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Ba
kground: Verifying FP AlgorithmsAt AMD,We verify our 
oating point DIV/SQRT algorithmsA typi
al algorithm may look like this:y := lookup�r e 
 i p r o 
 a l ( b ) ; ; 1/b �(1+e0 )e := rnd (1 � b�y , 6 4 ) ; ; (1�b�y )�(1+e1 )y1 := rnd ( y + y�e , 6 4 ) ; ; ( y+y�e )�(1+e2 )y2 := rnd ( y + y1�e , 6 4 ) ; ; ( y+y1�e )�(1+e3 )q := rnd ( a�y2 , 2 3 )r := a � q�bQ := rn ( q + r �y2 , 2 3 )Su
h algorithms have two stages:Approximation stageRounding stageOne task is to show that the relative error between a*y2 andthe true value a/b is bounded by a small 
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h algorithms have two stages:Approximation stageRounding stageOne task is to show that the relative error between a*y2 andthe true value a/b is bounded by a small 
onstantIn short, we often need to prove jP(~e)j � C type theoremsHanbing Liu A Bind-free Experien
e Report



Problem: ACL2 Needs Better Guiden
eA simple but illuminating example:Prove p2 theorem | easy( defthm p2( im p l i e s ( and (<= (abs e1 ) 1 )(<= (abs e2 ) 1 ) )(<= (abs (+ e1 e2 ) ) 2 ) ) )Prove p10 theorem | hard( defthm p10( im p l i e s ( and (<= (abs e1 ) 1 )(<= (abs e2 ) 1 ). . .(<= (abs e10 ) 1 ) )(<= (abs (+ e1 e2 . . . e10 ) ) 1 0 ) ) )Prove p100 theorem | not pra
ti
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eA simple but illuminating example:Prove p2 theorem | easy( defthm p2( im p l i e s ( and (<= (abs e1 ) 1 )(<= (abs e2 ) 1 ) )(<= (abs (+ e1 e2 ) ) 2 ) ) )Prove p10 theorem | hard( defthm p10( im p l i e s ( and (<= (abs e1 ) 1 )(<= (abs e2 ) 1 ). . .(<= (abs e10 ) 1 ) )(<= (abs (+ e1 e2 . . . e10 ) ) 1 0 ) ) )Prove p100 theorem | not pra
ti
alWhen P(~e) is 
omplex, the ACL2 built-in linear pro
eduresand strategies (as embodied in the its arithmeti
 library) aretoo general to be e�e
tive. ACL2 needs better guiden
e.Hanbing Liu A Bind-free Experien
e Report



Solution: A Simple StrategyTo prove a p100 theorem:( i m p l i e s ( and (<= ( abs e1 ) 1 )(<= (abs e2 ) 1 ). . .(<= (abs e100 ) 1 ) )(<= (abs (+ e1 e2 . . . e100 ) ) 1 0 0 ) )A simple strategy does existProve the following ruleabs ( term ) <= d1abs ( po l y ) <= d2d1+d2 <= C=> abs ( term + po l y ) <= CApply this rule and ba
k
hain to relieve the se
ond hypothesisabs(poly)<= d2Hanbing Liu A Bind-free Experien
e Report



Solution: A Simple StrategyTo prove a p100 theorem:( i m p l i e s ( and (<= ( abs e1 ) 1 )(<= (abs e2 ) 1 ). . .(<= (abs e100 ) 1 ) )(<= (abs (+ e1 e2 . . . e100 ) ) 1 0 0 ) )A simple strategy does existProve the following ruleabs ( term ) <= d1abs ( po l y ) <= d2d1+d2 <= C=> abs ( term + po l y ) <= CApply this rule and ba
k
hain to relieve the se
ond hypothesisabs(poly)<= d2The key is that the ACL2 theorem prover does not know howto �nd suitable bindings for free variable in the rule: d1 and d2Hanbing Liu A Bind-free Experien
e Report



Solution: Two Tasks And Bind-free Tri
kTo help the ACL2 theorem prover to mimi
 what one would do:Two TasksIntrodu
e rewrite rules that 
odify the general (ba
k
hain)strategy. They have free variables in their hypothesises. Theyare \templates" for what kind of proof obligations to 
reate.De�ne an algorithm that examines the 
onje
ture and �ndssuitable bindings for the \parameters" (free variables) in the\templates".Bind-free tri
kAllow the ACL2 theorem prover to invoke the algorithm duringrewriting to �nd the right way to ba
k
hainDetails on this laterHanbing Liu A Bind-free Experien
e Report



Rewrite Rules For Our jP(~e)j � C Type problemMat
h how a polynomial may be 
onstru
ted.One rule for ea
h type( defthmd over�es t imate� ru l e�var� l ea f( i m p l i e s ( and ( s yn taxp ( symbolp x ) )(<= (abs x ) d1 )(<= d1 d2 ) )(<= (abs x ) d2 ) ) ). . .( defthmd over�est imate� ru le�add( im p l i e s ( and (<= (abs x ) d1 )(<= (abs y ) (+ (� d1 ) d2 ) ) )(<= (abs (+ x y ) ) d2 ) ) )We note that, in their 
urrent forms, the ACL2 theoremprover 
ould not make use these rules properly.Hanbing Liu A Bind-free Experien
e Report



One Workable Algorithm For Pi
king BindingsEssentially a simple upper bound �nding algorithmTwo inputs:A polynomial: '(+ (* e1 e2) (* e2 (+ e3 e3)) ...)A list of upper bounds on the absolute value of variables:'((e1 . 1/16) (e2 . 1) (e3 . 1) ...)Output: upper bound of the polynomial under the assumptionOperations:For atomi
 polynomial su
h as a simple variable, looking upthe upper bound in the input listFor 
ompound polynomial, �nd the upper bounds forsub
omponent re
urisively; 
ombine the upper bounds found ina 
onservative wayHanbing Liu A Bind-free Experien
e Report



Bind-free Tri
k( defthmd over�est imate� ru le�add ; ; o l d( im p l i e s ( and (<= (abs x ) d1 )(<= (abs y ) (+ (� d1 ) d2 ) ) )(<= (abs (+ x y ) ) d2 ) ) )( defthmd over�est imate� ru le�add ; ; new( imp l i e s(and ( b i nd� f r e e ( bind�d1�with�hints x h i n t s ) ( d1 ) )( l e s s e q u a l t h a n w i t h h i n t s ( abs x ) d1 h i n t s )( l e s s e q u a l t h a n w i t h h i n t s ( abs y )(+ (� d1 ) d2 ) h i n t s ) )( l e s s e q u a l t h a n w i t h h i n t s ( abs (+ x y ) ) d2 h i n t s ) ) )Adding the bind-free hypothesis to the rewrite ruleRepla
ing � with less equal than with hintsComing up with a suitable hintsHanbing Liu A Bind-free Experien
e Report



ExampleSuppose we want to prove the follow:( defthmd numer i
� fa
t�old( im p l i e s(and (<= ( abs e ) ( expt 2 �14))(<= (abs rne2 ) ( expt 2 �64))(<= (abs rne3 ) ( expt 2 �64))( r a t i ona l p e )( r a t i ona l p rne2 )( r a t i ona l p rne3 ) )(<= (abs (+ 1 (� �1 e )(� rne3 rne3 )(� rne2 rne3 (+ e e ) ) ) )2 ) ) ) Hanbing Liu A Bind-free Experien
e Report



Example( defthmd numeri
�fa
t�new( im p l i e s(and ( l e s s e q u a l t h a n ( abs e ) ( expt 2 �14))( l e s s e q u a l t h a n ( abs rne2 ) ( expt 2 �64))( l e s s e q u a l t h a n ( abs rne3 ) ( expt 2 �64))( r a t i ona l p e )( r a t i ona l p rne2 )( r a t i ona l p rne3 ) )( l e s s e q u a l t h a n w i t h h i n t s( abs (+ 1 (� �1 e ) ( � rne3 rne3 )(� rne2 rne3 (+ e e ) ) ) )2' ( ( e . 1 /16384 )( rne2 . 1/18446744073709551616)( rne3 . 1/18446744073709551616) ) ) ): h i n t s ( ( "Goal" : in� theory( e/d ( over�est imate� ru le�addove r�es t imate� ru le�prodove r�es t imate� ru l e�va r� l ea fove r�e s t ima te� r u l e�
on s t� l e a fove r�es t imate� ru l e�unary )( abs ) ) ) ) )Hanbing Liu A Bind-free Experien
e Report



Con
lusion
Our type of jP(~e)j � C inequality is both easy and diÆ
ultP(~e) has an expli
it stru
tureC does not have su
h an expli
it stru
ureOur te
hnique is simple and e�e
tiveWrite an algorithm to analyze the stru
ture of P(~e)Introdu
e bind-free hypothesis into a few rewrite rulesExtra
t the hypothesises into a \hints" 
onstantThis is a good show
ase of how one might use bind-free
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