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1 In tro duction

\Learning" describ es man y di�eren t activities ranging from CONCEPT LEARNING (q.v.) to

REINF OR CEMENT LEARNING (q.v.). The b est-understo o d form of statistical learning is kno wn

as sup ervise d le arning (see LEARNING AND ST A TISTICAL INFERENCE). In this setting, eac h

data p oin t consists of a v ector of features (denoted x ) and a class lab el y , and it is assumed that

there is some underlying function f suc h that y = f ( x ) for eac h training data p oin t ( x ; y ). The

goal of the learning algorithm is to �nd a go o d appro ximation h to f that can b e applied to assign

lab els to new x v alues. The function h is called a classi�er , b ecause it assigns class lab els y to

input data p oin ts x . Sup ervised learning can b e applied to man y problems including handwriting

recognition, medical diagnosis, and part-of-sp eec h tagging in language pro cessing.

Ordinary mac hine learning algorithms w ork b y searc hing through a space of p ossible functions,

called hyp otheses , to �nd the one function, h , that is the b est appro ximation to the unkno wn

function f . T o determine whic h h yp othesis h is b est, a learning algorithm can measure ho w w ell h

matc hes f on the training data p oin ts, and it can also assess ho w consisten t h is with an y a v ailable

prior kno wledge ab out the problem.

As an example, consider the problem of learning to pronounce the letter \K" in English. Con-

sider the w ords \desk", \think", and \ho ok" where the \K" is pronounced, and the w ords \bac k",

\quac k", and \kna v e" where the \K" is silen t (in \bac k" and \quac k", w e will supp ose that the

\C" is resp onsible for the \k" sound). Supp ose w e de�ne a v ector of features that consists of the

t w o letters prior to the \K" and the t w o letters that follo w the \K". Then eac h of these w ords can

b e represen ted b y the follo wing data p oin ts:

x

1

x

2

x

3

x

4

y

e s +1

i n +1

o o +1

a c � 1

a c � 1

n a � 1

where y = +1 if the \K" is pronounced and � 1 if the \K" is silen t, and where \ " denotes p ositions

b ey ond the ends of the w ord.

One of the most e�cien t and widely-applied learning algorithms searc hes the h yp othesis space

consisting of decision trees. Figure 1 sho ws a decision tree that explains the data p oin ts giv en

ab o v e. This tree can b e used to classify a new data p oin t as follo ws. Starting at the so-called

\ro ot" (i.e., the top) of the tree, w e �rst c hec k whether x

2

= "c". If so, then w e follo w the left

(\y es") branc h to the y = � 1 \leaf ", whic h predicts that the \K" will b e silen t. If not, w e follo w

the righ t (\no") branc h to another test: Is x

3

= \n". If so, then w e follo w the left branc h to another

y = � 1 leaf. If not, then w e follo w the righ t branc h to the y = +1 leaf, where the tree indicates

that the \K" should b e pronounced.

A decision tree learning algorithm searc hes the space of suc h trees b y �rst considering trees that

test only one feature (in this case x

2

w as c hosen) and making an immediate classi�cation. Then

they consider expanding the tree b y replacing one of the lea v es b y a test of a second feature (in

this case, the righ t leaf w as replaced with a test of x

3

). V arious heuristics are applied to c ho ose

whic h test to include in eac h iteration and when to stop gro wing the tree. F or a go o d discussion of

decision trees, see the b o oks b y Quinlan (1993) and b y Breiman, et al. (1984).
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Figure 1: A decision tree for pronouncing the letter \K". First, feature x

2

is tested to see if it is

the letter \c". If not, the feature x

3

is tested to see if it is the letter \n". \K" is pronounced only

if x

2

is not \c" and x

3

is not \n".

In addition to decision trees, there are man y other represen tations for h yp otheses that ha v e

b een studied including PER CEPTR ONS, AD ALINES, and BA CKPR OP A GA TION (q.v.), RA-

DIAL BASIS FUNCTION NETW ORKS (q.v.), GA USSIAN PR OCESSES (q.v.), GRAPHICAL

MODELS (q.v.), HELMHOL TZ MA CHINES (q.v.), and SUPPOR T VECTOR MA CHINES (q.v.).

In all cases, these algorithms �nd one b est h yp othesis h and output it as the \solution" to the learn-

ing problem.

Ensem ble learning algorithms tak e a di�eren t approac h. Rather than �nding one b est h yp oth-

esis to explain the data, they construct a set of h yp otheses (sometimes called a \committee" or

\ensem ble") and then ha v e those h yp otheses \v ote" in some fashion to predict the lab el of new data

p oin ts. More precisely , an ensem ble metho d constructs a set of h yp otheses f h

1

; : : : ; h

K

g , c ho oses a

set of w eigh ts f w

1

; : : : ; w

K

g and constructs the \v oted" classi�er H ( x ) = w

1

h

1

( x ) + : : : + w

K

h

K

( x ).

The classi�cation decision of the com bined classi�er H is +1 if H ( x ) � 0 and � 1 otherwise.

Exp erimen tal evidence has sho wn that ensem ble metho ds are often m uc h more accurate than

an y single h yp othesis. F reund and Sc hapire (1996) sho w ed impro v ed p erformance in 22 b enc hmark

problems, equal p erformance in one problem, and w orse p erformance in four problems. These and

other studies are summarized in Dietteric h (1997).

2 Wh y Ensem ble Metho ds W ork

Learning algorithms that output only a single h yp othesis su�er from three problems that can b e

partly o v ercome b y ensem ble metho ds: the statistical problem, the computational problem, and

the represen tation problem.

The statistical problem arises when the learning algorithm is searc hing a space of h yp otheses

that is to o large for the amoun t of a v ailable training data. In suc h cases, there ma y b e sev eral

di�eren t h yp otheses that all giv e the same accuracy on the training data, and the learning algorithm

m ust c ho ose one of these to output. There is a risk that the c hosen h yp othesis will not predict

future data p oin ts w ell. A simple v ote of all of these equally-go o d classi�ers can reduce this risk.

The computational problem arises when the learning algorithm cannot guaran tee to �nd the

b est h yp othesis within the h yp othesis space. In neural net w ork and decision tree algorithms, for
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example, the task of �nding the h yp othesis that b est �ts the training data is computationally

in tractable, so heuristic metho ds m ust b e emplo y ed. These heuristics (suc h as gradien t descen t)

can get stuc k in lo cal minima and hence fail to �nd the b est h yp othesis. As with the statistical

problem, a w eigh ted com bination of sev eral di�eren t lo cal minima can reduce the risk of c ho osing

the wrong lo cal minim um to output.

Finally , the represen tational problem arises when the h yp othesis space do es not con tain an y

h yp otheses that are go o d appro ximations to the true function f . In some cases, a w eigh ted sum of

h yp otheses expands the space of functions that can b e represen ted. Hence, b y taking a w eigh ted

v ote of h yp otheses, the learning algorithm ma y b e able to form a more accurate appro ximation to

f .

A learning algorithm that su�ers from the statistical problem is said to ha v e high \v ariance".

An algorithm that exhibits the computational problem is sometimes describ ed has ha ving \com-

putational v ariance". And a learning algorithm that su�ers from the represen tational problem is

said to ha v e high \bias". Hence, ensem ble metho ds can reduce b oth the bias and the v ariance of

learning algorithms. Exp erimen tal measuremen ts of bias and v ariance ha v e con�rmed this.

3 Review of Ensem ble Algorithms

Ensem ble learning algorithms w ork b y running a \base learning algorithm" m ultiple times, and

forming a v ote out of the resulting h yp otheses. There are t w o main approac hes to designing

ensem ble learning algorithms.

The �rst approac h is to construct eac h h yp othesis indep enden tly in suc h a w a y that the resulting

set of h yp otheses is accurate and div erse|that is, eac h individual h yp othesis has a reasonably lo w

error rate for making new predictions and y et the h yp otheses disagree with eac h other in man y of

their predictions. If suc h an ensem ble of h yp otheses can b e constructed, it is easy to see that it will

b e more accurate than an y of its comp onen t classi�ers, b ecause the disagreemen ts will \cancel out."

Suc h ensem bles can o v ercome b oth the statistical and computational problems discussed ab o v e.

The second approac h to designing ensem bles is to construct the h yp otheses in a coupled fashion

so that the w eigh ted v ote of the h yp otheses giv es a go o d �t to the data. This approac h directly

addresses the represen tational problem discussed ab o v e.

W e will discuss eac h of these t w o approac hes in turn.

3.1 Metho ds for Indep enden tly Constructing Ensem bles

One w a y to force a learning algorithm to construct m ultiple h yp otheses is to run the algorithm

sev eral times and pro vide it with somewhat di�eren t training data in eac h run. F or example,

Breiman (1996) in tro duced the Bagging (\Bo otstrap Aggregating") metho d whic h w orks as follo ws.

Giv en a set of m training data p oin ts, Bagging c ho oses in eac h iteration a set of data p oin ts of size

m b y sampling uniformly with replacemen t from the original data p oin ts. This creates a resampled

data set in whic h some data p oin ts app ear m ultiple times and other data p oin ts do not app ear at

all. If the learning algorithm is unstable |that is, if small c hanges in the training data lead to large

c hanges in the resulting h yp othesis|then Bagging will pro duce a div erse ensem ble of h yp otheses.

A second w a y to force div ersit y is to pro vide a di�eren t subset of the input features in eac h

call to the learning algorithm. F or example, in a pro ject to iden tify v olcano es on V en us, Cherk auer

(1996) trained an ensem ble of 32 neural net w orks. The 32 net w orks w ere based on 8 di�eren t
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subsets of the 119 a v ailable input features and 4 di�eren t net w ork sizes. The input feature subsets

w ere selected (b y hand) to group together features that w ere based on di�eren t image pro cessing

op erations (suc h as principal comp onen t analysis and the fast fourier transform). The resulting

ensem ble classi�er w as signi�can tly more accurate than an y of the individual neural net w orks.

A third w a y to force div ersit y is to manipulate the output lab els of the training data. Dietteric h

and Bakiri (1995) describ e a tec hnique called error-correcting output co ding. Supp ose that the

n um b er of classes, C , is large. Then new learning problems can b e constructed b y randomly

partioning the C classes in to t w o subsets A

k

and B

k

. The input data can then b e re-lab eled so

that an y of the original classes in set A

k

are giv en the deriv ed lab el � 1 and the original classes in

set B

k

are giv en the deriv ed lab el 1. This relab eled data is then giv en to the learning algorithm,

whic h constructs a classi�er h

k

. By rep eating this pro cess K times (generating di�eren t subsets

A

k

and B

k

), an ensem ble of K classi�ers h

1

; : : : ; h

K

is obtained.

No w giv en a new data p oin t x , ho w should it b e classi�ed? The answ er is to ha v e eac h h

k

classify x . If h

k

( x ) = � 1, then eac h class in A

k

receiv es a v ote. If h

k

( x ) = 1, then eac h class in

B

k

receiv es a v ote. After eac h of the K classi�ers has v oted, the class with the highest n um b er of

v otes is selected as the prediction of the ensem ble.

An equiv alen t w a y of thinking ab out this metho d is that eac h class j is enco ded as an K -bit

co dew ord C

j

, where bit k is 1 if j 2 B

k

and 0 otherwise. The k -th learned classi�er attempts

to predict bit k of these co dew ords (a prediction of � 1 is treated as a binary v alue of 0). When

the L classi�ers are applied to classify a new p oin t x , their predictions are com bined in to a K -bit

binary string. The ensem ble's prediction is the class j whose co dew ord C

j

is closest (measured

b y the n um b er of bits that agree) to the K -bit output string. Metho ds for designing go o d error-

correcting co des can b e applied to c ho ose the co dew ords C

j

(or equiv alen tly , subsets A

k

and B

k

).

Dietteric h and Bakiri rep ort that this tec hnique impro v es the p erformance of b oth decision-tree

and bac kpropagation learning algorithms on a v ariet y of di�cult classi�cation problems.

A fourth w a y of generating accurate and div erse ensem bles is to inject randomness in to the

learning algorithm. F or example, the bac kpropagation algorithm can b e run man y times, starting

eac h time from a di�eren t random setting of the w eigh ts. Decision tree algorithms can b e ran-

domized b y adding randomness to the pro cess of c ho osing whic h feature and threshold to split on.

Dietteric h (2000) sho w ed that randomized trees ga v e signi�can tly impro v ed p erformance in 14 out

of 33 b enc hmark tasks (and no c hange in the remaining 19 tasks).

Ho (1998) in tro duced the \random subspace metho d" for gro wing collections of decision trees

(\decision forests"). This metho d c ho oses a random subset of the features at eac h no de of the tree,

and constrains the tree-gro wing algorithm to c ho ose its splitting rule from among this subset. She

rep orts impro v ed p erformance in 16 b enc hmark datasets. Breiman (2001) com bines Bagging with

the random subspace metho d to gro w random decision forests that giv e excellen t p erformance.

3.2 Metho ds for Co ordinated Construction of Ensem bles

In all of the metho ds describ ed ab o v e, eac h h yp othesis h

k

in the ensem ble is constructed inde-

p enden tly of the others b y manipulating the inputs, the outputs, the features, or b y injecting

randomness. Then an un w eigh ted v ote of the h yp otheses determines the �nal classi�cation of a

data p oin t.

A con trasting view of an ensem ble is that it is an additive mo del |that is, it predicts the class

of a new data p oin t b y taking an w eigh ted sum of a set of comp onen t mo dels. This view suggests
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dev eloping algorithms that c ho ose the comp onen t mo dels and the w eigh ts so that the w eigh ted sum

�ts the data w ell. In this approac h, the c hoice of one comp onen t h yp othesis in
uences the c hoice

of other h yp otheses and of the w eigh ts assigned to them. In statistics, suc h ensem bles are kno wn

as gener alize d additive mo dels (Hastie & Tibshirani, 1990).

The Adab o ost algorithm in tro duced b y F reund and Sc hapire (1996, 1997) is an extremely e�ec-

tiv e metho d for constructing an additiv e mo del. It w orks b y incremen tally adding one h yp othesis

at a time to an ensem ble. Eac h new h yp othesis is constructed b y a learning algorithm that seeks

to minimize the classi�cation error on a weighte d training data set. The goal is to construct a

w eigh ted sum of h yp otheses suc h that H ( x

i

) =

P
k

w

k

h

k

( x

i

) has the same sign as y

i

, the correct

lab el of x

i

.

The algorithm op erates as follo ws. Let d

k

( x

i

) b e the w eigh t on data p oin t x

i

during iteration

k of the algorithm. Initially , all training data p oin ts i are giv en a w eigh t d

1

( x

i

) = 1 =m , where m is

the n um b er of data p oin ts. In iteration k , the underlying learning algorithm constructs h yp othesis

h

k

to minimize the w eigh ted training error. The resulting w eigh ted error is r =

P
i

d ( x

i

) y

i

h

k

( x

i

),

where h

k

( x

i

) is the lab el predicted b y h yp othesis h

k

. The w eigh t assigned to this h yp othesis is

computed b y

w

k

=

1

2

ln

�
1 + r

1 � r

�
:

T o compute the w eigh ts for the next iteration, the w eigh t of training data p oin t i is set to

d

k +1

( x

i

) = d

k

( x

i

)

exp( � w

k

y

i

h

k

( x

i

))

Z

k

;

where Z

k

is c hosen to mak e d

k +1

sum to 1.

Breiman (1997) sho w ed that this algorithm is a form of gradien t optimization in function space

with the goal of minimizing the ob jectiv e function

J ( H ) =

X
i

exp( � y

i

H ( x

i

)) :

The quan tit y y

i

H ( x

i

) is called the mar gin , b ecause it is the amoun t b y whic h x

i

is correctly

classi�ed. If the margin is p ositiv e, then the sign of H ( x

i

) agrees with the sign of y

i

. Minimizing J

causes the margin to b e maximized. F riedman, Hastie, and Tibshirani (2000) expand on Breiman's

analysis from a satistical p ersp ectiv e.

In most exp erimen tal studies (F reund & Sc hapire, 1996; Bauer & Koha vi, 1999; Dietteric h,

2000), Adab o ost (and algorithms based on it) giv es the b est p erformance on the v ast ma jorit y of

data sets. The primary exception are data sets in whic h there is a high lev el of mislab eled training

data p oin ts. In suc h cases, Adab o ost will put v ery high w eigh ts on the noisy data p oin ts and learn

v ery p o or classi�ers. Curren t researc h is fo cusing on metho ds for extending Adab o ost to w ork in

high noise settings.

The exact reasons for Adab o ost's success are not fully understo o d. One line of explanation

is based on the margin analysis dev elop ed b y V apnik (1995) and extended b y Sc hapire, F reund,

Barlett, and Lee (1998). This w ork sho ws that the error of an ensem ble on new data p oin ts is

b ounded b y the fraction of training data p oin ts for whic h the margin is less than some quan tit y

� > 0 plus a term that gro ws as s
d

m

log ( m=d )

�

;
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ignoring constan t factors and some log terms. In this form ula, m is the n um b er of training data

p oin ts, and d is a measure of the expressiv e p o w er of the h yp othesis space from whic h the individual

classi�ers are dra wn, kno wn as the V C-dimension. The v alue of � can b e c hosen to minimize the

v alue of this expression.

In tuitiv ely , this form ula sa ys that if the ensem ble learning algorithm can ac hiev e a large \margin

of safet y" on eac h training data p oin t while using only a w eigh ted sum of simple classi�ers, then the

resulting v oted classi�er is lik ely to b e v ery accurate. Exp erimen tally , Adab o ost has b een sho wn

to b e v ery e�ectiv e at increasing the margins on the training data p oin ts, and hence, this result

suggests that Adab o ost will mak e few errors on new data p oin ts.

There are three w a ys in whic h this analysis has b een criticized. First, the b ound is not tigh t,

so it ma y b e hiding the real explanation for Adab o ost's success. Second, ev en when Adab o ost is

applied to large decision trees and neural net w orks, it is observ ed to w ork v ery w ell ev en though

these represen tations ha v e high V C-dimension. Third, it is p ossible to design algorithms that are

more e�ectiv e than Adab o ost at increasing the margin on the training data, but these algorithms

exhibit w orse p erformance than Adab o ost when applied to classify new data p oin ts.

3.3 Related Non-Ensem ble Learning Metho ds

In addition to the ensem ble metho ds describ ed here, there are other non-ensem ble learning algo-

rithms that similar. F or example, an y metho d for constructing a classi�er as a w eigh ted sum of

basis functions (e.g., see RADIAL BASIS FUNCTION NETW ORKS) can b e view ed as an additiv e

ensem ble where eac h individual basis function forms one of the h yp otheses.

Another close-related learning algorithm is the Hierarc hical Mixture of Exp erts metho d (see

MODULAR AND HIERAR CHICAL LEARNING SYSTEMS). In a hierarc hical mixture, individual

h yp otheses are com bined b y a gating net w ork whic h decides|based on the features of the data

p oin t|what w eigh ts should b e emplo y ed. This di�ers from Adab o ost and other additiv e ensem bles

where the w eigh ts are determined once during training and then held constan t thereafter.

4 Discussion

The ma jorit y of researc h in to ensem ble metho ds has fo cused on constructing ensem bles of decision

trees. Decision tree learning algorithms are kno wn to su�er from high v ariance, b ecause they mak e

a cascade of c hoices (of whic h v ariable and v alue to test at eac h in ternal no de in the decision tree)

suc h that one incorrect c hoice has an impact on all subsequen t decisions. In addition, b ecause the

in ternal no des of the tree test only a single v ariable, this creates axis-parallel rectangular decision

regions whic h can ha v e high bias. Consequen tly , ensem bles of decision tree classi�ers p erform m uc h

b etter than individual decision trees. Recen t exp erimen ts suggest that Breiman's com bination of

bagging and the random subspace metho d is the metho d of c hoice for decision trees | it giv es

excellen t accuracy and w orks w ell ev en when there is substan tial noise in the training data.

If the base learning algorithm pro duces less expressiv e h yp otheses than decision trees, then the

Adab o ost metho d is recommended. Man y exp erimen ts ha v e emplo y ed so-called \decision stumps",

whic h are decision trees with only one in ternal no de. In order to learn complex functions with

decision stumps, it is imp ortan t to exploit Adab o ost's abilit y to directly construct an additiv e

mo del. This usually giv es b etter results than Bagging and other accuracy/div ersit y metho ds.

Similar recommendations apply to ensem bles constructed using the Naiv e Ba y es and Fisher's linear
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discriminan t algorithms. Both of these learn a single linear discrimination rule. The algorithms

are v ery stable, whic h means that ev en substan tial (random) c hanges to the training data do not

cause the learned discrimination rule to c hange v ery m uc h. Hence, metho ds lik e Bagging that rely

on instabilit y do not pro duce div erse ensem bles.

Because the generalization abilit y of a single feed-forw ard neural net w ork is usually v ery go o d,

neural net w orks b ene�t less from ensem ble metho ds. Adab o ost is probably the b est metho d to

apply , but fa v orable results ha v e b een obtained just b y training sev eral net w orks from di�eren t

random starting w eigh t v alues, and Bagging is also quite e�ectiv e.

F or m ulticlass problems, the error-correcting output co ding algorithm can pro duce go o d en-

sem bles. Ho w ev er, b ecause the output co ding can create di�cult t w o-class learning problems, it is

imp ortan t that the base learner b e v ery expressiv e. The b est exp erimen tal results ha v e b een ob-

tained with v ery large decision trees and neural net w orks. In addition, the base learning algorithm

m ust b e sensitiv e to the enco ding of the output v alues. The nearest neigh b or algorithm do es not

satisfy this constrain t, b ecause it merely iden ti�es the training data p oin t x

i

nearest to the new

p oin t x , and outputs the corresp onding v alue y

i

as the prediction for h ( x ) regardless of ho w y

i

is

enco ded. Curren t researc h is exploring w a ys of in tegrating error-correcting output co des directly

in to the Adab o ost algorithm.
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