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Abstract

Semi-supervisedclusteringusesa small amountof super-
vised data to aid unsupervisedlearning. One typical ap-
proachspeci�esa limited numberof must-linkandcannot-
link constraintsbetweenpairs of examples. This paper
presentsa pairwiseconstrainedclusteringframework anda
new methodfor actively selectinginformativepairwisecon-
straintsto get improved clusteringperformance.The clus-
tering andactive learningmethodsareboth easilyscalable
to largedatasets,andcanhandleveryhighdimensionaldata.
Experimentalandtheoreticalresultscon�rm that this active
queryingof pairwiseconstraintssigni�cantly improvesthe
accuracy of clusteringwhengivena relatively smallamount
of supervision.

1 Intr oduction

In many datamining andmachinelearningtasks,thereis a
largesupplyof unlabeleddatabut limited labeleddata,since
labeleddatacan be expensive to generate. Consequently,
semi-supervisedlearning, learning from a combinationof
both labeledandunlabeleddata,hasbecomea topic of sig-
ni�cant recentinterest[6, 20, 30]. More speci�cally, semi-
supervisedclustering, theuseof classlabelsor pairwisecon-
straints on someexamplesto aid unsupervisedclustering,
hasbeenthefocusof severalrecentprojects[4, 22, 33, 34].

In a semi-supervisedclusteringsetting,the focusis on
clusteringlargeamountsof unlabeleddatain thepresenceof
a small amountof superviseddata. In this setting,we con-
sider a framework that haspairwisemust-linkandcannot-
link constraintsbetweenpoints in a dataset(with an asso-
ciatedcostof violating eachconstraint),in additionto hav-
ing distancesbetweenthepoints. Theseconstraintsspecify
thattwo examplesmustbein thesamecluster(must-link)or
differentclusters(cannot-link)[33]. In real-world unsuper-
vised learningtasks,e.g., clusteringfor speaker identi�ca-
tion in a conversation[17], visualcorrespondencein multi-
view imageprocessing[7], clusteringmulti-spectralinfor-
mationfrom Marsimages[32], etc.,consideringsupervision
in the form of constraintsis generallymore practicalthan

providing classlabels, since true labels may be unknown
a priori, while it can be easierto specifywhetherpairs of
pointsbelongto thesameclusteror differentclusters.

We proposea cost function for pairwise constrained
clustering(PCC)that canbe shown to be the con�guration
energy of a Hidden Markov RandomField (HMRF) over
the data with a well-de�ned potential function and noise
model. Then, the pairwise-constrainedclusteringproblem
becomesequivalentto �nding theHMRF con�gurationwith
thehighestposteriorprobability, i.e., minimizing its energy.
We presentanalgorithmfor solvingthis problem.

Further, in order to maximizethe utility of the limited
superviseddataavailablein asemi-supervisedsetting,super-
visedtrainingexamplesshouldbeactivelyselectedasmaxi-
mally informativeonesratherthanchosenat random,if pos-
sible[27]. In thatcase,fewer constraintswill berequiredto
signi�cantly improve the clusteringaccuracy. To this end,
we presenta new methodfor actively selectinggoodpair-
wiseconstraintsfor semi-supervisedclustering.

Both our active learningandpairwiseconstrainedclus-
teringalgorithmsarelinearin thesizeof thedata,andhence
easilyscalableto large datasets.Our formulationcanalso
handlevery high dimensionaldata,as our experimentson
text datasetsdemonstrate.

Section2 outlines the pairwiseconstrainedclustering
framework, andSection3 presentsa re�nementof KMeans
clustering[13, 25], calledPCKMeans, thatutilizespairwise
constraints.In Section4, we presenta methodfor actively
picking goodconstraintsby askingqueriesof theform “Are
thesetwo examplesin sameor differentclasses?”.Experi-
mentalresultson clusteringhigh-dimensionaltext dataand
UCI datademonstratethat (1) PCKMeansclusteringwith
constraintsperformsconsiderablybetterthanunconstrained
KMeans clustering,and(2) activePCKMeansachievessig-
ni�cantly steeperlearningcurvescomparedto PCKMeans
with randompairwisequeries.

2 Pairwise ConstrainedClustering

Centroid-based partitional clustering algorithms (e.g.,
KMeans) �nd a disjoint

�

partitioning ���������

�
	��

(with each



partition having a centroid �

�

) of a dataset��� ����� ���

� 	��

suchthatthetotaldistancebetweenthepointsandthecluster
centroidsis (locally) minimized.We introducea framework
for pairwiseconstrainedclustering(PCC)thathaspairwise
must-linkandcannot-linkconstraints[33] betweena subset
of points in the dataset(with a cost of violating each
constraint),in addition to distancesbetweenpoints. Since
centroid-basedclusteringcannothandlepairwiseconstraints
explicitly, we formulatethe goal of clusteringin the PCC
framework as minimizing a combinedobjective function:
the sum of the total distancebetweenthe points and their
cluster centroids and the cost of violating the pairwise
constraints.

For thePCCframeworkwith bothmust-linkandcannot-
link constraints,let 	 be the set of must-link pairs such
that 
�����
���������	 implies ��� and ��� shouldbe assigned
to the samecluster, and � be the set of cannot-linkpairs
suchthat 
�����
���������� implies ��� and ��� shouldbeassigned
to different clusters. Note that we considerthe tuples in

	 and � to be order-independent,i.e., 
��
�


��
�

�������


��
�


��
�

����� , andsoalsofor 	 . Let � � ��!
�"�

� and � �

� !
�"�

� betwo setsthatgive theweightscorrespondingto the
must-link constraintsin 	 andthe cannot-linkconstraints
in � respectively. Let #

� be the cluster assignmentof a
point �

� , where #
�

� �%$ �
�

�
	��

. The costof violating must-
link and cannot-link constraintsis typically quanti�ed by
metrics[23]. We restrictour attentionto theuniform metric
(alsoknown asthegeneralizedPottsmetric), for which the
cost of violating a must-link 
����&
������'�(	 is given by

!)�"�+*-, #.�0/ �1#2�43 , i.e., if the must-linked points are assigned
to two differentclusters,the incurredcostis !5�"� . Similarly,
thecostof violating a cannot-link 
6���&
879���:�;� is given by

!5�<�=*-, #.�>�?#2�43 , i.e., if the cannot-linkedpointsareassigned
to thesamecluster, the incurredcostis !

�<� . Note thathere
* is the indicatorfunction,with *-, @BA�C�DE3 = 1 and *-, F�G=#IH�DE3 =
0. Using this model, the problemof PCCundermust-link
andcannot-linkconstraintsis formulatedasminimizing the
following objective function, wherepoint �

� is assignedto
thepartition �KJML with centroid�

JML

:
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Minimizing thisobjectivefunctioncanbeshownto beequiv-
alent to maximizing the posteriorcon�guration probabil-
ity of a Hidden Markov RandomField, details of which
are given in Appendix A.1. The mathematicalformula-
tion of this framework wasmotivatedby the metric label-
ing problem and the generalized Potts model [7, 23], for
which Kleinberg et al. [23] proposedan approximational-
gorithm. Their formulation only considersthe set 	 of

must-linkconstraints,whichweextendedto thePCCframe-
work by addingthe set � of cannot-linkconstraints. Our
proposedpairwiseconstrainedKMeans (PCKMeans) algo-
rithm greedily optimizes

N

pckm usinga KMeans-type iter-
ation with a modi�ed cluster-assignmentstep. For experi-
mentswith text documents,we useda variantof KMeans
calledsphericalKMeans (SPKMeans) [11] that hascom-
putationaladvantagesfor sparsehigh dimensionaltext data
vectors. We will presentour algorithm and its motivation
basedon KMeans in Section3, but all of it canbe easily
extendedfor SPKMeans. In the domainsthat we will be
considering,e.g.,text clustering,differentcostsfor different
pairwiseconstraintsarenot availablein general,sofor sim-
plicity wewill beassumingall elementsof � and � to have
thesameconstantvalue ! in (2.1). We will make a detailed
studyof theeffectof thechoiceof ! in Section5.

NotethatKMeanshasarunningtimeof fg
�h�i

�

� , where
h is thenumberof datapoints,i is thenumberof dimensions
and

�

is the numberof clusters.SPKMeanshasa running
time of fj
I#

�

� , where # is the numbernon-zeroentriesin
the hlkmi input datamatrix. So they areboth linear in the
sizeof the input, makingour PCKMeansalgorithmfor the
PCCframework quiteef�cient. PCKMeanscanalsohandle
sparsehigh-dimensionaldata(e.g. text, genemicro-array),
sinceit hasthe computationaladvantageof SPKMeans in
thesedomains.

3 Clustering Algorithm

Given a setof datapoints � , a setof must-link constraints
	 , a set of cannot-link constraints� , the weight of the
constraints! and the numberof clustersto form

�

, we
proposean algorithm PCKMeans that �nds a disjoint

�

partitioning � � �����

�
	��

of � (with eachpartition having a
centroid�

�

) suchthat
N

pckm is (locally) minimized.
In our previous work [4], we hadobserved that proper

initialization of centroid-basedalgorithmslike KMeansus-
ing the provided semi-supervisionin the form of labeled
points greatly improvesclusteringperformance.Here, in-
steadof labeledpoints,we aregivensupervisionin theform
of constraintson pairsof points– in this casealso,our goal
in the initialization stepwill be to getgoodestimatesof the
clustercentroidsfrom thepairwiseconstraints.

In the initialization step of PCKMeans, we take the
transitive closureof themust-link constraints[33] andaug-
menttheset 	 by addingtheseentailedconstraints.1 Note
thatourcurrentmodelconsidersconsistent(non-noisy)con-
straints,but it can also be extendedto handleinconsistent
(noisy)constraints,asdiscussedin Section7. Let thenum-
ber of connectedcomponentsin the augmentedset 	 be

n

, which areusedto create
n

neighborhoodsets ��oqp �%r

p 	��

.

1A noteon complexity: the transitive closureandconstraintaugmenta-
tion takes sutwv x'v`yzv {�v | operations.



For every pair of neighborhoodso p and o p�� that have at
leastonecannot-linkbetweenthem,weaddcannot-linkcon-
straintsbetweenevery pair of points in o p and o p � and
augmentthecannot-linkset � by theseentailedconstraints,
againassumingconsistency of constraints.Fromnow on,we
will referto theaugmentedmust-linkandcannot-linksetsas

	 and � respectively.
Note that the neighborhoodsets o p , which contain

the neighborhoodinformation inferred from the must-link
constraintsand are unchangedduring the iterationsof the
algorithm, are different from the partition sets � � , which
containtheclusterpartitioninginformationandgetupdated
at eachiterationof thealgorithm.

After thispreprocessingstepweget
n

neighborhoodsets
��o p �%r

p 	��

, which areusedto initialize theclustercentroids.
If

n�� �

, where
�

is the requirednumberof clusters,we
selectthe

�

neighborhoodsetsof largestsizeandinitialize
the

�

cluster centerswith the centroidsof thesesets. If
n�� �

, we initialize
n

clustercenterswith the centroidsof
the

n

neighborhoodsets.We thenlook for a point � that is
connectedby cannot-linksto everyneighborhoodset.If such
a point exists, it is usedto initialize the 


n

[

O

���

� cluster.
If there are any more cluster centroidsleft uninitialized,
we initialize them by randomperturbationsof the global
centroidof � [14].
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Figure1: PCKMeansalgorithm

ThealgorithmPCKMeansalternatesbetweentheclus-
ter assignmentandcentroidestimationsteps(seeFigure1).
In the clusterassignmentstepof PCKMeans, every point

� is assignedto a cluster such that it minimizes the sum
of the distanceof

�
to the clustercentroidand the costof

constraintviolationsincurredby thatclusterassignment(by
equivalentlysatisfyingasmany must-linksandcannot-links
aspossibleby theassignment).Notethat theclusterassign-
ment stepis order-dependent,sincethe subsetsof

	
and

� associatedwith eachclustermaychangewith theassign-
mentof a point. For ourexperiments,we considera random
orderingof thepointsin this assignmentstep.Thecentroid
re-estimationstepis the sameas KMeans, i.e., eachclus-
ter centroidis calculatedby taking the meanof the points
assignedto thatcluster.

LEMMA 1. ThealgorithmPCKMeansconvergesto a local
minimumof

N Ø�Ù1Ú�Û

.

Proof. For analyzing the cluster assignmentstep, let us
consider(2.1). Each point

�
moves to a new cluster

$

only if thecomponent( �
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) of

N

pckm, contributedby the
point

�
, decreases.So whenall pointsaregiven their new

assignment,
N

pckm will decreaseor remainthesame.
For analyzing the centroid re-estimationstep, let us

consideranequivalentform of (2.1):
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Eachclustercentroid �

�

is re-estimatedby taking the
meanof the points in the partition � � , which minimizes
the component( �

ZŽÜ
S

LUTWVnÝ

X

�
�)Y

�

�

X

Z

) of
N

pckm in (3.2)
contributed by the partition

�
� . The pairwiseconstraints

do not take in part in this stepbecausethe constraintsare
not anexplicit functionof thecentroid.As a resultonly the
�rst term( �

Z
Ü

�

�
	��

Ü
S

L
TWV

Ý

X

���
Y

�

�

X

Z

) of
N

pckm in (3.2)is
minimizedin this step.

Hencetheobjective functiondecreasesaftereveryclus-
ter assignmentand centroid re-estimationstep till conver-
gence,implying thatthePCKMeansalgorithmwill converge
to a localminimumof

N

pckm.

4 ActiveLearning Algorithm

In the semi-supervisedsetting,getting labelson datapoint
pairsmaybeexpensive. In this section,wediscussanactive
learning schemein the PCC setting in order to improve
clustering performancewith as few queries as possible.
Formally, the schemehasaccessto a noiselessoraclethat
canassigna must-link or cannot-linklabel on a given pair


6���`
8�����
, andit canposea constantnumberof queriesto the



oracle.2

In order to get pairwiseconstraintsthat are more in-
formative than randomin the PCC model,we have devel-
opedan active learningschemefor selectingpairwisecon-
straintsusingthe farthest-�rst traversalscheme.The basic
ideaof farthest-�rst traversalof a setof points is to �nd

�

pointssuchthatthey arefar from eachother. In farthest-�rst
traversal,we �rst selecta startingpoint at random,choose
the next point to be farthestfrom it and add it to the tra-
versedset,thenpick thefollowingpointfarthestfrom thetra-
versedset(usingthestandardnotionof distancefrom a set:

i 
6� 
�� ���������	��T�
�i�
�� 

� � ), andsoon. Farthest-�rsttraver-
sal givesan ef�cient approximationof the

�

- �4D�h�@UD�A prob-
lem [18], and hasalso beenusedto constructhierarchical
clusteringswith performanceguaranteesat eachlevel of the
hierarchy[10]. For our datamodel(seeAppendixA.2), we
prove anotherinterestingpropertyof farthest-�rst traversal
(seeAppendixA.4) thatjusti�es its usefor active learning.

In [4], it was observed that initializing KMeans with
centroidsestimatedfrom a setof labeledexamplesfor each
cluster gives signi�cant performanceimprovements. Un-
der certain generative model-basedassumptions,one can
connectthe mixture of Gaussiansmodel to the KMeans
model [21]. A direct calculationusing Chernoff bounds
shows that if a particularcluster(with an underlyingGaus-
sian model) with true centroid � is seededwith � points
(drawn independentlyat random from the corresponding
Gaussiandistribution)andtheestimatedcentroidis �� , then

(4.3) ���9
��
�

�
Y

���

���

����D������
 "!

Z

where
�

�$#

[

. Thus, the deviation of the centroid
estimatesfalls exponentiallywith thenumberof seeds,and
henceseedingresultsin goodinitial centroids.Sincegood
initial centroidsare very critical for the successof greedy
algorithmssuchasKMeans, we follow the sameprinciple
for the pairwise case: we will try to get as many points
(proportionalto theactualclustersize)aspossiblepercluster
by askingpairwisequeries,sothatPCKMeansis initialized
from a verygoodsetof centroids.

The proposedactive learningschemehastwo phases.
The�rst phaseexploresthegivendatato get

�

pairwisedis-
joint non-null neighborhoods,eachbelongingto a different
clusterin theunderlyingclusteringof thedata,asfastaspos-
sible. Note that even if thereis only one point per neigh-
borhood,thisneighborhoodstructurede�nesacorrectskele-
ton of the underlyingcluster. For this phase,we propose
analgorithmExplore thatessentiallyusesthefarthest-�rst
schemeto form appropriatequeriesfor gettingthe required
pairwisedisjointneighborhoods.

2The oraclecanalsogive a don't-knowresponseto a query, in which
casethat responseis ignored(pair not consideredasa constraint)andthat
queryis notposedagainlater.

At the end of Explore , at leastone point hasbeen
obtainedper cluster. The remainingqueriesare used to
consolidatethis structure. The cluster skeleton obtained
from Explore is usedto initialize

�

pairwisedisjoint non-
null neighborhoods�%o p ���

p 	��

. Then,given any point � not
in any of the existing neighborhoods,we will have to ask
at most 


�

Y

O

� queriesby pairing � up with a member
from eachof the disjoint neighborhoodso p to �nd out the
neighborhoodto which � belongs.This principle formsthe
secondphaseof our active learningalgorithm,andwe call
thealgorithmfor this phaseConsolidate . In this phase,
we are able to get the correctclusterlabel of � by asking
at most 


�

Y

O

� queries. So, 


�

Y

O

� pairwise labels are
equivalentto a singlepointwiselabel in theworstcase.

Now, we presentthe detailsof the algorithmsfor per-
forming theexplorationandtheconsolidation.
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Figure2: Algorithm Explore

4.1 Explore In theexplorationphase,we useavery inter-
estingpropertyof the farthest-�rst traversal. Givena setof

�

disjoint balls of unequalsizein a metric space,we show
that the farthest-�rst schemeis sureto get one point from
eachof the

�

ballsin a reasonablysmallnumberof attempts
(seeAppendixA.4). Hence,our algorithmExplore (see
Figure2) usesfarthest-�rst traversalfor gettinga skeleton
structureof theneighborhoods.In Explore , while queries
arestill allowedand

�

pairwisedisjoint neighborhoodshave
not yet beenfound,thepoint

�
farthestfrom all theexisting

neighborhoodsis chosenas a candidatefor startinga new
neighborhood.Queriesareposedby pairing

�
with a ran-

dompoint from eachof theexisting neighborhoods.If � is
cannot-linkedto all theexistingneighborhoods,anew neigh-
borhoodis startedwith � . If amust-linkis obtainedfor apar-
ticular neighborhood,� is addedto thatneighborhood.This
continuestill thealgorithmrunsout of queriesor

�

pairwise
disjoint neighborhoodshave beenfound. In the latter case,
theactive learningschemeenterstheconsolidationphase.
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Figure3: Algorithm Consolidate

4.2 Consolidation Theconsolidationphasestartswhenat
leastonepoint hasbeenobtainedfrom eachof the

�

clus-
ters. The basicideain theconsolidationphaseis that since
we now have pointsfrom all theclusters,theproperneigh-
borhoodof any randompoint � canbedeterminedwithin a
maximumof 


�

Y

O

� queries. The querieswill be formed
by takinga point � from eachof theneighborhoodsin turn
and askingfor the label on the pair 
6� 
�� � till a must-link
hasbeenobtained. We will eitherget a must-link reply in




�

Y

O

� queries,else if we get cannot-linkreplies for the



�

Y

O

� queriesto the 


�

Y

O

� neighborhoods,we can in-
fer that the point is must-linked to the remainingneighbor-
hood. Note that it is practicalto sort the neighborhoodsin
increasingorderof thedistanceof their centroidsfrom � so
thatthecorrectmust-linkneighborhoodfor � is encountered
soonerin thequeryingprocess.Theoutlineof thealgorithm
Consolidate is givenin Figure3.

Both Explore andConsolidate addpointsto the
clustersat a goodrate. It canbe shown usingthe result in
Appendix A.4 that the Explore phasegets at least one
point from eachof the

�

underlyingclustersin maximum
�eŽ

�

Z
•
queries.Whentheactive schemehas�nished running

Explore and is running Consolidate , it can also be
shown usingageneralizationof thecouponcollector'sprob-
lem (Appendix A.4) that with high probability it will get
onenew point from eachclusterin approximately

� ZV•Œ‘�’ �

queries.Consolidate thereforeaddspointsto clustersat
a fasterratethanExplore by a factorof fg


�

“ ”L•

�

� , which
is validatedby our experimentsin Section5. Note that this
analysisis for balancedclusters,but a similar analysiswith
unbalancedclustersgivesthesameimprovementfactor.

Finally, webrie�y addressthecasewhentheright num-
ber of clusters

�

is not known to the clusteringalgorithm,
so that

�

is alsounknown to theactive learningscheme.In
this case,only Explore is usedwhile queriesareallowed.
Explore will keepdiscovering new clustersas fast as it

can. When it hasobtainedall the clusters,it will not have
any wayof knowing this. However, from thispointonwards,
for every farthest-�rst � it draws from thedataset,it will al-
ways�nd a neighborhoodthat is must-linked to it. Hence,
afterdiscoveringall theclusters,Explore will essentially
consolidatethe clusterstoo. However, when

�

is known,
it makessenseto invoke Consolidate since(1) it adds
pointsto clustersat a fasterratethanExplore , and(2) it
picks randomsamplesfollowing the underlyingdatadistri-
bution, which have certainnice propertiesin termsof esti-
matinggoodcentroids(e.g.,Chernoff boundsonthecentroid
estimates,asshown in (4.3)),thatthesamplesobtainedusing
farthest-�rsttraversalneednothave.

5 Experiments

In thissection,we outlinethedetailsof ourexperiments.

5.1 Datasets In our experimentswith high-dimensional
text documents,we used datasetscreatedfrom the 20
Newsgroups collection.3 It hasmessagescollectedfrom
20 differentUsenetnewsgroups,1000messagesfrom each
newsgroup. From the original dataset,a reduceddataset
News-all20 wascreatedby takingarandomsubsampleof
100documentsfrom eachof the20 newsgroups– this sub-
sampleis a moredif�cult datasetto clusterthantheoriginal
20 Newsgroups , sinceeachclusterhasfewerdocuments.
News-all20 has2000pointsin 16089dimensions.By se-
lecting3 categoriesfrom thereduceddatasetNews-all20 ,
two other datasetswere created: News-sim3 that con-
sists of 3 newsgroupson similar topics (comp.graphics,
comp.os.ms-windows, comp.windows.x) with signi�cant
clusteroverlap,andNews-diff3 thatconsistsof 3 news-
groupson different topics (alt.atheism,rec.sport.baseball,
sci.space)with well-separatedclusters. News-sim3 has
300 points in 3225 dimensions,while News-diff3 had
300 points in 3251 dimensions. Another datasetwe used
in ourexperimentsis asubsetof Classic3 [11] containing
400documents–100Cran�eld documentsfrom aeronautical
systempapers,100 Medlinedocumentsfrom medicaljour-
nals,and200Cisi documentsfrom informationretrieval pa-
pers.ThisClassic3-subset datasetwasspeci�cally de-
signedto createclustersof unequalsize,andhas400points
in 2897dimensions.Similaritiesbetweendatapointsin the
text datasetswerecomputedusingcosinesimilarity, follow-
ing SPKMeans [11]. SPKMeans maximizesthe average
cosinesimilarity betweenpoints and cluster centroids,so
thattheobjective functionmonotonicallyincreaseswith ev-
ery iterationtill convergence.All thetext datasetswerepre-
processedfollowing themethodologyof Dhillon et al. [11].

For experimentson low-dimensionaldata,we selected
theUCI datasetIris [5], whichhas150pointsin 4 dimen-

3http://www.ai.mit.edu/people/jrennie/20Newsgroups



sions. The Euclideanmetric was usedfor computingdis-
tancesbetweenpointsin thisdataset,following KMeans. In
thiscase,theobjectivefunction,whichis theaveragesquared
Euclideandistancebetweenpointsandclustercentroids,de-
creasesateveryiterationtill convergence.TheIris dataset
wasnotpre-processedin any way.

5.2 Clustering evaluation Wehaveusedthreemetricsfor
clusterevaluation: normalizedmutual information (NMI),
pairwiseF-measure, andobjectivefunction.

Normalizedmutual information (NMI) determinesthe
amountof statisticalinformationsharedby therandomvari-
ables representingthe cluster assignmentsand the user-
labeledclassassignmentsof thedatapoints. We computed
NMI following the methodologyof Strehlet al. [31]. NMI
measureshow closelytheclusteringalgorithmcould recon-
struct the underlyinglabel distribution in the data. If � is
therandomvariabledenotingtheclusterassignmentsof the
points,and � is therandomvariabledenotingtheunderlying
classlabelson thepoints,thentheNMI measureis de�ned
as[2]:
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Shannonentropy of 
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�� �q� is theconditionalen-
tropy of 
 given � .

PairwiseF-measureis de�ned astheharmonicmeanof
pairwiseprecisionandrecall, thetraditionalinformationre-
trieval measuresadaptedfor evaluatingclusteringby consid-
eringpairsof points– for everypairof pointsthatdonothave
explicit constraintsbetweenthem,thedecisionto clusterthis
pair into sameor differentclustersis consideredto becorrect
if it matcheswith theunderlyingclasslabelingavailablefor
thepoints.PairwiseF-measureis de�ned as:

��������������� �"!$#

��%&���'�)(*� �+�+���	,�-/.0������12���	,��)1&3'�546%&7"� (�-/89��,��)�

#;:

� ,�%0-<��%&���'�����+��12����,=��1&3'�546%07>� (�-/89��,=���

?����	%0-<-9!$#

��%&���'�)(*� �+�+���	,�-/.0������12���	,��)1&3'�546%&7"� (�-/89��,��)�

#;:

� ,�%0-<��%&���'��@A��,�8B%0-<-C.D3'�546%&7"� (�-/89��,��)�

EGFH7>�)%D��8B�+�H!$IKJ

���+�)��������� �

J

?����	%0-<-

���+���	������� �ML�?����	%0-<-

Measureslike modi�ed Rand Index [22, 33, 34] that
arefrequentlyusedfor evaluationof clusteringin the PCC
framework areverysimilar to pairwiseF-measure.NMI has
also becomea popularclusteringevaluationmetric [2, 12,
15]. Wepresentresultsusingboththeseevaluationmeasures
andobservefrom theresultsthatthey arestronglycorrelated.
We alsoshow resultsfor theobjective function
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Figure4: Comparisonof NMI valuesonNews-sim3
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Figure 5: Comparisonof pairwise F-measurevalues on
News-sim3

5.3 Experimental Methodology For all the algorithms,
oneachdataset,we havegeneratedlearningcurveswith 10-
fold cross-validation,wherethex-axisrepresentsthenumber
of pairwiseconstraintsgivenasinput to thealgorithms.For
non-active PCKMeansthepairwiseconstraintsareselected
at random,while for active PCKMeans the pairwisecon-
straintsareselectedusingour active learningscheme.For
studyingtheeffect of pairwiseconstraintsandactive learn-
ing, 10% of the datasetis set asideas the test set at any
particularfold. The training setsat differentpointsof the
learningcurvearepairwiseconstraintsobtainedfrom there-
maining 90% of the data,with increasingnumberof pair-
wiseconstraintsbeinggivenasinput to theclusteringalong
the learningcurve. The clusteringalgorithm is run on the
whole dataset,and the correspondingobjective function is
reported.Following themethodologyof Basuetal. [4], NMI
andpairwiseF-measurearecalculatedonly on the testset,



from whichnoconstraintsweresupplied.Theresultsateach
pointonthelearningcurveareobtainedby averagingover10
folds. We did not continuethe learningcurve beyond1000
queries(5000for News-all20 ), sincethe generalnature
of theresultswasevident in this range.Moreover, in practi-
calactive learningapplications,it is unrealisticto expectthe
userto answereven1000queries.

5.4 Results The resultsof the experimentsare shown in
Figures4-11.Sincethestandarddeviationsof NMI, pairwise
F-measureand objective function valuesin the plots were
small for all the datasets,they have not beenshown in the
plotsto reduceclutter.

Choice of ! : We experimentedwith different values
of the constraintweight parameter! . If ! is set to 0, the
algorithmis initializedwith neighborhoodsderivedfrom the
givenconstraintsandthennormalKMeans iterationsarerun
till convergence. This is similar to the SeededKMeans
algorithmoutlinedin [4], wherethelabeleddata(seeds)are
usedto only initialize theKMeansalgorithmandarenotused
in thefollowing stepsof thealgorithm.

If ! is setto a very high value,thealgorithmis initial-
izedwith neighborhoodsderivedfrom thegivenconstraints
andthe constraintsbecomehardconstraints,sincethe con-
straintcostviolationcomponentof the

N

pckm objectivefunc-
tion far supersedesits distancecomponent.This is similar
to the ConstrainedKMeans algorithm outlined in [4].
In this algorithm, the seedsare also usedto initialize the
KMeans algorithm. However, in the subsequentsteps,the
clusterlabelsof theseeddataarekeptunchangedandonly
thelabelsof thenon-seeddataarere-estimated.

If ! is setto an intermediatevalue,thealgorithmgives
a tradeoff betweenminimizing the total distancebetween
points and cluster centroidsand the cost of violating the
constraints.In the resultplots in Figures4-12,PCKMeans
refersto runningthe algorithmwith the intermediatevalue
of ! . Theparameter! canbechosenby theuseraccording
to the degreeof con�dencein the constraints,or chosento
be a constantof the sameorder as the averagesimilarity
(for SphericalKMeans) or distance(for EuclideanKMeans)
betweenpairsof pointsin thedataset.We set ! to be0.001
for thetext-datasetsand1 for Iris dataset.

Thus, the ! parameteracts as a tuning knob, giv-
ing us the continuum between a SeededKMeans-like
algorithm on one extreme, where there is no guaran-
tee of the constraintsatisfaction in the clustering, and a
ConstrainedKMeans -like algorithm on the other ex-
treme,wherethe clusteringprocessis forcedto respectall
thegivenconstraints.Notethatwecanselectively guarantee
thatany particularconstraintis satis�edthroughouttheclus-
teringiterations,by selectingaveryhighcorrespondingcost
of constraintviolation.

The comparative resultsof active andnon-active algo-
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News-diff3
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Figure11: Comparisonof objective functionon Iris

rithms obtainedfor different valuesof ! were similar for
thedatasetsconsidered(seeFigures4 and5). This leadsus
to concludethatproperinitialization (by active learning)us-
ing the constraintsgivesmuchmorebene�t thansatisfying
theconstraintsduringthealgorithm,whichvalidatestheob-
servation in [4] thatproperinitialization is crucial for good
performanceof centroid-basedclusteringalgorithms. This
point is explainedin moredetail in thediscussionbelow. In
Figures6-11,we only presentthe resultsfor the intermedi-
atevalueof ! for clarity of the plots. The curvesfor NMI
andPairwise F-measurewere very similar for the datasets
we considered(seeFigures4 and5), sowe only presenting
theNMI results.

Objective function results: We show a representative
objective function plot for a text datasetclusteredusing
SPKMeans (Figure 7), for which the objective function
increasesalong the learning curve. For Figure 11, the
objective function is decreasingalong the learning curve
sincesimpleKMeans with Euclideandistancewasusedfor
thisdataset.

Notethatfor eachobjectivefunctionplot, theactiveand
non-active schemeshave thesamenumberof constraintsin
the 	 and � setsat any point on the learningcurve, but
theactualconstraintsthey havemaybedifferent.Theactive
andthenon-activeschemesareallowedto bothchoosetheir
own setsof constraints,andtheobjectivefunctionvalueafter
runningPCKMeansclusteringdependson this choice. For
active PCKMeans, theconstraintsit choosesgive it a better
initialization (which is discussedin detail below), resulting
in bettervalue of the objective function after running the
clusteringalgorithm.

Non-activeschemes:As shown in AppendixA.3, if the
numberof randompairwiseconstraintsis low, theprobabil-
ity thatthe

�

largestneighborhoodsarein factfrom
�

differ-
entclustersisverylow. Until thispointonthelearningcurve,
someof theneighborhoodsusedto initialize PCKMeanscan
actuallybelongto the samecluster, so that we may not get
representativesfrom all theclusters.Thisgivesapoorinitial-
izationof PCKMeansthatmaycausethealgorithmto con-
vergeto badlocal minima.Consequentlytheclusteringpro-
ducedby PCKMeanscanbe unstable,resultingin varying
pairwiseF-measureandNMI valueson thetestset.This ini-
tial jitter canbeobservedin all theFigures4-11.Beyondthis
pointonthelearningcurve,non-activePCKMeanswill most
likely be initialized with pointsfrom eachcluster. So after
the initial jitter, the performanceof non-active PCKMeans
improvessteadilyalong the learningcurve with respectto
objective function, NMI and pairwiseF-measure,showing
thebene�t of incorporating superviseddata(constraints) in
theclusteringprocess.

Active schemes:For theactive algorithms,we consis-
tentlygetsigni�cant improvementsoverthenon-activealgo-
rithms, for all datasetswe have considered.Firstly, we see



the jitter only in the very early part of the learningcurve.
This is becausetheExplore phasecreatesonly oneneigh-
borhoodfrom eachclusterand continuesuntil

�

pairwise
disjoint neighborhoodsarefound,creatingall theneighbor-
hoodswithin asmallnumberof queries(seeAppendixA.4).
The jitter is so early in the learningcurve that it cannotbe
evenobservedin theplots. In Figure8, the jitter disappears
afteraboutthe �rst 20 queries.TheExplore phaseof the
active selectionalgorithmguaranteesthat the pairwisedis-
joint neighborhoodsinferredfrom theconstraintsbelongto
differentclustersin theactualunderlyingclustering,andso
theseneighborhoodswould give us good initializations for
theclusteringalgorithm. TheConsolidate phasegrows
the

�

pairwisedisjoint neighborhoodsalreadycreated,so
that when the active learningschemeruns out of queries,
PCKMeansis initialized using centroidsconstructedfrom
goodneighborhoods.Theimprovementof theactivescheme
is more pronouncedfor the dif�cult high-dimensionaltext
datasets,e.g.,Figure4-9.

Fromtheaboveresults,weconclude:

� Semi-supervisedclusteringwith constraintsperforms
considerablybetterthanunsupervisedclusteringfor the
datasetswe have considered(note that unsupervised
clustering correspondsto semi-supervisedclustering
with 0 constraints).For both theactive andnon-active
algorithms, the clusteringevaluation measures(NMI
and pairwise F-measure)and the objective function
improvewith increasingnumberof pairwiseconstraints
providedalongthelearningcurve.

� Activeselectionof pairwiseconstraints,usingour two-
phaseactive learning algorithm, signi�cantly outper-
formsrandomselectionof constraints.

0 50 100 150 200 250 300 350 400 450 500
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Number of Pairwise Constraints

N
or

m
al

iz
ed

 M
ut

ua
l I

nf
or

m
at

io
n

PCKMeans
Active PCKMeans (Explore + Consolidate)
Active PCKMeans (Explore only)

Figure12: Comparisonof ExploreandConsolidatephases
w.r.t. NMI onNews-diff3

Explore Vs Consolidate: We also ran some ab-
lation experiments, comparing the performanceof the
active PCKMeans scheme with both Explore and
Consolidate with active PCKMeans with Explore
only. We rantheablationexperimenton theNews-diff3
dataset.From the NMI resultshown in Figure12, we can
seethatrunningExplore only in theactive learningphase
gives improvementover randomchoiceof constraints,but
runningbothExplore andConsolidate givesevenbet-
terresults.So,bothExplore andConsolidate areuse-
ful phasesof theactivelearningalgorithm.

6 RelatedWork

COP-KMeans is anotheralgorithm in the pairwise con-
strainedclusteringmodel [33], but it doesnot handlesoft-
constraints,i.e., constraintsthat canbeviolatedwith an as-
sociatedviolation cost, which PCKMeans does. A soft-
constrainedalgorithm SCOP-KMeans has been recently
proposed[32], whoseperformancewould be interestingto
comparewith PCKMeans. Bansalet al. [3] proposeda the-
oreticalmodelwherethey performedclusteringusingonly
pairwiseconstraints,whichis differentfrom ourmodelsince
we considerboth constraintsandan underlyingmetric be-
tweenthepointswhile clustering.Otherwork with thepair-
wiseconstrainedclusteringmodelincludeslearningdistance
metricsfor clusteringfrom pairwiseconstraints[17, 22, 34].
In thisdomain,Cohn.et al. [8] haveproposediterativeuser-
feedbackto acquireconstraints,but it wasnotanactivelearn-
ing algorithm.

Activelearningin theclassi�cationframework is along-
studiedproblem,wheredifferentprinciplesof queryselec-
tion have beenstudied,e.g.,reductionof the versionspace
size [16], reductionof uncertaintyin predictedlabel [24],
maximizing the margin on training data [1], �nding high
variancedatapoints by density-weightedpool-basedsam-
pling [27], etc.However, activelearningtechniquesin classi-
�cation arenotapplicablein theclusteringframework, since
thebasicunderlyingconceptof reductionof classi�cationer-
ror andvarianceover thedistribution of examples[9] is not
well-de�ned for clustering.In theunsupervisedsetting,Hof-
mannetal. [19] consideramodelof active learningwhich is
different from ours – they have incompletepairwisesimi-
larities betweenpoints,and their active learninggoal is to
selectnew data,using expectedvalue of information esti-
matedfrom the existing data,suchthat the risk of making
wrong estimatesaboutthe true underlyingclusteringfrom
the existing incompletedatais minimized. In contrast,our
modelassumesthatwehavecompletesimilarity information
betweenall pairsof points,alongwith pairwiseconstraints
whoseviolation cost is a componentof the objective func-
tion (2.1), andthe active learninggoal is to selectpairwise
constraintswhicharemostinformativeabouttheunderlying
clustering.Klein et al. [22] alsoconsideractive learningin



semi-supervisedclustering,but insteadof makingexample-
levelqueriesthey makeclusterlevelqueries,i.e.,they askthe
userwhetheror not two whole clustersshouldbe merged.
Answering example-level queriesrather than cluster-level
queriesis a mucheasiertaskfor a user, makingour model
morepracticalin a real-world active learningsetting.

7 Conclusionsand Futur eWork

In thispaper, wehavepresentedapairwiseconstrainedclus-
tering framework and a new theoretically well-motivated
methodfor actively selectinggoodpairwiseconstraintsfor
semi-supervisedclustering. Experimentson text and UCI
data show that (1) PCKMeans with constraintsperforms
considerablybetterthanunconstrainedKMeans, and(2) our
active learningschemeperformsquite well, giving signi�-
cantlysteeperlearningcurvescomparedto randompairwise
queries.The active learningandpairwiseconstrainedclus-
teringalgorithmsarebothlinearandhencesuitablefor real-
world clusteringapplications,asthey canbeeasilyscaledto
largedatasetsandcanhandleveryhigh-dimensionaldata.

The Explore stageof the active learningschemeis
currently sensitive to outliers in the data. Note however
that it is as sensitive to outliers as the baselinealgorithm
KMeans. Outlier sensitivity can be handledby density-
weighted point selection in Explore , where we could
have a modi�ed farthest-�rst traversal that selectsdistant
points from denseregions of the data space[27]. Such
a formulation of active learningwould be more robust to
outliers,andcanbeusedwith moreoutlier-robustclustering
algorithms,e.g.,KMedian[28].

Our current clustering model assumesthat the con-
straintsare consistent,i.e., there is no noise in the con-
straints. We are working on incorporatinga noisemodel
into our PCCframework, so that we will be ableto handle
noisy constraints.This would involve somechangesto the
algorithms,e.g.,not addingtheinferredconstraintsbetween
neighborhoodsin the initialization step of PCKMeans,
selectively rejecting points using a noise model in the
Explore stageof the active learningalgorithm,etc. The
clusteringmodelalsoassumesthattheright numberof clus-
tersis givenasaninput – in thefuture,wewantto selectthe
numberof clustersautomatically, by incorporatinga model
selectioncriterioninto thePCCobjectivefunction.

The cluster assignmentstep in the PCKMeans algo-
rithm is anincrementalstep,dependentontheorderin which
the pointsareassignedto the cluster. Currently, we useda
randomorderingfor clusterassignmentfor ourexperiments.
We plan to investigateotherclusterassignmentschemesin
future,andlook into anonlineversionof PCKMeans.

On the theoreticalside,we want to explorethecorrela-
tion betweenNMI andF-measurethatwe have empirically
observedin our experiments,andcomeup with betterguar-
anteesfor improvementof PCCwith actively selectedcon-

straintsoverPCCwith randomlyselectedconstraints.
Finally, we also want to apply our active learningal-

gorithmin thePCCframework to otherdomains,especially
genemicro-arraydataanalysisin bioinformatics.
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A Appendix

A.1 Hidden Mark ov RandomField ThePCKMeansob-
jective functionin (2.1) tries to minimizethe total distance
betweenpointsandtheirclustercentroidssuchthatthemini-
mumnumberof speci�edconstraintsbetweenthepointsare
violated.Thismathematicalformulationcanbemotivatedby
consideringaMarkov RandomField (MRF) [7] de�nedover
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WeassumeanidentitycovarianceGaussiannoisemodel
for the observed data (von-MisesFisher distribution [26]
was consideredas the noise model for high-dimensional
text data)4, andalsoassumethat the observed (noisy) data
pointshave beendrawn independentlyof eachotherfollow-
ing this model. If �%�

�

���

�
	��

denotethe true representatives
correspondingto the labels �b$ � �

�
	��

, the conditionalprob-
ability of the observation � for a given con�guration # is
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� . Sincethe MRF is
de�ned over the hiddentrue labels �%#�� �
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of the observed
points ����� ���
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	��

, this modelis calleda HiddenMarkov Ran-
domField (HMRF) [35], which is a directgeneralizationof
aHiddenMarkov Model.

Since the posteriorprobability of a con�guration # is
� 
I#�� �j����� 
6#w��� 
 � � #w� , the PCCobjective function is pro-
portionalto thenegative logarithmof theposteriorprobabil-
ity of thespeci�ed HMRF. Hence,�nding theMAP con�g-
urationof theHMRF becomesequivalentto minimizing the
objectivefunctionin (2.1).

A.2 Model Assumptions First of all, we presentthe for-
mal model of the datasetbasedon which all analysiswill
be done. The data is assumedto be coming from

�

dis-
joint uniformdensityballsof unequalsizein a metricspace.

4The framework canbe shown to hold for arbitraryexponentialnoise
models.



Theballsarede�ned in termsof themetric. All datapoints
inside any particular ball are assumedto be in the same
cluster, and points from different balls are assumedto be
from differentclusters.Theoracleis assumedto know this
model.Let h bethetotal numberof pointsunderconsidera-
tion. Let ��� � ���

�
	��

be the probabilitiesof drawing a point
randomly from the $ -th ball
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� . Without loss of gener-
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. Further, let
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A.3 Analysis of random initialization In PCKMeans,
initializationis doneusingthe

�

largestsizedneighborhoods.
We arguethat within a small numberof queries,the prob-
ability of getting even a 3-point neighborhoodfrom any
clusteris very low. Given � pairs at random,on average
therewill be onemust-linkin every 
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pair sampling.If thesamplingof A
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samplingof
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� vertices,theprobabilityof gettinga vertex

twice is increased.Hence,theprobability � � of notgettinga
3-pointneighborhoodis lowerboundedby theprobabilityof
notgettinga vertex twice in thevertex samplingsetting.So,
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which is close to 1 for small valuesof � . Hence, the
probability of getting 3-point neighborhoodsis very low.
Therefore,theinitialization is essentiallydoneby
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random
draws from a set of approximately � � 
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neighborhoods. In this setting, the probability of getting
exactlyoneneighborhoodfrom eachclusteris
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using the AM-GM inequality and the Stirling's formula.
Clearly, the probability is quite low. This resultsin signif-
icantvariancein theinitializing neighborhoodsandexplains

the initial jitter for thenon-active algorithmsfor low values
of � .

A.4 Analysisof Explore Weshallreferto pointsfrom the
sameclusteras having the samecolor. If the probability
of drawing points of different colors is given by

O
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, then, by an extension of the
couponcollector's problem[29], onecanshow that points
of all colors will be drawn with high probability within
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I#I� draws. We claim that the farthest�rst scheme
getspointsof all colorswithin # attemptswith probability1.

In the worst case,if the disjoint balls are placedby
an adversary, the adversarywill try to placethe balls such
that gettinga point from at leastone ball is very dif�cult.
Onecanshow that the optimumstrategy for the adversary
will be to make thesmallestball themostdif�cult to reach.
Using a packing argument, we show that irrespective of
theplacementof theballs, the farthest�rst traversalcannot
avoid any particularball for long. Considertwo balls 0�
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with probabilities�21 
��23 . Let A414
�A53 be theradii of the two
balls,and
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3 be the volumesof the two balls. Further,
let 671E
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� denotethe packingnumberof
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themaximumnumberof disjoint 0 balls thatcanbepacked
inside the ball
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. Now, if there are just thesetwo balls
in the universeandif farthest-�rst traversalstartsin
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beforeentering0 musthavepairwise
distances(betweentheir centers)of at least
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otherwisethetraversalwould have pickedthe farthestpoint
from 0 andgotadistanceof at least
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