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Abstract

IBM Powerd ™ processor uses series approximation to calculate di-
vide and square root. We formally verified that the algorithms with a
series of rigorous error bound analysis using the ACL2 theorem prover.
In order to carry out the verification, we need to show that the error of the
Chebyshev series used in the square root algorithm is suitably bounded.
This was performed by analyzing the Chebyshev series using Taylor se-
ries. In general, Taylor series has less accuracy than Chebyshev series,
however, we used ACL2’s macro extensions and computed hints to auto-
matically generate Taylor serious approximation for small segments, and
proved that the approximation error in each of these segments is smaller
than the requirement.

1 Introduction

In this paper, we discuss the for a eri cation of the di ide and s uare root a
orith sused in the I ower "M processor hisa orith was rstpro en,
not for a arwa et a in on entiona  athe atica ana
sis, such as that i en in the wor of arwa, pro ides a reat insi ht into
a orith sand a certain e e of assurance owe er, hand proof enera does
not pro ide an a so ute assurance on the correctness  echanica theore pro
in , on the other hand, pro ides a reater con dence in the pro en a orith
s ste atica chec in e er detai of the a orith
hereareanu eroffor a eri cationstudiesonthe oatin point unit of
industria  icroprocessors  oore et a used the theore pro er
to erif the icrocode for the di ide a orith used in the processor
ussino ater eri ed the icrocode for the s uare root a orith s
in the sa e processor us ur wor is er si iar to these wor s, as we
erif the di ide and s uare root a orith s that are encoded as icrocodes of
the ower processor easo nddi ideands uareroota orith eri cation
in the ater wor ussino us and a aardeta , which pa
ore attention to  the se antic ap etweenthe ow e e i pe entation
with ates and wires and the hi h e e athe atica speci cations
ne thin that distin uishes our wor fro others is the error ound ca cu
ation for the series appro i ation used in the a orith he di ide and s uare
root a orith s eri edin the wor  entioned a o e use the ewton aphson
a orith his a orith , startin fro an initia esti ate, ca cu ates



a etter esti ate fro a pre ious one he for ua to o tain a new esti ate
isreati e si pe, and it ta es a few iterations to o tain an accurate enou h
esti ate which is rounded to the na answer accordin to a speci ed round
in ode Inthe ewton aphsona orith , an instructions are dependent
on ear ier instructions he a orith a re uire oree ecution c ceson a
processor with an pipe ine sta es and hi h atenc
I ower processor and its predecessor ower ™ processor use a di er
ent ethod of function iteration for di ide and s uare root ro the initia
appro i ation, it o tains a etter appro i ation usin series appro i ation
eries ca cu ation needs ore instructions than a sin e iteration of the ewton
aphson a orith owe er,on one iteration is su cient to o tain the nec
essar precision ince instructions in the series ca cu ation are ess dependent
on ear ier instructions than those in the ewton aphson a orith , orein
structions can e e ecuted in para e with a pipe ined oatin point unit
ne cha en ein the for a eri cation is the ca cu ation of the error  the
series appro i ation peci ca ,thes uareroota orith wusesthe he she
series, which pro ides a etter appro i ation than the a or series of the sa e
de ree e want to erif that this series has errors s a enou h to uarantee
that the na esti ate is rounded to the correct answer
In order to for a pro ethe errorsi e of the he she series, we de ned
a or series and ad itted a orstheore asana io in hen we
used it to ca cu ate the error of the he she series his a owed us to a oid
the co pe  athe atics of he she series ith the he p of acros
and co puted hint features, we auto atica enerated hundreds of a or
series to i e an accurate ana sis of the he she series

iid nd ur oot orit

In this section, we e p ain the di ide and s uare root a orith used in the
ower processor oth a orith suseata e 0o uptoo tain an initia esti
ate of the answer, deri e a etter esti ate usin series ca cu ation, and round

it to the na answer

et us rst discuss thedi idea orith he antissa part and thee ponent
part are independent cacuated he antissa part ca cu ation is essentia
to the a orith , as the e ponent ca cu ation is si p a su traction and an

ad ust ent ased on the antissa resut hus, we assu e that ,

and discuss the a orith to ca cu ate reference a orith to ca cu ate

the di ision for the entire ran e has een written, ut we did not ode the o ic
for e ponent ca cu ation and roundin i pe ented in the ower processor

irst, we introduce a few functions e de nee po  as the function that
returns the e ponent of unction u p returns the unit of east position
that is de ned as

up
his corresponds to the a nitude of the east si ni cant it of an it preci
sion oatin point nu er unction near rounds arationa nu er to
the oatin point nu er with it precision usin I nearest ode round
in unction rnd rounds to it precision oatin point nu er

usin roundin ode ,where can e , , or correspondin



a e ou e precision oatin point di ide a orith sused in ower

orith to cacu ate a
00 up
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near

near

near

near

near

near

di round ,, , ode
to the four I roundin  odes Ins hese functions, e cept u p , are
de ned in the pu ic i rar
he di ision a orith o tains an initia esti ate of fro ata eon the
chip, which wi e ca ed he initia esti ate is accurate enou h to satisf
et n esti ate of is ien the
product he error of the esti ate can e cacu ated as fo ows
so in this e uation with respect to , we can et
his e uation is used to ca cu ate a etter
esti ate of fro the initia esti ate he actua a orith is i en in
a e

his di ide a orith cacu ates a etter esti ate fro usin a series

of utip and add instructions Instructions are ordered so that on a few of
the are tru dependent oni ediate precedin instructions his a ows
the pipe ined oatin point unit to e ecute u tip e instructions in para e

unction di round at the end of the a orith rounds the na
esti ate to the correct answer rnd his roundin in o es a
u tip ication, a co parison and an ad ust ent ore a pe, when
and , the function returns as the
rounded resut hisroundin is perfor ed an interna instructionin ower
processor, and it wor son under the condition up his

is the condition that wust e eri ed for the na esti ate in the di ide
a orith

he s uare root a orith is si iar to the di ide a orith ain, the
ca cu ation of e ponent is not essentia for the a orith , thus we descri e the
a orith tocacuatethe antissaof thes uarerootof ,assu in that

e oo up two initia appro i ations fro on chip ta es  ne is for the

it esti ate of , which wi e na ed as nother is it rounded
appro i ation of , which is ca ed he ta esare i enon for
to reduce the si e of the on chip ta es or , we 00 up the
ta e for and ad ust the a ues di idin and utip in

, which is a preco puted it representation of he ad usted



a e ou e precision oatin point s uare root a orith susedin ower
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s rt round

, , ode

a ues are ca ed and , respecti e sti ate is c ose enou h to
to satisf , where _
he di erence etween the s uares of and can e ca cu ated as

so in this e uation with respect to , we et

where is the he she series appro i ation of
urther anipu ation of the ri ht hand side wi ead to

hea orith in a e wusesthise uation to ca cu ate a etter appro i a
tion of  he procedure to o tain fro isnote picitin a e as
itissi p ane ponent ad ust ent he she coe cients throu h are

it precision oatin point nu ers o tained fro an on chip ta e In fact,
we use two sets of he she coe cients, one of which is intended to e used

for and the other for et , ., and
e the rst set of coe cients intended for the positi e case, and , ,
, and e for the ne ati e case Inoura orith ,the th fraction

it of , instead of the po arit of , deter ines which set of coe cients wi e
used hiscan e usti ed the fact that tends to e positi e when the th



fraction it of is , and ne ati e otherwise  owe er, this re ation etween

the th fraction it of and the po arit of is not a wa s true, and we ust
erif that this heuristic in se ectin  he she coe cients does not cause too
uch error he ana sisin ection ta es care of this pro e

he function s rt round at the end of the a orith roundsthe na
esti ate to the correct answer rnd , under the condition
up he tric toi pe ent this function can e found in ,

to ether with that of the roundin function for di ide
u ari in the a orith description so far, oth di ide and s uare root
a orith s oo up aninitia esti atefro theta e,cacuatea etteresti ate
with the error of ess than a wuarter of u p, and round it to deter ine the
na answer ur eri cation o ecti e is to pro e fa s into this re uired
error ar in

ri ¢ tion ri

In this section, we pro ide an o er iew of the eri cation proof of the di ide
and s uare root a orith he proofis asica thesa e as that presented

arwa et a ere, we wi focus on the wa the proofisfor ai ed
the theore pro er In the for a proof, we are not a owed to si p if
for uae usin appro i ations, such as fora er s a
as was done in arwa s paper er for ua transfor ation ust ee act,
and this wi ei inate the a i uit of the hand proof er S a error is
for a de ned and ana ed, and it is the on wa to carr out the for a
proof usin a echanica theore pro er

irst, we de ne inter ediate a ues for the di ide a orith durin the ca cu
ation of edene ,, , , , , and to ethe aues efore
roundin durin the cacuationof , , , , , , ,and , respecti e

easodene , , , , , , and as the a ount added to the
raw aues roundin ore for a ,the de nition can e i en as

near
near
near
near
near
near
near

In fact, these a ues are de ned as functions of and in the for aia
tion, ut we o it the ar u ents for presentation purposes
auto atic case ana sis of the oo up ta e for shows that
and a so he a ount rounded o the nearest ode
roundin is at ost ha f of the u p as stated in the fo owin e a



ro this e a, we can show that he a nitude of other
inter ediate auescan esi iar cacuated as

e t, we represent each inter ediate aue as the su of a for ua the
inter ediate a ue is intended to represent and an error ter orea pe,
is the su of and its error ter

ro the a nitude of the inter ediate a ues, the si e of the error ter
can e cacu ated as

i iar , with appropriate error ter s , , , and whose de nitions
are 1 en in the appendi , we can represent , , and in the fo owin
wa

he ri ht hand side of the ast e uation can e further anipu ated as fo ows

ince , we can further si pif the for uato
where we de ne to e ecaneasi cacu ate
ina , we show that the is essthanup case ana sis
uppose ince , we et usin the e uation
up

uppose hen, a ain fro the e uation ,




herefore,

up

ither wa , is ess than up
u ari in the proof, it was carried out in the fo owin steps

e ne the inter ediate a ues, and pro e the upper ound of the a so ute
a ues

a cu ate the de iation of inter ediate a uesfro the appro i ated for
ua

sin the resu ts fro the pre ious steps, ca cu ate the de iation of the
na esti ate fro thein nite precise resut

echani ation of the proof usin was strai htforward e encoded each
step as theore s, and then eri ed the theore s in o eti es
we needed to  the o ica ap etween theore s to aid the echanica proof,
ut the theore pro er, once proper i raries had een oaded and ne

tuned, was ood at si pif in for uae and cacuatin the upper ound for
error ter s

In the proof of the s uare root a orith , we too an approach which was
si 1 ar to the one for the di ide a orith owe er, there are a few i portant
di erences to note  irst, we used r a to carr out the proof
r is a ersion of which a ows ana sison rea nu ers usin non
standard ana sis o uare root can return irrationa nu ers, and we
can on de ne and reason a out it direct usin r he other a or
di erence is we need to ca cu ate the appro i ation error a or series and

he she series, which wi e discussed in detai in the ne t section

irst we de ne inter ediate a ues

and hese are, in fact, functions of , ut we o it the ar u ent for
si picit in the paper hesa e is true for the he she coe cients , ,
, , and , which are se ected fro two sets of coe cients dependin on
or each of the inter ediate aues, we de ne , , |, s s s,

and asthein nite precise aue efore roundin ede ne , , ,
s s s and as the a ues added to the in nite precise
aues roundin dditiona , we de ne as
na in the oo up ta es for and usin r , we can easi
show that , and

)
e ca cu ate the a nitude of inter ediate a ues and the ad ustin
auesforroundin o eoftheupper oundsofinter ediate a uesare
and
e t, de nin appropriate error ter s , , , , , and
, we represent inter ediate a ues as the su of the for u a it intends to



represent and an error ter

et denote the po no ia hen

for so e appropriate error ter

e are oin to rewrite the ast e uation usin anu er of series appro i
ation e de ne

urther we de ne the fo owin error ter s

hen we can pro e that

he detai s of the proof are pro ided in the appendi
s we discuss in the fo owin section, we can pro e that

ro these ine ua ities and the de nition of , We can pro e

up

hus the new esti ate is ess than one uarter of the up awa fro

o or or in rror i cu
tion
In the proof of the s uare root a orith in the pre ious section, we s ipped

the proof of the upper ounds of and In this section, we
introduce a or series and use it in their proof




irst, we introduce ~ asan r function ,usin the r
function stu  echanis , which introduces a function without de nition hen,
we assu ed that satis es the fo owin two a io s

he rst theore states that  is a non ne ati e rea nu er, and the
second states that - ecause  is de ned as a function without
de nition, r cannot direct ca cu ate the a ue of app ications of this
s uare root function  his is true e en if we de ne the s uare root usin non
standard ana sis, ecause ~ can return an irrationa nu er which cannot
e hand ed direct r

owe er, there is a function that appro i ates s uare roots r func
tion in the pu ic i rar distri uted with returns a
rationa nu er coseto  In this paper, we write ~ to denote this func
tion his function satis es N and N N for a positi e
rationa nu er ro this, we can easi pro e that N

a or series appro i ation is a si pe and fre uent used appro i ation
for di erentia e functions a orstheore states

he ter ——— is often used as an appro i ation of the function
at point he error of a or series appro i ation is i en the ter
—— , whichis ca ed the a orre ainder
ince the s uare root function is in nite di erentia e and its deri ati es

are continuous for the positi e do ain, we can app a ors theore on the
entire positi e do ain et us de ne as

unction i esthe th a orcoe cient for ~— at hen a ors
e uation for s uare root can e 1i en as



i en that represents thter inthe a or

series ,we de ne the a or series appro i ation in the r oic
as

ince in a orstheore dependson , and , werepresent usin r
stu function hen a ors theore for s uare
root can e de ned as an r a io

dditiona , we constrain to return area nu er

that is in the open se  ent

u ari in so far, we ha e added a s uare root function without con
crete de nition and ad itted a few facts a out it incudin a ors theore
as a io s ternati e , we can use r s non standard ana sis feature
to de ne s uare root function, pro e the asic properties and a or s theore
without addin new a io s owe er, in this paper, we are interested in usin
the s uare root function in the eri cation of an a orith , not the de nition of
the s uare root function and proof of its asic properties o we chose to s ip
these e a orate de nitions and funda enta proofs

n upper ound of can e ca cu ated app in a ors theore

ince ise ua tothesecond de ree a orre ainder for the function
at



ince — and , an upper ound of is i en as

i iar ,the upper ound for can e cacu ated as
e used a or series in the ca cu ation of an upper ound of as
we ince the he she series is a etter appro i ation of

than the a or series of the sa e de ree, it is not strai htforward to use a or
series in the easure ent of its appro i ation error
ur approach is di idin the ran e of intos a se ents, eneratin a
a or series for each se ent and usin it to ca cu ate the error of the he
she series for e er se ent one at ati e achse entshoud es a
enou h so that the enerated a or series is a far ore accurate appro i a
tion of the s uare root function than the he she series he ran e of is
e di ided it into se ents of si e , and perfor ed error
ana sis on each se ent
ince there are a ar e nu er of se ents, we ust auto ate the error
ana sis at each se ent ne of the o stac es is that r cannot perfor
ca cu ation on irrationa nu ers direct ore a pe,the a orcoe cient
is usua  an irrationa nu er In order to auto ate the error ca
cu ation, we de ne an r function that ca cu ates the appro i ation of
usin the function ore precise ,

hen we can show

s discussed in ection , our a orith seects he she coe cients fro
two sets of constants dependin on the th fraction it of et

hen when the th fraction it of is ,and
when it is
et us ca cu ate the si e of for the case where the th fraction it of

is si pe ana sis shows that ote that
can e si ht positi e, e en thou h our heuristic su ests that is ne ati e
when the th fraction it of is e di ide this do ain of into se ents

su stitutin for in , where is one of the

constants s, ,whie isanew aria e that
satis es he upper ound for the entire do ain of issi p
the ai u aueofa theupper oundsfor the possi e choices for




he upper ound for can e represented as the su  ation of three
ter s

nupper oundforthe rstter can e ien app in a orstheore

ere is the constant satisf in a ors theore such that
ote that this upper ound can e ca cu ated r asit does
not contain s uare root nor aria es
he upper ound for the second ter can e ca cu ated as fo ows

echose to e to a ethister s a enou h ain the upper ound
has no aria esin o ed and can e ca cu ated r
he third ter is the di erence etween the he she series appro i a
tion and the a or series appro i ation ince and are constant in the
third ter , we can si pif the ter
into a po no ia of of de ree ere ha in the co putationa function
rather than therea a orcoe cient a ows r toauto at
ica si pif the for ua e denote the resutin po no ia as ,
where coe cient is a constant auto atica ca cu ated r durin
the si pi cation hen the upper ound can e i en as

addin the three upper ounds, we can pro e that

for a a ues for his is the upper ound of when the th fraction
it of is i iar , we can pro e that



for the case where the th fraction itis In this case,

ince the ran es of are o er appin for the two cases, we repeat the
upper ound ana sison so ese ents u ariin the two cases,
has the upper ound

1 cu ion

e ha e for a eri ed that the ower di ide and s uare root a orith s
return the na esti ate whose error is ess than a uarter of the up he
ain proof was carried out de nin error ter s and ana in their si e
at each step of the a orith ne aor cha en e for the eri cation was
e auatin the appro i ation error for he she series e ha e perfor ed
error si e cacu ation of the he she series appro i ation in hundreds of
s a se ents oreachse ent,a a orseriesis enerated to e a uate the
appro i ation error of the he she series hist pe of proof can e carried
out on with a echanica theore pro er or other t pe of co puter pro ra ,
ecause the si p1i cation of hundreds of for u ae is too tedious for hu ans to
carr out correct
he upper ound proof of the he she series appro i ation was carried
out auto atica after pro idin the fo owin

acros that pro ide the te p ate of the proof for s a se ents
o puted hints that spawn the case ana sis auto atica

set of rewrite rues that si pif aco pe for uaintoapo no ia
of rationa coe cients

ince the proof is auto atic, we coud chan e a nu er of para eters to tr
di erent con urations ore a pe, we chan ed the se entsi e and used

tocacuate =~  Infact, he she series appro i ation error was o tained

tria and error t rst, we set areati e ar enu er to an r
constant _ and ran the pro er to erif _ If
it is successfu , we owered the a ue of _ , iterated the process unti

the proof fai ed he detai s of acros and co puted hints are discussed in
ppendi
he appro i ation error ana sisusin a or series re uires ess co puta

tiona power than rute force point wise ana sis hen , the aue
T ran esappro i ate fro to In order to pro e

that the error of its he she series appro i ationis ess than , si

p e ca cu ation su ests that we need to chec near points  n the other

hand, the entire eri cation of the s uare root a orith with appro i ation

ca cu ation on se ents too seconds on a entiu III s ste

It is not a sheer uc that we cou d nish the error ca cu ation ana in on
hundreds of se ents ecause the si e of the th de ree a or re ainder
for the s uare root function is for the se ent si e ,the appro i ation
error a a orseries uic con er esto usin hi h de ree a or series
and ain these ents aer e eie ethat we can app our techni ue
to other a orith sin o in series ca cu ations



or our proof, we assu ed the correctness of a ors theore , instead of

pro in it owe er, r can pro e a or s theore carr in out non
standard ana sis In fact, a oa and iddeton recent pro ed a ors
theore in r It is our future wor to inte rate their resu t into

the proof presented in this paper
here i ht e a wuestion wh we did not assu e the nown facts a out
he she series and use the in the series ana sis  ne answer is that the
athe atics ehind he she seriesis uch oreco pe than a or series
e aso need to de eop r irar to co pute the appro i ation of
inte ration which wou d e used in the ca cu ation of he she coe cients It
isaso ore i e that we i htintroduce incorrect a io s a out he she
series ecause its de nitionisco pe
ina , we ust ac now ed e the usefu ness of the oatin point i rar in
the oo s distri uted with his i rar , ori ina  de e oped a id
ussino , suppied ost of the asic theore s a out oatin point nu ers
and roundin his a owed us to focus on the eri cation of the a orith

r nc

a esh arwa , red usta son, and artin ch oo
er eries appro i ation ethods for di ide and s uare root in the
power processor In

, pa es ,
ar a aard, o ert ones, oope ai oa, atherine
ohatsu, and ar ohan eer or a eri cation of iterati e

a orith sin icroprocessors
, ba es ,

a uen a oa
h thesis, ni ersit of e asat ustin,
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In ,
Ins Institute of ectrica and ectronic n ineers
I1 td
att auf annand trother oore nindustria stren th
ersion of n th In
, pa es I 0 puter ociet
ress, une
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us

us

aw

o inson  ode theor and non standard arith etic, in nitistic
ethods In ,

ussino echanica hec ed roof of I o pi
ance of the oatin oint u tipication, i ision,and wuare oot
orith  of the rocessor y

ussino echanica hec ed roof of orrectness of the
oatin oint wuare oot icrocode

) )
un awada co puted hints tension and practice In

he ni ersit of e as
at ustin, epart ent of o puter ciences, echnica eport

, oe er
rror r ort 11d roo
roo t1 o0 ur oot orit

irst we pro ide the error ter de nitions issin fro  ection

ow we discuss the deri ation of fro



sin this e uation, we can deri e

ro the de nition of ,

addin the two e uations a o e

In this appendi , we showed the detai of the e uation rewritin he
theore pro er can ure out the detai with appropriate hints, thus we do not
ha e to feed the detai ed proof into the pro er or e a p e, the proof shown
here was pro en with S

o cro nd o utd int or ur
oot roo
e descri e the acros and co puted hints used in the eri cation of the
s uare root a orith he acroshownin i ure enerates the proof
of the upper ound of discussed in ection It has three para eters
and his acroana esthe upper ound of
when ran eso erthese ent ,
where is an r constante ua to ara eter
pro ides the na e of the ain e a, and se ects either
or as the function ana ed in the proof
his acro enerates an r encapsu ate e pression which contains

four oca e asandonee ported e a he rstthree oca e aspro e
the upper ound for the three ter sfro ection whosesu ation i esthe

upper ound of when is passed for the
ar u ent he fourth oca e aco inesthese e asand i es
a constant upper ound for he ast ain

e  arephrases the resu t of the fourth e a  su stitutin  for



here are se era para eters found in the acro speci es
the se ent si e to carr out the upper ound ana sis at a ti e,
de nes wused to ca cu ate the function , speci es
the upper ound for the third e a, and is the upper ound for
ecaneasi chan ethe a ue of these para eters and rerun the proof
to nd a etter upper ound

nother acro a es it easier to re
peated perfor the upper ound proof forthes a se ents ore a pe,

ca s - ti es
ar in fro to
eco inedthe e asforthe se entsintoasin ee a heproof
oftheco ined e a oes i ethiswa  rst we case sp it the tar et for ua
into su oasthat co er a the se ents, then we app the proper ¢ a

to each su oa hint hene tdefth i pe entsthis approach usin
co puted hints

he co puted hint sp its the oa

into cases where ran es o er the inte ers etween and It
is de ned as

he co puted hint tries another co
puted hint when the oa spec atches the pattern pro ided as
aw In the a o e, it appies the co puted hint
on e er i ediate su oa after the case
spit he co puted hint se ects the
proper e aout of candidates, and insert it a hint Tt is de ned
as



i ure acro to enerate e as for the error ana sis of
detai s ha e een cut out and rep aced with an itaic te t in an es

o



co puted hint recei es the current oa spec throu h the aria e his
infor ation is su cient for the co puted hint to construct the na e of the
proper e ato e appied
he acrosand co puted hints a owed us to succinct write the theore s
It a es it easier to perfor the proof with arious para eters In this sense,
the acros and co puted hints were essentia to carr out the eri cation wor
presented in this paper



