
the next point to be farthestfrom it and addit to the tra-
versedset,thenpick thefollowing pointfarthesfrom thetra-
versedset(usingthe standarcdhotion of distancefrom a set:

), andsoon. Farthest- rsttraver-
sal givesan ef cient approximationof the - prob-
lem [18], and hasalso beenusedto constructhierarchical
clusteringswith performanceuaranteeat eachlevel of the
hierarchy[10]. For our datamodel(seeAppendixA.2), we
prove anotherinterestingpropertyof farthest- rsttraversal
(seeAppendixA.4) thatjusti es its usefor active learning.

In [4], it was obsened that initializing KMeans with
centroidsestimatedrom a setof labeledexamplesfor each
cluster gives signi cant performanceimprovements. Un-
der certain generatte model-basedassumptionspne can
connectthe mixture of Gaussiananodel to the KMeans
model [21]. A direct calculationusing Chernof bounds
shaws thatif a particularcluster(with anunderlyingGaus-
sian model) with true centroid is seededwith  points
(drawvn independentlyat random from the corresponding

Gaussiardistribution) andthe estimatectentroidis , then
(4.3)
where Thus, the deviation of the centroid

estimatedalls exponentiallywith the numberof seedsand
henceseedingresultsin goodinitial centroids. Sincegood
initial centroidsare very critical for the succesof greedy
algorithmssuchas KMeans, we follow the sameprinciple
for the pairwise case: we will try to get as mary points
(proportionako theactualclustersize)aspossiblepercluster
by askingpairwisequeries sothatPCKMeansis initialized
from avery goodsetof centroids.

The proposedactive learningschemehastwo phases.
The rst phaseexploresthegivendatato get pairwisedis-
joint non-null neighborhoodseachbelongingto a different
clusterin theunderlyingclusteringof thedata,asfastaspos-
sible. Note thatevenif thereis only one point per neigh-
borhoodthis neighborhoodtructurede nesacorrectskele-
ton of the underlyingcluster For this phase,we propose
analgorithmExplore thatessentialljuseghefarthest- rst
schemeo form appropriatequeriesfor gettingthe required
pairwisedisjoint neighborhoods.

2The oraclecan alsogive a dont-know responseo a query in which
casethatresponses ignored(pair not consideredasa constraint)andthat
gueryis notposedagainlater

At the end of Explore , at leastone point hasbeen
obtainedper cluster The remainingqueriesare usedto
consolidatethis structure. The cluster skeleton obtained
from Explore is usedto initialize pairwisedisjoint non-
null neighborhoods . Then,givenary point not
in ary of the existing neighborhoodsye will have to ask
at most qgueriesby pairing up with a member
from eachof the disjoint neighborhoods to nd outthe
neighborhoodo which belongs.This principle formsthe
secondphaseof our active learningalgorithm,and we call
thealgorithmfor this phaseConsolidate . In this phase,
we are ableto getthe correctclusterlabel of by asking
at most queries. So, pairwise labels are
equivalento a singlepointwiselabel in theworstcase.

Now, we presentthe detailsof the algorithmsfor per
forming the explorationandthe consolidation.

Figure2: Algorithm Explore

4.1 Explore Intheexplorationphasewe useaveryinter-
estingpropertyof the farthest- rsttraversal. Given a setof
disjoint balls of unequalsizein a metric spacewe show
that the farthest- rst schemeis sureto get one point from
eachof the ballsin areasonablymallnumberof attempts
(seeAppendixA.4). Hence,our algorithm Explore (see
Figure 2) usesfarthest- rsttraversalfor gettinga skeleton
structureof the neighborhoodsln Explore , while queries
arestill allowedand pairwisedisjoint neighborhoodfave
notyet beenfound,the point farthestfrom all the existing
neighborhoodss chosenas a candidatefor startinga new
neighborhood.Queriesare posedby pairing with a ran-
dom point from eachof the existing neighborhoodslf is
cannot-linledto all theexistingneighborhoodsanew neigh-
borhoods startedwith . If amust-linkis obtainedor apar
ticular neighborhood, is addedo thatneighborhoodThis
continuedill thealgorithmrunsout of queriesor pairwise
disjoint neighborhood$iave beenfound. In the latter case,
theactive learningschemeentersthe consolidatiorphase.



Figure3: Algorithm Consolidate

4.2 Consolidation Theconsolidatiorphasestartswhenat
leastone point hasbeenobtainedfrom eachof the clus-
ters. The basicideain the consolidationphases that since
we now have pointsfrom all the clusters the properneigh-
borhoodof ary randompoint canbe determinedwithin a
maximumof gueries. The querieswill be formed
by takinga point  from eachof the neighborhood# turn
and askingfor the label on the pair till a must-link
hasbeenobtained. We will eithergeta must-link reply in

queries,elseif we get cannot-linkrepliesfor the

gueriesto the neighborhoodswe canin-
fer thatthe point is must-linked to the remainingneighbor
hood. Note thatit is practicalto sortthe neighborhood#n
increasingorderof the distanceof their centroidsfrom  so
thatthe correctmust-linkneighborhoodor is encountered
soonefin the queryingprocessTheoutline of thealgorithm
Consolidate s givenin Figure3.

Both Explore andConsolidate  addpointsto the
clustersat a goodrate. It canbe shavn usingthe resultin
Appendix A.4 that the Explore  phasegets at leastone
point from eachof the underlyingclustersin maximum

gueries.Whenthe active schemehas nished running
Explore andis running Consolidate , it canalsobe
shavn usinga generalizatiorof the couponcollector's prob-
lem (Appendix A.4) that with high probability it will get
one new point from eachclusterin approximately
queries.Consolidate  thereforeaddspointsto clustersat
afasterratethanExplore by afactorof = —— , which
is validatedby our experimentsin Section5. Notethatthis
analysisis for balancedtlusters but a similar analysiswith
unbalancedlustersgivesthe sameimprovementfactor

Finally, we brie y addresshe casewhentheright num-
ber of clusters is not known to the clusteringalgorithm,
sothat is alsounknawn to the active learningscheme.ln
this caseonly Explore is usedwhile queriesareallowed.
Explore will keepdiscovering new clustersas fastasit

can. Whenit hasobtainedall the clusters,it will not have
ary way of knowing this. However, from this pointonwards,
for everyfarthest- rst it draws from the datasetijt will al-
ways nd aneighborhoodhatis must-linkedto it. Hence,
afterdiscoveringall the clusters,Explore  will essentially

consolidatethe clusterstoo. However, when is known,
it makes senseto invoke Consolidate  since(1) it adds
pointsto clustersat a fasterratethanExplore , and(2) it

picks randomsampledollowing the underlyingdatadistri-
bution, which have certainnice propertiesin termsof esti-
matinggoodcentroidge.g.,Chernof boundsonthecentroid
estimatesasshowvnin (4.3)),thatthesample®btainedusing
farthest- rsttraversalneednot have.

5 Experiments
In this section we outlinethe detailsof our experiments.

5.1 DatasetsIn our experimentswith high-dimensional
text documents,we used datasetscreatedfrom the 20
Newsgroups collection? It hasmessagesollectedfrom
20 differentUsenetnenvsgroups, 1000 messagefrom each
newvsgroup. From the original dataset,a reduceddataset
News-all20 wascreatedyy takingarandomsubsamplef
100 documentdrom eachof the 20 newsgroups- this sub-
sampleis amoredif cult dataseto clusterthanthe original
20 Newsgroups , sinceeachclusterhasfewerdocuments.
News-all20  has2000pointsin 16089dimensionsBy se-
lecting3 categoriesfrom thereduceddataseNews-all20
two other datasetswere created: News-sim3 that con-
sists of 3 newsgroupson similar topics (comp.graphics,
comp.os.ms-windes, comp.windavs.x) with signi cant
clusteroverlap,andNews-diff3  thatconsistsof 3 news-
groupson different topics (alt.atheism,rec.sport.baseball,
sci.spacewith well-separatectlusters. News-sim3 has
300 pointsin 3225 dimensions,while News-diff3  had
300 pointsin 3251 dimensions. Another datasetwe used
in ourexperimentds asubsebf Classic3 [11] containing
400documents-100Cran eld documentérom aeronautical
systempapers,100 Medline documentdrom medicaljour-
nals,and200 Cisi documentdrom informationretrieval pa-
pers.ThisClassic3-subset datasetwasspeci cally de-
signedto createclustersof unequakize,andhas400 points
in 2897 dimensions.Similaritiesbetweendatapointsin the
text datasetsverecomputedusingcosinesimilarity, follow-
ing SPKMeans [11]. SPKMeans maximizesthe average
cosinesimilarity betweenpoints and cluster centroids,so
thatthe objective functionmonotonicallyincreasesvith ev-
eryiterationtill corvergence All thetext datasetsverepre-
processedbllowing the methodologyof Dhillon etal. [11].
For experimentson low-dimensionaldata,we selected
theUCI datasetris  [5], which has150pointsin 4 dimen-

Shttp:/Avwwai.mit.edu/peopl@ennie/20Navsgroups



sions. The Euclideanmetric was usedfor computingdis-
tancedetweemointsin this datasetfollowing KMeans. In
thiscasetheobjectvefunction,whichis theaveragesquared
Euclideandistancebetweerpointsandclustercentroidsde-
creaseateveryiterationtill corvergence Thelris dataset
wasnot pre-processeih any way.

5.2 Clustering evaluation We have usedthreemetricsfor
clusterevaluation: normalizedmutual information (NMI),
pairwise F-measue, andobjectivefunction

Normalizedmutual information (NMI) determineghe
amountof statisticalinformationsharedby therandomvari-
ables representingthe cluster assignmentsand the user
labeledclassassignmentsf the datapoints. We computed
NMI following the methodologyof Strehlet al. [31]. NMI
measuresiow closelythe clusteringalgorithmcould recon-
structthe underlyinglabel distribution in the data. If  is
the randomvariabledenotingthe clusterassignmentsf the
points,and istherandomvariabledenotingtheunderlying
classlabelson the points,thenthe NMI measurés de ned
as[2]:

is the mutualinforma-
and is the
is the conditionalen-

where
tion betweenthe randomvariables
Shannorentropy of , and
tropy of given

Pairwise F-measurés de ned asthe harmonicmeanof
pairwiseprecisionandrecall, the traditionalinformationre-
trieval measuresdaptedor evaluatingclusteringoy consid-
eringpairsof points—for every pairof pointsthatdonothave
explicit constraintdetweerthem,thedecisionto clusterthis
pairinto sameor differentclusterds consideredo becorrect
if it matcheswith the underlyingclasslabelingavailablefor
thepoints. PairwiseF-measurés de ned as:

Measuredike modi ed RandIndex [22, 33, 34] that
are frequentlyusedfor evaluationof clusteringin the PCC
framawork arevery similar to pairwiseF-measureNMI has
also becomea popularclusteringevaluationmetric [2, 12,
15]. We presentesultsusingboththeseavaluationmeasures
andobsenrefrom theresultsthatthey arestronglycorrelated.
We alsoshow resultsfor the objective function  pekm.
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5.3 Experimental Methodology For all the algorithms,
on eachdatasetye have generatedearningcurveswith 10-
fold cross-alidation,wherethex-axisrepresentthenumber
of pairwiseconstraintgivenasinputto the algorithms.For
non-actve PCKMeansthe pairwiseconstraintsareselected
at random,while for actve PCKMeansthe pairwise con-
straintsare selectedusing our active learningscheme. For
studyingthe effect of pairwiseconstraintsandactive learn-
ing, 10% of the datasetis setasideas the test setat ary
particularfold. The training setsat different points of the
learningcurve arepairwiseconstraintobtainedrom there-
maining 90% of the data,with increasingnumberof pair
wise constraintdeinggivenasinput to the clusteringalong
the learningcurve. The clusteringalgorithmis run on the
whole dataset,and the correspondingbjective function is
reported.Following themethodologyf Basuetal. [4], NMI
and pairwise F-measurare calculatedonly on the test set,



from whichno constraintsveresupplied.Theresultsateach
pointonthelearningcurve areobtainedby averagingover10
folds. We did not continuethe learningcurve beyond 1000
queries(5000for News-all20 ), sincethe generalnature
of theresultswasevidentin this range.Moreover, in practi-
cal active learningapplicationsit is unrealisticto expectthe
userto answereven 1000queries.

5.4 Results The resultsof the experimentsare shovn in
Figures4-11. Sincethestandardleviationsof NMI, pairwise
F-measureand objective function valuesin the plots were
small for all the datasetsthey have not beenshown in the
plotsto reduceclutter.

Choice of : We experimentedwith differentvalues
of the constraintweight parameter . If  is setto O, the
algorithmis initialized with neighborhoodslerivedfrom the
givenconstraint@andthennormalKMeans iterationsarerun
till corvergence. This is similar to the SeededKMeans
algorithmoutlinedin [4], wherethe labeleddata(seedshre
usedo onlyinitialize theKMeansalgorithmandarenotused
in thefollowing stepsof thealgorithm.

If is setto avery high value,the algorithmis initial-
izedwith neighborhoodslerived from the given constraints
andthe constraintdbecomehard constraints sincethe con-
straintcostviolation componenbf the pcm Objectvefunc-
tion far supersedeis distancecomponent.This is similar
to the ConstrainedKMeans  algorithm outlined in [4].
In this algorithm, the seedsare also usedto initialize the
KMeans algorithm. However, in the subsequensteps,the
clusterlabelsof the seeddataare keptunchangedindonly
thelabelsof thenon-seedlataarere-estimated.

If is setto anintermediatevalue,the algorithmgives
a tradeof betweenminimizing the total distancebetween
points and cluster centroidsand the cost of violating the
constraints.In theresultplotsin Figures4-12, PCKMeans
refersto runningthe algorithmwith the intermediatevalue
of . Theparameter canbechoserby theuseraccording
to the degreeof con dencein the constraintsor chosento
be a constantof the sameorder as the averagesimilarity
(for SphericakKMeans) or distancegfor EuclidearkKMeans)
betweerpairsof pointsin thedatasetWe set  to be0.001
for thetext-datasetaindl for Iris  dataset.

Thus, the  parameteracts as a tuning knob, giv-
ing us the continuum betweena SeededKMeans-like
algorithm on one extreme, where there is no guaran-
tee of the constraintsatisiction in the clustering, and a
ConstrainedKMeans -like algorithm on the other ex-
treme,wherethe clusteringprocesss forcedto respectall
thegivenconstraintsNotethatwe canselectvely guarantee
thatary particularconstrainis satis edthroughoutheclus-
teringiterations by selectinga very high correspondingost
of constraintviolation.

The comparatie resultsof active and non-actve algo-
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rithms obtainedfor differentvaluesof  were similar for
the datasetzonsideredseeFigures4 and5). This leadsus
to concludethatproperinitialization (by active learning)us-
ing the constraintggivesmuchmorebene t thansatisfying
theconstraintgluringthe algorithm,which validatesthe ob-
senationin [4] that properinitialization is crucial for good
performanceof centroid-basedalusteringalgorithms. This
pointis explainedin moredetailin the discussiorbelow. In
Figures6-11, we only presenthe resultsfor the intermedi-
atevalueof for clarity of the plots. The curvesfor NMI
and Pairwise F-measurevere very similar for the datasets
we consideredseeFigures4 and5), sowe only presenting
theNMI results.

Objective function results: We showv a representatie
objective function plot for a text datasetclusteredusing
SPKMeans (Figure 7), for which the objective function
increasesalong the learning curve. For Figure 11, the
objective function is decreasingalong the learning curve
sincesimpleKMeans with Euclideandistancewvasusedfor
this dataset.

Notethatfor eachobjective functionplot, theactive and
non-actve scheme$have the samenumberof constraintdn
the and setsat ary point on the learning curve, but
theactualconstraintdhey have maybedifferent. The active
andthe non-acte schemesreallowedto bothchooseheir
own setsof constraintsandtheobjective functionvalueafter
running PCKMeansclusteringdependson this choice. For
active PCKMeans the constraintst choosegyive it a better
initialization (which is discussedn detail below), resulting
in bettervalue of the objective function after running the
clusteringalgorithm.

Non-active schemes:As shovnin AppendixA.3, if the
numberof randompairwiseconstraintss low, the probabil-
ity thatthe largestneighborhoodarein factfrom differ-
entclusterdgs verylow. Until thispointonthelearningcurve,
someof theneighborhoodssedto initialize PCKMeanscan
actuallybelongto the samecluster so that we may not get
representatiesfrom all theclusters.Thisgivesapoorinitial-
ization of PCKMeansthat may causethe algorithmto con-
vergeto badlocal minima. Consequentlyhe clusteringpro-
ducedby PCKMeanscanbe unstableresultingin varying
pairwiseF-measur@andNMI valuesonthetestset. Thisini-
tial jitter canbeobsenredin all theFigures4-11.Beyondthis
pointonthelearningcurve,non-actve PCKMeanswill most
likely beinitialized with pointsfrom eachcluster So after
theinitial jitter, the performanceof non-actve PCKMeans
improves steadilyalong the learning curve with respectto
objective function, NMI and pairwise F-measureshowing
thebene t of incorporating supervisedlata (constaints)in
theclusteringprocess

Active schemes:For the active algorithms,we consis-
tently getsigni cant improvement®verthenon-activealgo-
rithms for all datasetsve have considered.Firstly, we see



the jitter only in the very early part of the learningcurve.
Thisis becauseéhe Explore phasecreateonly oneneigh-
borhoodfrom eachclusterand continuesuntil  pairwise
disjoint neighborhoodsarefound, creatingall the neighbor
hoodswithin a smallnumberof queriegseeAppendixA.4).
Thejitter is so early in the learningcurve thatit cannotbe
evenobsenredin the plots. In Figure8, thejitter disappears
afteraboutthe rst 20 queries.The Explore phaseof the
active selectionalgorithm guaranteeshat the pairwisedis-
joint neighborhoodénferredfrom the constraintbelongto
differentclustersin the actualunderlyingclustering,andso
theseneighborhoodsvould give us good initializations for
the clusteringalgorithm. The Consolidate ~ phasegrows
the pairwisedisjoint neighborhoodsalreadycreated,so
that when the active learning schemeruns out of queries,
PCKMeansis initialized using centroidsconstructedrom
goodneighborhoodsTheimprovemenif theactive scheme
is more pronouncedor the dif cult high-dimensionatext
datasetse.g.,Figure4-9.
Fromtheabove results we conclude:

Semi-supervisedlusteringwith constraintsperforms
considerabhpetterthanunsupervisedlusteringfor the
datasetswe have considered(note that unsupervised
clustering correspondsto semi-supervisedlustering
with 0 constraints).For both the active andnon-actve
algorithms, the clustering evaluation measuregNMI
and pairwise F-measure)and the objective function
improvewith increasinghumberof pairwiseconstraints
providedalongthelearningcurve.

Active selectionof pairwiseconstraintsusingour two-
phaseactive learning algorithm, signi cantly outper
formsrandomselectionof constraints.
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Figure 12: Comparisorof Explore and Consolidatephases
w.r.t. NMI on News-diff3

Explore Vs Consolidate: We also ran some ab-
lation experiments, comparing the performanceof the
actve PCKMeans scheme with both Explore and
Consolidate  with actve PCKMeans with Explore
only. We ranthe ablationexperimenton the News-diff3
dataset.From the NMI resultshavn in Figure12, we can
seethatrunningExplore only in theactive learningphase
givesimprovementover randomchoice of constraints but
runningbothExplore andConsolidate  givesevenbet-
terresults.So,bothExplore andConsolidate  areuse-
ful phaseof theactivelearningalgorithm

6 RelatedWork

COP-KMeans is anotheralgorithm in the pairwise con-
strainedclusteringmodel [33], but it doesnot handlesoft-
constraintsj.e., constraintghat canbe violatedwith an as-
sociatedviolation cost, which PCKMeans does. A soft-
constrainedalgorithm SCOP-KMeans has been recently
proposed32], whoseperformancenould be interestingto
comparewith PCKMeans Bansaletal. [3] proposedthe-
oreticalmodelwherethey performedclusteringusingonly
pairwiseconstraintswhichis differentfrom our modelsince
we considerboth constraintsand an underlyingmetric be-
tweenthe pointswhile clustering.Otherwork with the pair-
wiseconstraineatlusteringmodelincludedearningdistance
metricsfor clusteringfrom pairwiseconstraint§17, 22, 34).
In thisdomain,Cohn.etal. [8] have proposedterative user
feedbacko acquireconstraintsbut it wasnotanactivelearn-
ing algorithm.

Activelearningin theclassi cationframeaworkis along-
studiedproblem,wheredifferentprinciplesof queryselec-
tion have beenstudied,e.g.,reductionof the versionspace
size [16], reductionof uncertaintyin predictedlabel [24],
maximizing the mamin on training data[1], nding high
variancedata points by density-weightedhool-basedsam-
pling [27], etc. However, activelearningtechniquesn classi-

cation arenotapplicablen the clusteringframework, since
thebasicunderlyingconcepdf reductionof classi cationer-
ror andvarianceover the distribution of exampleg[9] is not
well-de ned for clustering.In theunsupervisedetting,Hof-
mannetal. [19] considera modelof active learningwhichis
differentfrom ours— they have incompletepairwise simi-
larities betweenpoints, and their active learninggoal is to
selectnew data, using expectedvalue of information esti-
matedfrom the existing data, suchthat the risk of making
wrong estimatesaboutthe true underlying clusteringfrom
the existing incompletedatais minimized. In contrast,our
modelassumethatwe have completesimilarity information
betweenall pairsof points,alongwith pairwiseconstraints
whoseviolation costis a componenif the objective func-
tion (2.1), andthe active learninggoal is to selectpairwise
constraintavhich aremostinformative aboutthe underlying
clustering.Klein et al. [22] alsoconsideractive learningin



semi-supervisedlustering,but insteadof makingexample-
level querieghey make clusterevel queriesij.e.,they askthe
userwhetheror not two whole clustersshouldbe meiged.
Answering example-level queriesrather than clusterlevel
queriesis a mucheasiertaskfor a user makingour model
morepracticalin areal-world active learningsetting.

7 Conclusionsand Futur e Work

In this paperwe have presente pairwiseconstrainealus-
tering framavork and a new theoretically well-motivated
methodfor actively selectinggood pairwise constraintsfor
semi-supervisedlustering. Experimentson text and UCI
data showv that (1) PCKMeans with constraintsperforms
considerablhpetterthanunconstraineéKMeans, and(2) our
active learningschemeperformsquite well, giving signi -
cantly steepetearningcurvescomparedo randompairwise
queries. The active learningand pairwiseconstrainectlus-
teringalgorithmsarebothlinearandhencesuitablefor real-
world clusteringapplicationsasthey canbeeasilyscaledto
largedataseteindcanhandlevery high-dimensionatiata.

The Explore stageof the active learningschemeis
currently sensitve to outliersin the data. Note however
thatit is as sensitve to outliers as the baselinealgorithm
KMeans. Outlier sensitvity can be handledby density-
weighted point selectionin Explore , where we could
have a modi ed farthest- rst traversal that selectsdistant
points from denseregions of the data space[27]. Such
a formulation of active learningwould be more robust to
outliers,andcanbeusedwith moreoutlier-robustclustering
algorithms.e.g.,KMedian[28].

Our current clustering model assumeghat the con-
straintsare consistent,i.e., thereis no noisein the con-
straints. We are working on incorporatinga noise model
into our PCCframawork, so thatwe will be ableto handle
noisy constraints.This would involve somechangedo the
algorithms,e.g.,not addingthe inferredconstraintbetween
neighborhoodsin the initialization step of PCKMeans
selectvely rejecting points using a noise model in the
Explore stageof the active learningalgorithm, etc. The
clusteringmodelalsoassumeshattheright numberof clus-
tersis givenasaninput—in thefuture,we wantto selectthe
numberof clustersautomatically by incorporatinga model
selectioncriterioninto the PCCobjective function.

The cluster assignmenstepin the PCKMeans algo-
rithmis anincrementabtep,dependentntheorderin which
the pointsare assignedo the cluster Currently we useda
randomorderingfor clusterassignmentor our experiments.
We planto investigateother clusterassignmenschemesn
future,andlook into anonlineversionof PCKMeans

Onthetheoreticalside,we wantto explorethe correla-
tion betweenNMI and F-measurghatwe have empirically
obsenedin our experimentsandcomeup with betterguar
anteedor improvementof PCCwith actively selecteccon-

straintsover PCCwith randomlyselectecconstraints.
Finally, we also want to apply our active learningal-

gorithmin the PCCframework to otherdomains especially

genemicro-arraydataanalysisin bioinformatics.
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A Appendix

A.1 Hidden Mark ov RandomField ThePCKMeanwb-
jective functionin (2.1)triesto minimizethetotal distance
betweerpointsandtheir clustercentroidssuchthatthe mini-
mumnumberof speci ed constraintdetweerthe pointsare
violated. Thismathematicaflormulationcanbe motivatedby
consideringa Markov Randon¥Field (MRF) [7] de ned over
suchthatthe eld (or set) of randomvari-
ablesover cantake values with
Letacon guration denotehejoint event
. Restrictingthe modelto MRFswhoseclique poten-
tials involve pairwisepoints, the prior probability of a con-
guration is , where
if
- if
otherwise
We assumeanidentity covarianceGaussiamoisemodel
for the obsened data (von-MisesFisher distribution [26]
was consideredas the noise model for high-dimensional
text datay, andalsoassumehat the obsenred (noisy) data
pointshave beendravn independentlypf eachotherfollow-
ing this model. If denotethe true representaties
correspondingo the labels , the conditional prob-
ability of the obsenation  for a given con guration is
- . Sincethe MRF is
de ned over the hiddentrue labels of the obsered
points , this modelis calleda HiddenMarkov Ran-
domField (HMRF) [35], whichis a directgeneralizatiorof
aHiddenMarkov Model.
Since the posteriorprobability of a con guration is
, the PCCobjectie functionis pro-
portionalto the negative logarithmof the posteriorprobabil-
ity of the speci ed HMRF. Hence, nding the MAP con g-
urationof the HMRF becomesquivalentto minimizing the
objectivefunctionin (2.1).

A.2 Model Assumptions First of all, we presenthe for-
mal model of the datasetbasedon which all analysiswill
be done. The datais assumedo be coming from  dis-
joint uniform densityballs of unequakizein a metricspace.

#The framework canbe shavn to hold for arbitrary exponentialnoise
models.



Theballsarede ned in termsof the metric. All datapoints
inside ary particular ball are assumedo be in the same
cluster and points from different balls are assumedo be
from differentclusters. The oracleis assumedo know this
model.Let bethetotal numberof pointsunderconsidera-
tion. Let be the probabilitiesof drawving a point
randomly from the -th ball Without loss of gener

ality, we assume Further let
. Let be the numberof pointsin the dataset
from . Then, and , the volume
of Now, the numberof possiblecannot-linksis
andthenumberof must-linkgs
Let

A.3 Analysis of random initialization In PCKMeans

initializationis doneusingthe largestsizedneighborhoods.

We argue that within a small numberof queries,the prob-
ability of getting even a 3-point neighborhoodfrom ary
clusteris very low. Given pairsat random,on average
therewill be one must-linkin every pairs. Hence,
therewill be a total of must-link pairsin the
expectedbehaior. Then,for the -th cluster therewill be

must-linkpairson average.We
focusonaparticularcluster  onwhich pairshave been
selectedat random. The size of the clusteris .
We will not geta 3-pointneighborhoodrom if noneof
thepoints getsdrawvn morethanoncein therandom
pair sampling.If thesamplingof  pairsis replacedoy the
samplingof vertices,the probability of gettinga vertex
twiceis increasedHence theprobability  of notgettinga
3-pointneighborhoods lower boundedy the probability of
not gettinga vertex twice in the vertex samplingsetting.So,

which is closeto 1 for small values of Hence, the
probability of getting 3-point neighborhoodss very low.
Thereforetheinitialization is essentiallyjdoneby random
draws from a set of approximately 2-point
neighborhoods. In this setting, the probability of getting
exactly oneneighborhoodrom eachclusteris

using the AM-GM inequality and the Stirling's formula.
Clearly, the probability is quite low. This resultsin signif-
icantvariancen theinitializing neighborhoodandexplains

theinitial jitter for the non-actve algorithmsfor low values
of

A.4 Analysisof Explore We shallreferto pointsfrom the
sameclusteras having the samecolor. If the probability
of drawing points of different colors is given by
, then, by an extensionof the
couponcollector's problem[29], one canshaw that points
of all colors will be dravn with high probability within
draws. We claim thatthe farthestrst scheme
getspointsof all colorswithin attemptswith probability 1.
In the worst case,if the disjoint balls are placed by
an adwersary the adwersarywill try to placethe balls such
that getting a point from at leastone ball is very dif cult.
Onecanshaw that the optimum strateyy for the adwersary
will beto make the smallestball the mostdif cult to reach.
Using a packing agument, we shaw that irrespectve of
the placemenbf the balls, the farthestrst traversalcannot
avoid ary particularball for long. Considertwo balls
with probabilities . Let be the radii of thetwo
balls, and be the volumesof the two balls. Further
let denotethe packingnumberof  with balls—
the maximumnumberof disjoint ballsthatcanbe paclked
inside the ball Now, if thereare just thesetwo balls
in the universeandif farthest- rsttraversalstartsin , the
pointsobtainedrom beforeentering musthave pairwise
distances(betweentheir centers)of at least , because
otherwisethe traversalwould have picked the farthestpoint
from andgotadistanceof atleast . Hencethetraversal
cannotstayin  for more that farthest- rst jumps
becausehere are exactly thesemary pointsinside that
canbeatadistanceof atleast  from eachother Now, the
packingnumber , theratioof their
probabilities. This agumentcanbe extendedto the general
caseof balls. In the generakase the numberof timesthe
farthestrst traversalcancontinuewithout enteringthe ball
is

Clearly;, this numberis largestfor the smallestball . So,
themaximumnumberof farthest- rstjumpsbeforereaching
is givenby

In the next jump, farthest- rstgetsa pointfrom . Hence,

thefarthestrst traversalwill nd pointsof all the colorsin
attempts.Notethatthisis a signi cant

factorimprovementovertherandomscheme.
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