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Abstract

Wepresent a new¯nite set theory implementation for
ACL2 wherein setsare implemented as fully ordered
lists. This order uni¯es the notions of set equality
and element equality by creating a unique represen-
tation for each set, which in turn enablesnestedsets
to be trivially supported and eliminates the needfor
congruencerules.

We demonstrate that ordered setscan be reasoned
about in the traditional style of membership argu-
ments. Using this technique, we prove the classic
properties of set operations in a natural and e®ort-
less manner. We then use the exciting new MBE
feature of ACL2 to provide linear-time implementa-
tions of all basic set operations. Theseoptimizations
are made \b ehind the scenes"and do not adversely
impact reasoningabilit y.

We¯nally developa framework for reasoningabout
quanti¯cation over set elements. We also begin to
provide common higher-order patterns from func-
tional programming. The net result is an e±cient
library that is easyto useand reasonabout.

1 In tro duction

Why reimplement set theory in ACL2? After all,
the standard implementation [7] is already well
distributed, documented, and quite good. Its
congruence-oriented reasoningis extensibleto a user's
functions, and its defx macroprovidesaccessto more
advancedproof strategies.

Execution e±ciency is one consideration. The
standard implementation represents sets as un-
ordered lists. While someoperations can be imple-
mented e±ciently this way, important functions such
as equality and subset testing are quadratic. In con-
trast, all basic set operations can be implemented in
linear time using ordered lists. This suggestsan or-
dered implementation may work well for somelarge
problems.

A more basic \ob jection" to unordered lists is that
a single set may have many representations. For ex-
ample, the set f 1, 2g could be represented either by
the list (1 2) or by (2 1) . Becauseof this, an ex-
plicit notion of set equality is needed,as are conven-
tions for when set equality should be applied rather
than equal . Further complicating the situation, set
membership, subset, and set equality are now mu-
tually recursive. In contrast, ordered lists provide a
unique representation for each set, so only the stan-
dard de¯nition of equality is needed.This advantage
also holds over representations such as trees.

There are drawbacks. Unordered lists can ignore
duplication to provide constant-time insertion, a fun-
damental operation. Full ordering also brings new
challengesto reasoning. Moore remarks:

\I found this approach to complicate set
construction to a degreeout of proportion
to its merits. In particular, functions like
union and intersection , which are quite
easyto reasonabout in the list world (where
order and duplication matter but are simply
ignored), become quite di±cult to reason
about in the set world, where most of the
attention is paid to the sorting of the out-
put with respect to the total ordering." [7]

Beneath these words lies a challenging problem:
how can the realities of an ordered implementation
be abstracted away into the traditional view of sets
asunorderedcollections? Successhereis crucial: rea-
soning about union and intersection should not be
basedon the underlying implementation, but rather
through an abstract, membership-based approach.
Much of our initial e®ort is focusedon achieving this
abstraction.

We begin by intro ducing the core set operations
and the strategies used to reason about them (Sec-
tion 2). We partition our work into three \lev els"
which we name the primitive , membership, and top
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levels for easy reference. Later levels build o® the
work accomplishedin the previous levels. The prim-
itiv e level de¯nes the set recognizer and focuseson
wrapping the basic list operations (car , cdr , . . . ) in
new \set primitiv es" which behave more predictably
when applied to non-set objects. The membership
level then intro ducesset membership and subset,and
works towards abstracting away the set order. In
its place, membership-basedmethods are developed
for working with sets,including \pic k-a-point" proofs
of subsetand double-containment proofs of equality.
The top level builds from this by intro ducing the re-
maining set operations (e.g., union, intersection, dif-
ference)and developing reasoningstrategiesfor these
operations using the membership-basedapproach.

Our attention then turns to execution e±ciency
(Section 3). We intro duce MBE, a new feature of
ACL2, and show how it can be used to provide ef-
¯cient versions of the set operations while preserv-
ing the reasoningstrategies developed thus far. We
brie°y compare the performanceof our implementa-
tion with the existing sets library , and add a sort so
that we may quickly create sets from lists.

We then take another look at reasoning, inter-
ested now in how the library can be made more
easily extensible to new problem domains (Section
4). We create instantiable \templates" for quan-
tifying predicates over sets, e.g., 8a 2 X ; P(a) or
9a 2 X ; P(a). We discussthe relationship between
these arguments and the pick-a-point strategy cre-
ated in the membership level for reasoningabout sub-
sets,and discover that quanti¯cation is a generaliza-
tion of this strategy. We then begin work on provid-
ing some common higher-order functional program-
ming paradigms, such as map and ¯lter , and ¯nd our
work with quanti¯cation to be immediately useful in
developing thesestrategies.

Finally, we conclude by looking at future direc-
tions for the library (Section 5). We consider our
successwith quanti¯cation-based reasoningand the
bene¯t derived from automating functional instanti-
ation. We explore the consequencesof changing the
set order, and take a cursory look into applying our
techniques to other data structures.

2 The Basic Set Op erations

We now turn our attention to de¯ning the basic set
operations. Our ¯rst task is to de¯ne the represen-
tation of sets. A total order on ACL2 objects, <<,
was recently intro duced and is available as a stan-
dard ACL2 book, misc/total-order . [8] We adopt
this order verbatim, but the particular order is unim-

portant, and we will later consider the possibility of
using alternate orders (Section 5).

We initially implemented the set recognizerusing
two functions: unique ensuredthat the list contained
no duplicates, and ordered ensuredthat all of the el-
ements werein order. Setswerethen thoselists which
satis¯ed both uniquenessand order. This de¯nition
can be simpli¯ed, asthe asymmetry of << meansthat
order implies uniqueness.In the end, setp is this:

(defun setp (X)
(if (atom X)

(null X)
(or (null (cdr X))

(and (consp (cdr X))
(<< (car X) (cadr X))
(setp (cdr X))))))

2.1 The Primitiv e Level

ACL2 functions are total, so set operations must be
de¯ned not only for sets,but also for non-setobjects.
As in [7], we adopt the non-set convention: if a func-
tion is passeda non-setobject wherea set is expected,
we treat the object as the empty set. As a result
of this decision, many theorems need not have ex-
tra hypotheses.For example,(subset X X) is now a
global truth irrespectiveof the typeof X. This hassev-
eral useful consequences:rewrite rules becomemore
widely applicable, and apply quickly becausefewer
hypothesesmust be relieved. [6]

It is tempting to implement the remainder of the
sets package directly using the usual list primitiv es:
car , cdr , cons, and endp. Indeed, this was our ini-
tial approach. Using these functions, proofs about
\simple" operations (element insertion/deletion, sub-
set testing) were possible,but proofs about \compli-
cated" operations (union, intersection, di®erence)be-
cameunmanageable.We cameto believe theseprob-
lems were not entirely artifacts of the set order, but
at least partially becausethe list primitiv es do not
respect the non-set convention. For example, (1 1)
contains duplicate elements and hence is not a set,
yet the list primitiv esdo not treat it as empty:

² (car '(1 1)) = 1, should be nil .

² (cdr '(1 1)) = (1) , should be nil .

² (endp '(1 1)) = nil , should be t .

² (cons 1 '(1 1)) = (1 1 1) , should be (1) .

The list primitiv esweredesignedto operate on reg-
ular lists | not ordered sets. As a result, they are
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poor candidates on which to directly base a set li-
brary. Instead, we implement analogousset primi-
tives that respect to the non-set convention:

² sfix { identit y, but nil on non-sets.

² head { car , but nil on non-sets.

² tail { cdr , but nil on non-sets.

² empty { endp, but t on non-sets.

² insert { cons, but preserves the set order and
treats non-setsas nil .

The setprimitiv esform a primitiv e level of abstrac-
tion, one step removed from the list primitiv es. Def-
initions for thesefunctions are provided in Figure 1.

(defun empty (X)
(or (null X)

(not (setp X))))

(defun sfix (X)
(if (empty X) nil X))

(defun head (X)
(car (sfix X)))

(defun tail (X)
(cdr (sfix X)))

(defun insert (a X)
(cond ((empty X) (list a))

((equal (head X) a) X)
((<< a (head X)) (cons a X))
(t (cons (head X)

(insert a (tail X))))))

Figure 1: Primitiv e Set Functions

The non-set convention has interesting conse-
quences.Earlier we assertedordering givesa unique
representation to every set, and this is true in that if
(setp X) ^ (setp Y), then either X = Y or there is
someelement in onebut not the other. Yet, sincethe
set functions treat any non-set as empty, in a sense
there are multiple representations for the empty set.
(Of course,only oneof theserepresentations satis¯es
setp ). To deal with these \improp er" empty sets,
we show that emptinessimplies certain equalities. In
particular, if (empty X) ^ (empty Y), then:

(head X) = (head Y)
(tail X) = (tail Y)

(insert a X) = (insert a Y)
(sfix X) = (sfix Y)

Eventually , we disable the de¯nitions of setp ,
sfix , empty, head, tail , and insert to prevent the
list primitiv es from occurring in higher level proofs
about sets.

2.2 The Mem bership Level

The primitiv e level supports the non-setsconvention
well, but is a poor platform for set reasoning: the
only tools it providesare induction over insert 's def-
inition and somerules about the set order. In con-
trast, traditional set theory proofs are largely based
on membership and view sets as unordered collec-
tions. The membership level builds from the primi-
tiv e level, supplanting order-basedreasoningwith a
membership-basedapproach. To begin, set member-
ship and subsetare intro duced:

(defun in (a X)
(and (not (empty X))

(or (equal a (head X))
(in a (tail X)))))

(defun subset (X Y)
(or (empty X)

(and (in (head X) Y)
(subset (tail X) Y))))

We now have three goals: replacing order-based
reasoning with membership-basedreasoning, devel-
oping the pick-a-point strategy for proving subsetre-
lations, and showing that double containment is the
sameas equality.

Eliminating Order-Based Reasoning. We
would like to reasonabout sets through membership
instead of using the set order. Towards this end,
we ¯rst prove the following theorem, which provides
us with the understanding that a set's elements are
unique. Importantly , this statement is made entirely
in terms of membership:

(defthm head-unique
(not (in (head X) (tail X))))

A secondkey step is to provide a new induction
schemefor insert . Insert is the fundamental oper-
ation through which we construct sets,and inducting
over insert is a common necessity. However, insert
is de¯ned using the set order, soin the courseof these
inductions the set order will be intro duced into our
proofs. We avoid this by de¯ning a new induction
schemewhich usesmembership for its cases.
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The new scheme is natural. We make no induc-
tiv e assumptions when (empty X) or (in a X): in
either of thesecases,(insert a X) = X, sothe prop-
erty must only be shown to hold for X. Otherwise,
a will be added somewherein the list. As a third
basecase,if a will be placed at the front of the list,
then we know (head (insert a X)) = a and (tail
(insert a X)) = X. Finally, if a is not placed in the
front of the list, we inductiv ely assumethe property
holds for (insert a (tail X)) .

No longerneedingthe setorder for inductiv eproofs
about insert , we are one step closer to reasoning
exclusively through membership.

Pic k-a-P oin t Pro ofs. In traditional mathemat-
ics, the pick-a-point method is typically usedto prove
subsetrelationships. The idea is to show that 8a : a 2
X ) a 2 Y to concludeX µ Y . So, to prove a sub-
set relationship, simply pick an arbitrary point and
show this membership relationship holds.

Becauseof the universalquanti¯er, this ideacannot
be directly stated asan ACL2 rewrite rule. However,
we can set up an \encapsulate" event and use it to
accomplishesa similar reduction. Supposehyps, sub,
and super aresomefunctions which happento satisfy
the following constraint:

(defthm membership-constraint
(implies (and (hyps)

(in a (sub)))
(in a (super))))

Then the following is a theorem:

(defthm subset-by-membership
(implies (hyps)

(subset (sub) (super))))

The proof involves the use of a witness function.
We create a new function, (subset-witness X Y),
that searches for an element which satis¯es (in a
X) and (not (in a Y)) . An easy lemma is that if
subset-witness fails to ¯nd such an element, then
X is a subsetof Y.

Now, suppose towards contradiction that
(subset-witness (sub) (super)) ¯nds an ele-
ment, a. Then, by the de¯nition of subset-witness ,
(in a (sub)) and (not (in a (super))) . But
this directly contradicts the membership constraint.
Therefore, we know that (subset-witness (sub)
(super)) cannot ¯nd a satisfactory element, and by
our lemma we are done.

Concrete subset relationships can be proven
through the functional instantiation of the
functions sub, super , and hyps. In other

words, we can now conclude (implies (hyps)
(subset (sub) (super))) merely by proving that
membership-constraint holds for our choices of
hyps, sub, and super .

The theorem prover will not automatically try to
usefunctional instantiation, but can be instructed to
do so through hints. Here is an example theorem of
such a hint:

(defthm subset-union-Y
(subset Y (union X Y))
:hints(("Goal" :use (:functional-instance

subset-by-membership
(sub (lambda () Y))
(super (lambda () (union X Y)))
(hyps (lambda () t))))))

This hint instructs the theorem prover to function-
ally instantiate subset-by-membership , selecting t
for hyps, Y for sub, and (union X Y) for super . In
other words, this hint will allow us to conclude:

(implies t
(subset Y (union X Y)))

If we can show the corresponding membership con-
straint, namely:

(implies (and t (in a Y))
(in a (union X Y)))

Fortunately, this is an easyproof for ACL2, and hence
the conclusionof (implies t (subset Y (union X
Y))) is accepted.A simplereduction allowsusto con-
clude (subset Y (union X Y)) , ¯nishing the proof.

Automating Pic k-a-P oin t Pro ofs. Ideally, a
setslibrary shouldbecapableof deepreasoningabout
setswithout user interaction. Although it would not
be di±cult for a user to explicitly invoke a pick-a-
point proof of a subset relation, we would prefer a
more automatic solution. Towards this end, we have
developed computed hints1 to automatically apply
this strategy when it seemsapplicable.

Rather than derail our discussionof set reasoning,
we relegatethe details of this processto Appendix B.
The generalidea is if (a) our goal is to prove a subset
relationship, and (b) all other attempts at simplifying
the conjecture have been exhausted, then an appro-
priate functional instantiation hint is suggested.The
substitutions to make are extracted from the conjec-
ture itself, i.e., if the conjecture is (H ) (subset X
Y)) , then we instantiate hyps with H, sub with X,

1Computed hints [3] allow hints to be automatically gen-
erated and suggested, rather than having a user write them
explicitly .
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and super with Y. As with subset-union-Y above,
this reduces the subset argument to a membership
argument.

Double Con tainmen t Pro ofs. Attention now
turns to proving double containment is equality, and
subset-by-membership is immediately useful. Sup-
posetwo setsare subsetsof one another, i.e., X µ Y
and Y µ X . First, we show (head X) = (head
Y). Next we show (in a (tail X)) implies (in a
(tail Y)) . Subset-by-membership is then called
upon twice to show (tail X) is a subsetof (tail Y),
and vice versa. We induct on a \double-tail" scheme,
sothe inductiv e hypothesisassertsif the tails are mu-
tual subsetsthey are equal. Now (head X) = (head
Y) and (tail X) = (tail Y), sowe concludeX = Y.
The resulting rewrite rule is:

(defthm double-containment
(implies (and (setp X)

(setp Y))
(equal (equal X Y)

(and (subset X Y)
(subset Y X)))))

Becausethis theorem is a rewrite rule, equalities
betweensetswill beautomatically rewritten into sub-
setarguments. As an aside,wehad beenable to prove
that doublecontainment wasequality even beforeim-
plementing the pick-a-point strategy. Yet, the proof
required ¯rst intro ducing the delete function and
several theorems pertaining to it, then inducting by
deleting (head X) from both sides of the proposed
equality. In contrast, the above saves a signi¯cant
amount of work as the theoremsabout delete (which
had themselves required induction arguments) can
now be proven automatically by appealing to double-
containment.

The following rewrite strategy has been created:
set equalities are reducedto containment arguments,
and containment arguments are reduced to mem-
bership arguments. The beauty of this strategy is
that relationships about in (which are typically easy
to prove) are now su±cient to conclude subset and
equality relations between complicated expressions,
which might otherwise require hard inductions. This
method bears a closeresemblance to traditional set
theory proofs and is a natural way to work with the
set functions.

Finally, all remaining theoremsmentioning the set
order are disabled. Membership alone will now be
usedto prove theorems.

2.3 The Top Level

While the membership level provides a solid basisfor
set reasoning, the library is far from complete: we
have only insertion, membership, subset testing, and
the set primitiv es at this point. Using the member-
ship level as a foundation, the top level intro duces
the remaining set theory functions: delete , union ,
intersect , difference , and cardinality . These
functions are presented in Figure 2.

Using membership to prove subsetsand equalities
is a powerful approach. Theoremsabout these func-
tions, sohard to prove in our early attempts, are now
automatic. At this level, \The Method" is generally:

² Intro duce a function, prove it producessetsand
prove its basic membership properties

² Call upon the pick-a-point method to prove in-
teresting equalities and subset relationships.

(defun delete (a X)
(cond ((empty X) nil)

((equal a (head X)) (tail X))
(t (insert (head X)

(delete a (tail X))))))

(defun union (X Y)
(if (empty X)

(sfix Y)
(insert (head X) (union (tail X) Y))))

(defun intersect (X Y)
(cond ((empty X) (sfix X))

((in (head X) Y)
(insert (head X)

(intersect (tail X) Y)))
(t (intersect (tail X) Y))))

(defun difference (X Y)
(if (empty X)

(sfix X)
(if (in (head X) Y)

(difference (tail X) Y)
(insert (head X)

(difference (tail X) Y)))))

(defun cardinality (X)
(if (empty X)

0
(1+ (cardinality (tail X)))))

Figure 2: Top Level De¯nitions
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Many theoremsare proven this way. Included among
them are the associativit y of union and intersec-
tion, the symmetry of union and intersection, dis-
tributivit y of unions over intersections, DeMorgan
laws for distributing di®erences,and so forth. Other
theorems are not basedentirely on the pick-a-point
method, but are still carried out without mentioning
the set order. (In particular, cardinalit y properties
aredemonstratedusingour membership-basedinduc-
tion over insert.) Many selectedtheorems are listed
in Appendix A.

Usersof the library would typically basetheir work
on the top level, using this samestyle of reasoning.

3 Execution E±ciency

When setsare implemented as ordered lists, all basic
set operations can be implemented with linear com-
plexity. However, the functions presented in Section2
do little to realizethis possibility. Heree±ciency and
reasoningcon°ict: we would like to take advantage
of the set order to implement these functions more
e±ciently , yet the given de¯nitions of subset , union ,
intersection , and difference are nice for reason-
ing precisely becausethey are described in terms of
membership and not the set order. Fortunately, there
is a nice solution to this problem using guards and
MBE.

Guards and MBE. Although ACL2 functions are
total, guards allow us to state an \in tended domain"
for functions. [5] [1] [4] Guards are often presented
asa tool for ensuringthe compatibilit y of ACL2 code
with Common Lisp, but they can alsobe usedasrun-
time assertionswhen guard checking is enabled,or as
static checks through the processof guard veri¯c a-
tion (using the theorem prover to show whenever a
function is called, its arguments satisfy its domain).
We add guards to our basic set operations as listed
in Figure 3.

Intro duced in ACL2 2.8, the MBE macro allows
two separatede¯nitions | one logical, and one exe-
cutable| to be provided for a single function. When
reasoning about the function, the logical de¯nition
is used. However, when executing the function on
arguments that satisfy the function's guards, the ex-
ecutablede¯nition is usedinstead. Note that for this
substitution to be sound, both de¯nitions must be
proven to produce the same answer for any inputs
satisfying the guards (hence MBE stands for \m ust
be equal").

Ac hieving E±ciency . As a ¯rst step, the com-
bination of MBE and guards can be used to provide

Function Guard
(setp X) t
(empty X) (setp X)
(sfix X) (setp X)
(head X) (setp X)
(tail X) (setp X)
(insert a X) (setp X)
(in a X) (setp X)
(subset X Y) (setp X) ^ (setp Y)
(delete a X) (setp X)
(union X Y) (setp X) ^ (setp Y)
(intersect X Y) (setp X) ^ (setp Y)
(difference X Y) (setp X) ^ (setp Y)
(cardinality X) (setp X)

Figure 3: Guards for Set Functions

faster versions of the set primitiv es. In Section 2,
all primitiv es called setp (sometimes via sfix ) to
ensure their argument was a set. This is a terrible
waste, sincesetp must examine the entire set. With
guards to ensurethe primitiv esoperate only on sets,
these setp calls are no longer necessary. We there-
fore make the following MBE substitutions: (empty
X) is replaced by (null X), (sfix X) by X, (head
X) by (car X), and (tail X) by (cdr X). Insert is
not changed; it is already linear now that the other
primitiv eshave beenmade e±cient.

Our attention then turns to the other operations.
In is unchanged since it is already linear. An alter-
native in could use the set order to stop early, for
example (in 1 '(2 3 4)) could terminate immedi-
ately because(<< 1 2) . But there are also cases
when this would be slower, as each iteration would
incur the overhead of a call to <<. Becauseof this,
the given de¯nition is retained.

Linear versionsof subset , union , intersect , and
difference , are shown in Figure 4. These are vis-
ibly more complicated than their original counter-
parts. Except for subset, the proofs of equivalence
can be carried out by merely showing thesefunctions
producesetsand have the characteristic membership
property, then appealing to double containment to
¯nish the proof. Importantly , this approach obviates
the needto directly induct against union , etc.

Even so, these are not trivial proofs and turn out
to involve many cases:cons only producessetsunder
certain conditions, so theorems about it are compli-
cated and weak. These proofs must be argued from
\¯rst principles" using the set order and induction,
but this is not a violation of our goal of reasoning
through membership: these functions are dependent
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(defun fast-subset (X Y)
(cond ((empty X) t)

((empty Y) nil)
((<< (head X) (head Y)) nil)
((equal (head X) (head Y))
(fast-subset (tail X) (tail Y)))

(t (fast-subset X (tail Y)))))

(defun fast-union (X Y)
(cond ((empty X) Y)

((empty Y) X)
((equal (head X) (head Y))
(cons (head X)

(fast-union (tail X) (tail Y))))
((<< (head X) (head Y))
(cons (head X)

(fast-union (tail X) Y)))
(t (cons (head Y)

(fast-union X (tail Y))))))

(defun fast-intersect (X Y)
(cond ((empty X) nil)

((empty Y) nil)
((equal (head X) (head Y))
(cons (head X)

(fast-intersect (tail X)
(tail Y))))

((<< (head X) (head Y))
(fast-intersect (tail X) Y))

(t (fast-intersect X (tail Y)))))

(defun fast-difference (X Y)
(cond ((empty X) nil)

((empty Y) X)
((equal (head X) (head Y))
(fast-difference (tail X)

(tail Y)))
((<< (head X) (head Y))
(cons (head X)

(fast-difference (tail X) Y)))
(t (fast-difference X (tail Y)))))

Figure 4: Linear Time Implementations

on the implementation, and the set order is the only
reasonthey work.

No Compromises. This solution sacri¯ces nei-
ther executione±ciency nor reasoningabilit y. All set
operations are now constant or linear time, yet their
logical de¯nitions are simply the Lisp re°ections of
their mathematical meanings,seeminglyunconcerned

with implementation details.
This approach is particularly appealingfor the free-

dom it provides the author. When designing the li-
brary throughout Section 2, e±ciency was not con-
sidered (our most primitiv e functions had to exam-
ine the entire set), and we focusedsolely on develop-
ing simple, straightforward modelsand creating proof
strategies.

Only then, after the theory was complete, did e±-
ciency becomea consideration. E±cien t but compli-
cated models of these functions were developed. No
theory was developed about the complicated models
beyond showing that they faithfully implemented the
simple models. The power of the establishedtheory
waspreserved, while the e±ciency of the complicated
models was gained.

Without MBE, even a conveniencelike the non-set
convention would in°ict a large e±ciency penalty. If
e±ciency is sacri¯ced, the library may be too slow
to be practically useful. If e±ciency is not sacri¯ced,
theorems will have extra hypotheses,proofs will be
larger, and more e®ortwill be required on the part of
the library's designerand its users.

E±ciency Analysis. Set theory is so widely ap-
plicable and the library is su±ciently general that
benchmarking its performanceis di±cult. There is no
concept of representativ e input data. There are also
at least ¯v e Lisp implementations on which ACL2
can be run, each supporting various operating sys-
tems and hardware, each with di®erent performance
characteristics.

Nevertheless,it would be nice to have somerudi-
mentary test data to demonstrate the e±ciency of
theseoperations. Towards this end, we have put to-
gether a small set of test programswheresetsare cre-
ated from either random integers or random strings
taken from a dictionary ¯le. We timed the test pro-
grams using GCL on Linux machines, but make no
claim that our tests were thorough or representativ e
of the results which may occur in other contexts. Out
of curiosity, analogousfunctions from the standard
setsbooks werealso timed for comparisonpurposes.2

The results werenot surprising. The standard sets
library signi¯cantly outperformed orderedsetsfor in-
sertion, but ordered sets were signi¯cantly faster for
intersections and di®erences. The performance dif-
ference in each case can be made arbitrarily large
by choosing large enough sets. This is exactly what
should be expected: the standard library can ignore

2The standard sets books do not have veri¯ed guards by
default, so in each casewe arti¯cially veri¯ed their guards using
skip-proofs . This should ensure comparisons are not being
made between compiled and interpreted performance.
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duplication and just usecons for a constant-time in-
sert, whereasthe ordered library must make a linear
scan of the set. In the casesof set di®erenceand
intersection, the ordered sets library can use a lin-
ear passwhere the standard library usesa quadratic
algorithm.

Wewerenot able to demonstratethat either library
was consistently faster than the other at performing
unions.3 We did not test subset or set equality, but
would expect the ordered library to signi¯cantly out-
perform the standard library in \true" caseson these
functions.

Adding a Sort. Unordered sets are signi¯cantly
faster at repeated element insertions than ordered
sets. Unordered inserts take constant time, so insert-
ing n elements is a linear operation; ordered inserts
are each linear, so inserting n elements is quadratic.

Generating sets is a fundamental operation, so a
more e±cient method for building large sets is desir-
able. Towards this purpose,a simple mergesort was
implemented, reducing the time neededfor n inserts
from n2 to n log2 n. This is still not as good as
the linear performanceof unordered sets, and is the
inescapableprice paid for full ordering.

The sort itself is easy to write using the already
e±cient union operation to perform the merge. As
with the other basic set operations, we use MBE to
combine easy reasoningwith e±ciency in execution:
mergesort is logically viewed simply as repeated in-
sertions.

4 Instan tiable Extensions

At this point we have covered the core of the sets
library . Though e±cient and relatively straightfor-
ward to reasonabout, this core is limited in its ca-
pabilities. Having more functionalit y available ahead
of time may make modeling new problemseasier,and
although it is certainly impossibleto foreseeand cater
to every need, we suspect we can provide at least a
few widely applicable extensions.

Two extensionsseemto beparticularly good candi-
dates. Having recently seenthe bene¯ts derived from
our subset-by-membership strategy, it seemsdesir-
able to provide somesupport for quanti¯cation over
set elements. Furthermore, the time honored pat-

3The results are dependent on the inputs. Both algorithms
are linear, but the standard sets library simply conses the el-
ements from the ¯rst list onto the second, requiring n conses
and recursion where n is the length of the ¯rst list. In contrast,
the ordered sets library must compare set orders, walking down
both lists simultaneously .

terns of functional programming are probably also
good candidateswith which to extend the library .

4.1 Quan ti¯cation

We have found quanti¯cation over set elements to be
quite useful, and would like to be able to support
statements of the form \ 8a 2 X ; P(a)" and \ 9a 2
X ; P(a)" for somearbitrary predicate P.

To support this generality, we intro duce an op-
tional extension to the library . Here, we create a
fully instantiable generic theory (as in [2]) and pro-
vide macros to create concrete instancesof this the-
ory. Our macros are complex enough to support
predicates with any number of arguments, and also
support the use of custom guards on those argu-
ments. As some examples, simple predicates such
as integerp or stringp are useful for de¯ning typed
sets. More complicated predicates allow us to ex-
press notions such as \sets of integers less than b".
Note that (subset X Y) itself is nothing more than
8a 2 X ; P(a) where P(a) = (in a Y).

In the end, given a predicate, (P a ...) , where
... is understood to represent 0 or more extra argu-
ments, the user can invoke a single macro to create
the following functions and an associated rewriting
strategy:

² (all<P> X ...) , returns t if 8a 2 X ; (P a
...) , or nil otherwise.

² (exists<P> X ...) , returns t if 9a 2 X ; (P a
...) , or nil otherwise.

² (find<P> X ...) , returns an element a 2 X
such that (P a ...) , or nil if no such element
exists.

We also create quantifying functions for \not P"
(named all<not-P> , exists<not-P> , . . . ), aswell as
\list" versionsof each function (named all-list<P> ,
all-list<not-P> , . . . ) which are useful for rea-
soning through any calls to mergesort we may en-
counter. Furthermore, the macro also setsup an ini-
tial rewriting strategy.

Most of this strategy is relatively straightforward
and is summarized in Appendix A, but we also set
the stagefor deeper reasoningabout thesefunctions.
As we noticed before, all<P> is quite like subset ,
and in fact (subset X Y) is exactly (all<in> X Y).
Since the pick-a-point strategy was quite successful
at proving theoremsabout subset,we suspect analo-
gousstrategiesfor handling all-P might be similarly
successfulhere.

We generalizethe pick a point strategy by doing
away with (super) and simply using (predicate
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(sub)) instead of (subset (sub) (super)) as the
conclusionfor our membership constraint. Where we
would have previously substituted X for (sub) and
Y for (super) , we now continue to substitute X for
(sub) , but instead substitute (lambda (x) (in x
Y)) for (predicate x) . Hence,we can still perform
pick a point proofs of subsets,but can also consider
other substitutions for predicate .

As before, we set up computed hints to automate
thesestrategiesfor each predicate that the userquan-
ti¯es, and more details about how these hints are
constructed are provided in Appendix B. Prior to
ACL2 2.9, users were required to explicitly manage
which computed hints would be active during proof
attempts, but asof version2.9, thesehints can be au-
tomatically installed by the macro each time a new
all<P> function is intro duced,without requiring any
action or knowledgefrom the user. Becauseof these
changes,computed hints can now be a tightly inte-
grated part of a library's overall reasoningstrategy.

4.2 Higher Order Functions

We further extend the library with two common
higher order patterns from functional programming:
filter and map. We ¯nd that our theory of quanti¯-
cation helps us greatly here.

Filter. We extend the quanti¯cation macro to ad-
ditionally provide a filter<P> function and its ba-
sic theorems when we create the quanti¯cation the-
ory for a predicate. As an example, observe that
(filter<in> X Y) is exactly equal to (intersect
X Y). We might also consider simple ¯ltering, e.g.
filter<integerp> . This addition is a quite painless
extension of the existing macro developed to instan-
tiate the quanti¯cation theory.

Map. We create a second,optional extension of
the library which allows the user to intro ducemap<F>
given sometransforming function F. In order to pro-
vide asmuch generality aspossible,we F can take any
number of extra arguments. The function intro duced
takesthe following form:

(defun map<F>(X ...)
(if (empty X)

nil
(insert (F (head X) ...)

(map<F>(tail X) ...))))

This is ine±cient; we are essentially performing an
insert sort. To remedy this situation, we useMBE to
provide an executable de¯nition which instead puts
all of the mappings into a list, which can be sorted
e±ciently afterwards.

(defun map-list<F> (X ...)
(if (endp X)

nil
(cons (F (car X) ...)

(map-list<F> (cdr X) ...))))

For brevity, assumeF takes no extra arguments.
We guard map<F>with (setp X), then work towards
proving (map<F>X) = (mergesort (map-list<F>
X)) , which will beour MBE substitution. This equal-
it y is an easyproof by double containment.

To do much set reasoning about mappings, the
most important property is that of membership.
What can be said about (in a (map X)) . Naturally ,
we would like to speak in terms of inverses. Conve-
niently , the quanti¯cation theory we have developed
allows us to do this. In particular, we can intro duce
the following predicate, which returns true when (F
a) = b, or in other words, when a is an inverseof b.

(defun inversep<F> (a b)
(equal (F a) b))

We can then use the macro developed in our
quanti¯cation extension to intro duce the notion of
(exists<inversep<F>> X e) . This allows us to ask
if there is any inverseof e in X. In short, the following
is a theorem:

(equal (in a (map<F>X))
(exists<inversep<F>> X a))

We can now rapidly develop theorems about map
using the pick a point method. Whenever we needto
reasonabout membership in a mapped set, we simply
consider the existenceof inversesin the original set.
Combining this with the pick a point method and all
of the techniques we already have for proving mem-
bership properties, this becomesa powerful strategy
that is su±cient to prove the obvious theorems re-
lating subset, union, intersection, and di®erenceto
mapping. Many of thesetheoremsare enumerated in
Appendix A.

We conclude with an example of this strategy at
work. The following proof method is discovered by
ACL2 automatically with no user intervention, yet
has a very natural feel.

(equal (map<F>(union X Y))
(union (map<F>X) (map<F>Y)))

ACL2 ¯rst notices that mapand union both produce
sets, so a proof by double containment is employed.
The ¯rst subgoal is to show that (map<F>(union
X Y)) is a subset of (union (map<F>X) (map<F>
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Y)) . Using a pick a point proof, we choosesomeele-
ment a in (map<F>(union X Y)) . By our member-
ship property, we see that (exists<inversep<F>>
(union X Y) a) . Simple rewrites show that
this is the same as (exists<inversep<F>> X) or
(exists<inversep<F>> Y). But this leadsus to con-
clude that (in a (map X)) or (in a (map Y)) , and
hencethat the subsetrelationship holds, by the mem-
bership property of union . The second subgoal is
similarly straightforward.

5 Conclusions

Set theory has beenan excellent domain for learning
to work with ACL2, and perhapsit would be a simi-
larly rich pedagogicaltool for interacting with other
theorem provers. The functions are simple and fa-
miliar, yet we discovered many subtle challengesin
trying to develop a sensibleproof strategy.

In a domain asrich and generalasset theory, there
are few limits on how we might hope to extend the
library . For the near term, we considerhow we might
improve the automation of functional instantiation,
whether or not changingthe setorder might beuseful,
discussthe limits of instantiable theories, and leave
open the questionof applying our techniquesto other
container structures.

Lessons Learned. Hiding complexity behind lev-
elsof abstraction seemsto bea crucial step in success-
fully implementing an ACL2 library . This is the en-
tire idea behind the primitiv e and membership levels.
We do not believe that proofs of the many theorems
in the top level would have beennearly as easyusing
induction and properties of the set order, but they
are simple oncea membership strategy is available.

MBE has also shown itself to be an extremely use-
ful tool. Without MBE, either e±ciency would have
to be sacri¯ced for reasoningabilit y (even the primi-
tiv e operations would be linear in complexity to sup-
port the non-setsconvention), or reasoningwould be
impaired by attempting to directly reasonabout the
\fast" versionsof the functions.

Functional Instan tiation. A cornerstoneof the
library's reasoningabilit y is the reduction of subset
problems to membership problems. Using encapsu-
lation and functional instantiation in this way is a
fairly standard tric k; the new idea here is the use
of computed hints to automate the process.This au-
tomation is nothing more than a very narrow instance
of second-orderpattern matching, whereonly subset
(or other suitable triggers) are consideredfor instan-
tiation, and only under certain conditions. Even this

very limited match seemsto ¯nd broad application
in the set theory domain.

An interesting question is whether or not a more
general form of second-orderpattern matching could
be implemented to automatically apply thesetypesof
strategies. There are many di±culties in implement-
ing this, particularly the largenumber of matchesand
how to decidewhich one(s) to attempt to use. Still,
it seemsthis could eventually becomea powerful ex-
tension of functional instantiation.

Custom Set Orders. Another question, more
speci¯cally pertaining to ordered sets, is if it would
be worthwhile to parameterizethe set order. On one
hand, this seemslikea fairly easything to implement.
The library is quite indi®erent to the internal work-
ings of the order: only the properties of irre°exivit y,
asymmetry, transitivit y, and tric hotomy areever used
in set reasoning,and the de¯nition of <<is never used.

It seemslike creating \custom" set orders is quite
easy. For example,here is an adaptation of the exist-
ing order which placesthe integers ¯rst in \greatest
to least" order:

(defun my-order (a b)
(cond ((integerp a)

(if (integerp b)
(> a b)

t))
((integerp b) nil)
(t (<< a b))))

My-order still satis¯es all the properties of a to-
tal order, and if given the guard (and (integerp
a) (integerp b)) , it would be easy to prove MBE
equivalenceto >. But complications arise from such
a scheme: to verify the guards of the set functions,
we might need to add additional guards or change
our de¯nitions. For example, we might modify setp
to require that every element satisfy integerp , but
this would destroy theoremssuch as (setp (insert
a X)) unlesswe modi¯ed the de¯nition of insert to
ifix its arguments, and so forth.

For now, we have electedto hold o®on customizing
set orders. In the meantime, it would certainly be
possible(and easy)to \hard-wire" in a di®erent order
with a guard of t , but certainly this is not a general
solution.

Instan tiation's Limits. Using macros to auto-
mate functional instantiation is a di±cult and poor
way to emulate higher order programming.

One problem is the sheernumber of events intro-
duced with each instantiation. For example, the the-
ory of mapping involves intro ducing a quanti¯cation
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theory for a new inversepfunction as well as several
theorems. In total, there are well over 100 de¯ni-
tions and theorems intro duced just to intro duce a
new map. At present, these events are all grouped
into convenient theories which can be enabled and
disabled at will, but it seemsclear that in the long
term, more sophisticated methods will be neededto
handle this kind of load, or to reduce the number of
theoremsactually provided.

Another issueis the sheercomplexity of writing the
macros. To facilitate the size of these instantiable
theories, we ended up providing a simple rewriter
and using it to do most of the work of setting up
functional instantiation hints and very restricted the-
ories to prove the concreteversionsof each theorem.
Nevertheless,the system is still awkward and bulky.
Techniquesto more easily de¯ne and usegenericthe-
ories (where these theories are complicated, and in-
volve de¯nitions, guards, theorems, computed hints,
and so forth) would be welcome.

Other Con tainers. Mainstream programming
languagesoften o®era myriad of \container classes."
As usersof ACL2, we tend to shun such complexity
in favor of simple lists or association lists. Can MBE
o®erthe samebene¯ts to such structures in terms of
interface/implementation separation,and can the au-
tomation of quanti¯cation-based arguments lend the
same reasoning abilit y to other containers as they
have to set theory? If so, perhaps these containers
could becomemore practical for use in those ACL2
models where reasoningand e±ciency are both im-
portant.

Av ailabilit y. The library is releasedunder the
GNU General Public License. Full sourcecode (and
other materials) are available through the following
web site:

http://www.cs.utexas.edu/users/jared/osets/
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Domeiri, and Serita Nelesenfor their feedback about
using the library , and their suggestionswhich have
helped to \¯ll in" missing pieces in the rewriting
strategy.

A Selected Theorems

The following is a list of many theorems provided
by the ordered sets library . It is not comprehensive,
but should give a good °avor of the rewriting strat-
egy. For brevity, instantiable functions such as all
are written without extra arguments/predicates, and
traditional notation is freely mixed with ACL2 terms.

Set Creation
(setp (s¯x X))
(setp (tail X))
(setp (insert a X))
(setp (delete a X))
(setp (union X Y))
(setp (intersect X Y))
(setp (di®erenceX Y))
(setp (mergesort x))
(setp (¯lter X))
(setp (map X))

Mem bership
(in a (insert b X)) = (in a X) _ (equal a b)
(in a (delete b X)) = (in a X) ^ : (equal a b)
(in a (union X Y)) = (in a X) _ (in a Y)
(in a (intersect X Y)) = (in a Y) ^ (in a X)
(in a (di®erenceX Y)) = (in a X) ^ : (in a Y)
(in a (mergesort x)) , (in-list a x)
(in a (¯lter X)) = (P a) ^ (in a X)
(subset X Y) ^ (in a X) ) (in a Y)
(subset X Y) ^ : (in a Y) ) : (in a X)
: (in a a)

Non-Set Con vention
(empty (s¯x X)) = (empty X)
(head (s¯x X)) = (head X)
(tail (s¯x X)) = (tail X)
(in a (s¯x X)) = (in a X)
(insert a (s¯x X)) = (insert a X)
(delete a (s¯x X)) = (delete a X)
(subset (s¯x X) Y) = (subset X Y)
(subset X (s¯x Y)) = (subset X Y)
(union (s¯x X) Y) = (union X Y)
(union X (s¯x Y)) = (union X Y)
(intersect (s¯x X) Y) = (intersect X Y)
(intersect X (s¯x Y)) = (intersect X Y)
(di®erence(s¯x X) Y) = (di®erenceX Y)
(di®erenceX (s¯x Y)) = (di®erenceX Y)
(cardinalit y (s¯x X)) = (cardinalit y X)
(all (s¯x X)) = (all X)
(¯nd (s¯x X)) = (¯nd X)
(¯lter (s¯x X)) = (¯lter X)
(map (s¯x X)) = (map X)
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Insertion, Deletion
: (empty (insert a X))
(in a X) ) (equal (insert a X) (s¯x X))
(insert a (insert b X)) = (insert b (insert a X))
(insert a (insert a X)) = (insert a X)
(insert a (delete a X)) = (insert a X)
: (in a X) ) (equal (delete a X) (s¯x X))
(delete a (delete b X)) = (delete b (delete a X)))
(delete a (delete a X)) = (delete a X)
(delete a (insert a X)) = (delete a X)
(subset X (insert a X))
(subset (delete a X) X)

Union
(empty X) ) (equal (union X Y) (s¯x Y))
(empty Y) ) (equal (union X Y) (s¯x X))
(empty (union X Y)) = (empty X) ^ (empty Y)
(subset X (union X Y))
(subset Y (union X Y))
(union X X) = (s¯x X)
(union X Y) = (union Y X)
(union (union X Y) Z) = (union X (union Y Z))
(union X (union Y Z)) = (union Y (union X Z))
(union X (union X Z)) = (union X Z)
(union (insert a X) Y) = (insert a (union X Y))
(union X (insert a Y)) = (insert a (union X Y))

In tersect
(empty X) ) (empty (intersect X Y))
(empty Y) ) (empty (intersect X Y))
(subset (intersect X Y) X)
(subset (intersect X Y) Y)
(intersect X X) = (s¯x X)
(intersect X Y) = (intersect Y X)
(\ (\ X Y) Z) = (\ X (\ Y Z))
(\ X (\ Y Z)) = (\ Y (\ X Z))
(intersect X (intersect X Z)) = (intersect X Z)
: (in a Y) ) (\ (insert a X) Y) = (\ X Y)
: (in a X) ) (\ X (insert a Y)) = (\ X Y)

Di®erence
(empty X) ) (empty (di®erenceX Y))
(empty Y) ) (equal (di®erenceX Y) (s¯x X))))
(empty (di®erenceX Y)) = (subset X Y)
(subset (di®erenceX Y) X)

Cardinalit y
(integerp jX j)
0 · jX j
(jX j = 0) = (empty X)
jX \ Y j · jX j
jX \ Y j · jY j
jX [ Y j = jX j + jY j ¡ jX \ Y j
jX ¡ Y j = jX j ¡ jX \ Y j

X µ Y ) jX j · jY j
X * Y ) jX \ Y j < jX j

j(insert a X) j =
½

jX j if (in a X)
jX j + 1 otherwise

j(delete a X) j =
½

jX j ¡ 1 if (in a X)
jX j otherwise

jX j = j(¯lter X) j + j(¯lter-not X) j
j(map X) j · jX j

Miscellaneous
(union X (\ Y Z)) = (\ (union X Y) (union X Z))
(\ X (union Y Z)) = (union (\ X Y) (\ X Z))
(di® X (union Y Z)) = (\ (di® X Y) (di® X Z))
(di® X (\ Y Z)) = (union (di® X Y) (di® X Z))

Quan ti¯cation
(empty X) ) (all X)
(all (s¯x X)) = (all X)
(all X) ) (all (tail X))
(all X) ) (all (delete a X))
(all X) ^ (in a X) ) (P a)
(all X) ^ : (P a) ) : (in a X)
(all (insert a X)) = (P a) ^ (all X)
(all ([ X Y)) = (all X) ^ (all Y)
(all X) ) (all (intersect X Y))
(all Y) ) (all (intersect X Y))
(all X) ) (all (di®erenceX Y))
(exists X) = (not (all-not X))

Filtering
(all (¯lter X))
(all X) ) (¯lter X) = (s¯x X)
(subset (¯lter X) X)

Mapping
(in a (map X)) = (9-inversepX a)
(subset X Y) ) (subset (map X) (map Y))
(map (insert a X)) = (insert (F a) (map X))
(map (delete a X)) ¶ (delete (F a) (map X))
(map ([ X Y)) = ([ (map X) (map Y))
(map (\ X Y)) µ (\ (map X) (map Y)))
(map X) ¡ (map Y) µ (map (X ¡ Y))

B Details of Computed Hin ts

Much of our reasoningsuccesslies in automatically
suggesting functional instantiation hints. The de-
tails of constructing these hints are now presented.
Throughout this appendix, we talk about proving
\subset" using computed hints, but this processis
the samefor all<P> as well.

When to Suggest Hin ts. At any given point in
a proof attempt, ACL2 is trying to show that some
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conclusion follows from somehypothesis. Our strat-
egy is to suggesta hint only if all other attempts at
simpli¯cation have failed, and only for conclusionsof
exactly (subset X Y) for someexpressionsX and Y.

If other attempts at simpli¯cation have not yet
been exhausted, there may be rewrite rules that
can prove the conjecture without falling back on a
membership argument. For example, perhaps if we
do not interfere, some rewrite rule will transform
the conclusion to (subset Y (union X Y)) , which
can then be rewritten to t immediately by the rule
subset-union-Y . In this case,suggestinga member-
ship hint might still permit ACL2 to complete the
proof, but may be lesse±cient and lessnatural.

Suggestinghints only for conclusionsis more sub-
tle. If wedo encounter a conclusionof (subset X Y),
it certainly makes senseto suggesta hint: doing so
will reducethe proof to a membership argument that
may be easierto prove. A second,important aspect
is that we never suggesthints to reducea hypothesis:
(subset X Y) is a strong hypothesis that we do not
wish to weaken, and given (subset X Y) we can al-
ready conclude(in a X) ) (in a Y) using simple
rewrite rules.

Note that we suggest hints only for conclusions
which are exactly (subset X Y). In other words, we
would not suggesta membership argument for the
following:

(implies (...)
(foo a b (subset X Y) c))

Is this too restrictiv e? In this case,we might not
even want to show that (subset X Y) holds. ACL2
may eventually produce a new subgoal for which we
need to show (subset X Y), and at that point our
membership strategy can be applied. However, the
truth of (subset X Y) might also be irrelevant to
the truth of the entire conjecture. As it is not clear
that a hint would be useful, we chooseconservatively
not to make a suggestion.

Creating Hin ts. Using a standard rewrite rule
(with syntaxp hypothesesto enforcethe above con-
ditions), we identify the subset terms that we
would like to suggesthints for. We \tag" these in-
stances by rewriting them from (subset X Y) to
(subset-trigger X Y), a newfunction which is sim-
ply a synonym for subset .

Our hint generation function is allowed to exam-
ine the current clause ACL2 is working on. Clauses
are disjunctions of terms. For example, the clause
(not a) _ (not b) _ c represents the implication
(implies (and a b) c) . We search the clause for

an instance of subset-trigger , creating a hint if we
¯nd one.

The subs and super can be extracted easily from
the subset-trigger term. To create hyps, we re-
move the subset-trigger term from the clauseand
then combine the remaining disjuncts by and'ing
their negations. For example, given the clause(not
(empty (difference X Y))) _ (subset-trigger
X Y), we ¯rst remove (subset-trigger X Y), then
negatethe remaining disjunct to producethe hypoth-
esis(empty (difference X Y)) .

Finally, we build a :functional-instance hint,
instantiating the theorem subset-by-membership
with our newly computed choicesof sub, super , and
hyps.

User Noti¯cation. When hints are suggested,we
output a brief messageto the user. We tell the user
our heuristics suggestusing a pick-a-point style argu-
ment, and that we will therefore suggesta functional
instantiation hint. The messageincludes instructions
for disabling the strategy, in caseit is not what the
user has in mind.
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