
A Mec hanically Chec k ed Pro of of a

Comparator Sort Algorithm

Bishop Bro c k

�

J Strother Mo ore

y

F ebruary 22, 1999

Abstract

W e describ e a mec hanically c hec k ed correctness pro of for the compara-

tor sort algorithm underlying a micro co de program in a commercially

designed digital signal pro cessing c hip. The abstract algorithm uses an

unlimited n um b er of systolic comparator mo dules to sort a stream of data.

In addition to pro ving that the algorithm pro duces an ordered p erm uta-

tion of its input, w e pro v e t w o theorems that are imp ortan t to v erifying

the micro co de implemen tation. These theorems describ e ho w p ositiv e and

negativ e \in�nities" can b e streamed in to the arra y of comparators to

ac hiev e certain e�ects. In teresting generalizations are necessary in order

to pro v e these theorems inductiv ely . The mec hanical pro ofs w ere carried

out with the A CL2 theorem pro v er. W e �nd these pro ofs b oth mathemat-

ically in teresting and illustrativ e of the kind of mathematics that m ust b e

done to v erify soft w are.

1 Informal Discussion of the Problem

It is often necessary to p erform statistical �ltering and p eak lo cation in dig-

ital sp ectra for comm unications signal pro cessing. In this pap er w e consider

an abstraction of the algorithm implemen ted on one suc h micropro cessor, the

Motorola CAP digital signal pro cessor [5 ]. One of the ma jor functional units

of the CAP is the adder arra y , a collection of 20-bit adder/subtracters, eac h of

whic h has 8 dedicated input registers and a dedicated path to a lo cal memory .

The CAP adder arra y w as originally designed to supp ort fast FFT computa-

tions, but the designers also included the datapaths necessary to accelerate p eak

�nding.
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The so-called \5PEAK" program of the CAP [3 ] uses the micropro cessor's

adder arra y as a systolic comparator arra y as sho wn in Figure 1. The program

streams data through the comparator arra y and �nds the �v e largest data p oin ts

and the �v e corresp onding memory addresses. In this informal discussion w e
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Figure 1: Abstract View of Comparator Arra y

largely ignore memory addresses paired with eac h data p oin t.

Candidate data p oin ts en ter the arra y b y w a y of register C

1

and mo v e

through the arra y , to w ards the righ t in the diagram. Maxim um v alues (p eaks)

remain in the arra y in the P

n

registers, and the minima are ev en tually discarded

when they pass out of the last comparator. On eac h cycle the comparator arra y

up dates the registers as follo ws:

C

1

= next data p oin t ;

C

n

= min( C

n � 1

; P

n � 1

) ; n > 1 ;

P

n

= max ( C

n

; P

n

) :

Informally , the p eak registers, P

i

, main tain the maxim um v alue that has passed

b y that p oin t in the comparator arra y . Ho w can w e use this arra y to sort? Or,

more particularly , to iden tify the n highest p eaks in the stream of data?

Using the comparator arra y to �nd the �v e maxima requires sev eral steps.

W e explain the algorithm b y example here. In the follo wing w e will represen t the

con ten ts of the comparator arra y registers in the format sho wn b elo w, with the

con ten ts of eac h p eak register ab o v e the con ten ts of the corresp onsing candidate

register.
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The next state of the comparator arra y on eac h cycle is

�

max ( P

1

; C

1

) max ( P

2

; C

2

) max ( P

3

; C

3

) max( P

4

; C

4

) max( P

5

; C

5

)

d min( P

1

; C

1

) min( P

2

; C

2

) min( P

3

; C

3

) min ( P

4

; C

4

)

�

;

where d represen ts the next data p oin t.

W e will illustrate the p eak searc h for the 10-elemen t data v ector

�

2 9 3 5 4 1 8 7 10 6

�

:

Although this example uses small unsigned n um b ers for simplicit y , the CAP

implemen tation of comparator arra y and 5PEAK micro co de will correctly searc h
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an y v ector of signed, 20-bit 2's complemen t data v alues, sub ject to a few ob vious

restrictions.

The comparator arra y is initialized b y setting C

1

to the �rst (leftmost) el-

emen t of the data v ector, and setting ev ery other register to �1 . In the �xed

bit-width hardw are realization of the comparator arra y on the CAP , the role of

�1 is pla y ed b y the most negativ e n um b er, � 2

19

.

�

�1 �1 �1 �1 �1

2 �1 �1 �1 �1

�

Carrying out the comparator arra y op erations for 9 more steps results in the

con�guration

�

10 8 5 3 2

6 9 7 4 1

�

:

Up to this p oin t the algorithm describ ed here is essen tially iden tical to

the t w o VLSI sorting algorithms describ ed in [8, 4]. These researc hers o�ered

sp ecial-purp ose hardw are designs with the same basic compare-exc hange step

describ ed ab o v e. There is a k ey di�erence, ho w ev er, in that the VLSI sorting

prop osals require rev ersing the direction of data 
o w to extract the sorted data.

In these approac hes the sorting mac hine is a stac k that accepts data pushes in

arbitrary order but p ops data in sorted order. F or example, if after loading the

sample v ector w e w ere to rede�ne the next-state function of our sorting arra y

to b e

O utput = max ( C

1

; P

1

) ;

P

n

= max ( C

n +1

; P

n +1

) ;

C

n

= min ( C

n

; P

n

) ; n < 5 ;

P

5

= �1

and pump ten times, the original input v ector w ould b e p opp ed to the output

in descending order. As long as there are enough registers and comparators for

the input data set size, a mac hine of this t yp e can sort data as fast as it can

b e ph ysically mo v ed to and from the sorting arra y . Reference [8 ] also describ es

w a ys to pip eline the use of these sorting mac hines to increase throughput.

Although the CAP pro vided n umerous data paths in the adder arra y , rev ers-

ing the direction of data 
o w w as not p ossible, and another solution to extracting

the maxima had to b e found. Among the man y p ossiblities that w ere supp orted

b y the hardw are, the most straigh tforw ard in v olv ed simply con tin uing to step

the original compare-exc hange algorithm and collecting the maxima as they are

ejected out the arra y . This w as the algorithm ultimately enco ded in CAP mi-

cro co de. In the CAP algorithm, data input is completed b y stepping the arra y

one more cycle with a dumm y input of + 1 . In the �xed bit-width hardw are

realization on the CAP the role of + 1 is pla y ed b y the most p ositiv e data v alue,
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� 1.

�

10 9 7 4 2

+ 1 6 8 5 3

�

:

A t this p oin t register P

1

holds the maxim um v alue, y et the rest of the arra y is

not y et ordered in an y discernable w a y , except that the P

n

registers satisfy the

in v arian t giv en ab o v e. As w e will sho w later, this in v arian t guaran tees that if

w e `pump' the arra y four times with + 1 , then the maxima will collect at the

end of the arra y in registers P

3

, C

4

, P

4

, C

5

, and P

5

.

�

+ 1 + 1 10 8 6

+ 1 + 1 + 1 9 7

�

:

A t this p oin t the comparator arra y data registers C

1

; P

1

; C

2

; : : : ; C

5

; P

5

are or-

dered, and the arra y acts lik e a shift register as long as + 1 is pump ed in to

C

1

. Pumping the arra y �v e times with + 1 forces the �v e maxima out of the

comparator arra y in rev erse order, where they can b e collected and stored.

T o summarize, the systolic comparator arra y can b e used to compute the

�v e maxima of a data v ector b y the follo wing steps:

� The �rst data p oin t is loaded in to C

1

, and the rest of the comparator

arra y is initialized to �1 .

� The data v ector is pump ed in to the arra y one p oin t at a time, and a single

+ 1 is inserted to �nish the data input.

� Pumping four times with + 1 causes the maxima to collect at the end of

the arra y .

� Pumping �v e times with + 1 forces the maxima out of the arra y in rev erse

order, where they are collected and stored.

The algorithm ab o v e is implemen ted in micro co de on the CAP . It is among

sev eral micro co de programs for that pro cessor that w e ha v e mec hanically v er-

i�ed. As describ ed brie
y in [3 ], w e formalized the CAP in the A CL2 logic,

sk etc hed b elo w. W e then extracted the micro co de for the 5PEAK program from

the CAP R OM, obtaining a sequence of bit v ectors, and used the A CL2 theo-

rem pro v er to sho w that when the abstract CAP mac hine executes the extracted

co de on an appropriate initial state and for the appropriate n um b er of cycles,

the �v e highest p eaks and their addresses are dep osited in to certain lo cations.

W e de�ned the \highest p eaks and their addresses" b y de�ning, for sp eci�cation

purp oses only , a sort function in A CL2 whic h sorts suc h address/data pairs in to

descending order. The reader will see that this sorting function is exactly the

stac k-lik e sorting metho d of the VLSI implemen tations describ ed ab o v e. In our

5PEAK sp eci�cation w e refer to the �rst �v e pairs in the ordering.

The argumen t that the micro co de is correct is quite subtle, in part b ecause

an arbitrary amoun t of data is streamed through and in part b ecause the p ositiv e
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and negativ e in�nities in v olv ed in the algorithm can b e legitimate data v alues

but are accompanied b y b ogus addresses; correctness dep ends on a certain \an ti-

stabilit y" prop ert y of the comparator arra y . A w onderfully subtle generalization

of a k ey lemma w as necessary in order to pro duce a theorem that could b e pro v ed

b y mathematical induction.

In this pap er w e discuss only the high-lev el algorithm sk etc hed ab o v e and

its correctness pro of. W e do not discuss the micro co de itself.

The ev en t list is a v ailable at h ttp://www.cs.utexas.edu/users/mo ore/publi-

cations/csort/csort.lisp.

2 A CL2

Before w e presen t this w ork in detail w e brie
y describ e the A CL2 logic and

theorem pro v er.

A CL2 stands for \A Computational Logic for Applicativ e Common Lisp."

A CL2 is b oth a mathematical logic and system of mec hanical to ols whic h can b e

used to construct pro ofs in the logic. The logic formalizes a subset of Common

Lisp. The A CL2 system is essen tially a re-implemen ted extension, for applica-

tiv e Common Lisp, of the so-called \Bo y er-Mo ore theorem pro v er" Nqthm [1, 2 ].

The A CL2 logic is a �rst-order, essen tially quan ti�er-free logic of total recur-

siv e functions pro viding mathematical induction and t w o extension principles:

one for recursiv e de�nition and one for \encapsulation."

The syn tax of A CL2 is a subset of that of Common Lisp. Ho w ev er, w e do not

use Lisp syn tax in this pap er. The rules of inference are those of prop ositional

calculus with equalit y together with instan tiation and mathematical induction

on the ordinals up to �

0

= !

!

!

:::

. The axioms of A CL2 describ e �v e primitiv e

data t yp es: the n um b ers (actually , the complex rationals), c haracters, strings,

sym b ols, and ordered pairs or \conses".

Essen tially all of the Common Lisp functions on the ab o v e data t yp es are

axiomatized or de�ned as functions or macros in A CL2. By \Common Lisp

functions" here w e mean the programs sp eci�ed in [9] that are (i) applicativ e,

(ii) not dep enden t on state, implicit parameters, or data t yp es other than those

in A CL2, and (iii) completely sp eci�ed, unam biguously , in a host-indep enden t

manner. Appro ximately 170 suc h functions are axiomatized or de�ned. The

functions used in T able 1 are particularly imp ortan t here.

Common Lisp functions are partial; they are not de�ned for all p ossible

inputs. In A CL2 w e complete the domains of the Common Lisp functions and

pro vide a \guard mec hanism" b y whic h one can establish that the completion

pro cess do es not a�ect the v alue of a giv en expression. See [6].

The most imp ortan t data structure w e use in this pap er is lists. The empt y

list is usually represen ted b y the sym b ol nil . The non-empt y list whose �rst

elemen t is x and whose remaining elemen ts are those in the list y is represen ted
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expr ession me aning

endp ( x ) true i� x is the empt y list

cons ( x; y ) the ordered pair < x; y >

car ( x ) the left comp onen t of (the ordered pair) x

cdr ( x ) the righ t comp onen t of x

cadr ( x ) the left comp onen t of the righ t comp onen t of x

cddr ( x ) the righ t comp onen t of the righ t comp onen t of x

zp ( x ) x = 0 (or x is not a natural n um b er)

len ( x ) the n um b er of elemen ts in the list x

T able 1: The Meaning of Certain Expressions

b y the ordered pair < x; y > . This ordered pair is the v alue of the expression

cons ( x , y ).

Here is an example of a simple list pro cessing function, namely , the function

for concatenating t w o lists. In the syn tax of Common Lisp w e could write this

as

(defun append ( x y )

(if (endp x )

y

(cons (car x ) (append (cdr x ) y )))).

but w e will here use the notation

Definition:

app end ( x; y )

=

if endp ( x ) then y

else cons (car ( x ) ;

app end (cdr ( x ) ; y ))

�

The concatenation of the empt y x to y y eilds y . The concatenation of a

non-empt y x to y is obtained b y consing the �rst elemen t of x , car ( x ), to the

concatenation of the rest of x , cdr ( x ), to y .

Readers in terested in learning more ab out Common Lisp should consult [9].

Readers in terested in the logical foundations of applicativ e Common Lisp as for-

malized in A CL2 should see [7]. Readers in terested in the A CL2 system should

see [6, 3] as w ell as the home page for A CL2, h ttp://www.cs.utexas.edu/users/-

mo ore/acl2, whic h con tains the source co de, 5 megab ytes of h yp ertext do cu-

men tation, a bibliograph y , and man y applications.
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3 High-Lev el Sp eci�cation

W e t ypically approac h the v eri�cation of a mac hine co de program in t w o phases,

b y �rst c haracterizing what the mac hine co de computes at a lo w lev el, and then

sho wing that the lo w-lev el b eha vior meets, or is someho w equiv alen t to, a higher-

lev el sp eci�cation. If w e had approac hed the v eriication of the 5PEAK algorithm

in this w a y w e w ould ha v e �rst sp eci�ed the exact function computed b y the

comparator arra y , and then pro v ed that this function computed the �v e p eaks.

F or this particular application, it turned out to b e more con v enien t to directly

pro v e that the mac hine co de execution satis�es the high-lev el sp eci�cation, but

to formalize the sp eci�cation in a w a y particularly orien ted to w ard the co de.

T o that end, w e sp eci�ed the 5PEAK application in terms of an abstract sorting

algorithm. W e pro v ed that the 5PEAK micro co de computes the �rst �v e elemen ts

of the output v ector of this abstract algorithm, i.e., the �v e maxima.

W e de�ned the abstract sorting algorithm in a w a y that made the corre-

sp ondence pro of relativ ely easy . But it w as then encum b en t up on us to pro v e

that the abstract algorithm w as actually a sorting algorithm, i.e., that it returns

an ordered p erm utation of its input. In addition, in relating the abstract algo-

rithm to the micro co de it w as necessary to pro v e sev eral theorems ab out ho w

the signed in�nities are handled b y the abstract algorithm. These theorems are

esp ecially in teresting to pro v e.

Therefore, this pap er presen ts the abstract sorting algorithm and the k ey

theorems ab out it. W e fo cus on the hardest of these theorems to pro v e, namely

the treatmen t of p ositiv e in�nities. Despite the general nature of these theorems

{ e.g., the absence of b ounds on the lengths of the v ectors b eing sorted or the size

of the data { the reader is reminded that these theorems pla y a direct role in the

v ery practical problem of the 5PEAK micro co de v eri�cation and are illustrativ e

of the kind of general mathematics one m ust handle in co de v eri�cation.

The abstract sorting algorithm sorts lists of \records" with in teger k eys.

The algorithm is inspired b y the op eration of a comparator arra y , except that it

uses an unlimited n um b er of comparators.. The records are represen ted as cons

pairs as constructed b y cons ( other , data ), where where the data �eld represen ts

the in teger sort k ey , and the other �eld is arbitrary (but, in practice, con tains

the address from whic h the data w as obtained). The basic systolic cycle of the

general algorithm is captured b y the function cstep.

Definition:

cstep ( ac c )

=

if endp ( ac c ) then nil

elseif endp (cdr ( ac c )) then ac c

else cons (max-pair (cadr ( ac c ), car ( ac c )),

cons (min-pair (cadr ( ac c ), car ( ac c )),

cstep (cddr ( ac c ))))
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�

where

Definition:

max-pair ( p air1 , p air2 )

=

if data ( p air1 ) � data ( p air2 ) then p air2

else p air1

�

Definition:

min-pair ( p air1 , p air2 )

=

if data ( p air1 ) � data ( p air2 ) then p air1

else p air2

�

The function cstep orders adjacen t records in the accum ulator ac c pairwise,

just as the comparator arra y orders C

n

; P

n

in to P

n

; C

n +1

on eac h cycle.

F eeding the input v ector in to the unlimited resource comparator arra y is

mo deled b y the function cfeed

Definition:

cfeed ( lst , ac c )

=

if endp ( lst ) then ac c

else cfeed (cdr ( lst ),

cstep (cons (car ( lst ), ac c )))

�

The function cfeed main tains an imp ortan t in v arian t on the accum ulator men-

tioned earlier in reference to the comparator arra y . If w e n um b er the elemen ts

of the accum ulator, acc ,

acc

0

; acc

1

; : : : ; acc

n

where acc

0

is the �rst elemen t of the accum ulator, then

acc

i

� acc

j

; for i ev en and i < j:

That is, the ev en n um b ered elemen ts dominate the elemen ts to their righ t. Call

this prop ert y � ( ac c ). It is not di�cult to pro v e that � is in v arian t under cfeed.

That is, if an accum ulator has prop ert y � and a list of records is fed in to it
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with cfeed then the result satis�es �. Since � ( nil ) holds, w e can create an

accum ulator satisfying � b y feeding an arbitrary list of records in to the empt y

accum ulator.

F urthermore, w e can also pro v e that if a non-empt y accum ulator ac c has

prop ert y �, then the �rst elemen t of ac c is a maximal elemen t and the result of

applying cstep to cdr ( acc ) satis�es �. Th us, w e can sort suc h an accum ulator

b y `draining' o� the maxima while stepping the remainder.

1

Definition:

cdrain ( n , ac c )

=

if zp ( n ) then ac c

else cons (car ( ac c ),

cdrain ( n � 1 , cstep (cdr ( ac c ))))

�

The �nal sorting algorithm feeds the input data v ector in to an empt y accu-

m ulator and then drains o� the maxima.

Definition:

csort ( lst )

=

cdrain (len ( lst ), cfeed ( lst , nil ))

4 The Key Theorems

Giv en the foregoing claims ab out � it is not di�cult to pro v e

Theorem: Ordered P erm utation Prop ert y

The function csort returns an ordered (w eakly descending) p erm u-

tation of its input.

T o relate these abstractions to the micro co de, w e had to dev elop t w o other

in teresting and crucial prop erties. First, observ e that in the de�nition of csort

ab o v e the cfeed op eration is done with the initial accum ulator nil . But in the

co de, the corresp onding op eration is done with the p eak and candidate v alue

registers initialized to the most negativ e CAP in teger. T o pro v e that the co de

implemen ts csort (in the sense describ ed) w e had to pro v e

1

W e de�ne cdrain with a coun ter n b ecause this is con v enien t for mapping op erations

from the actual �xed-size comparator arra y on the CAP to the unlimited resource comparator

sorter.
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Theorem: Negativ e In�nit y Prop ert y

Let l st b e a list of records and min b e one record, and supp ose ev ery

elemen t of lst dominates (i.e., has data greater than or equal to the

data of ) min . Let minl st b e a list of n rep etitions of min . Then

cfeed ( l st , minl st ) is just app end (cfeed ( l st , nil ), minl st ).

This theorem tells us that if w e initialize the comparator arra y to \negativ e

in�nities" as done on the CAP (i.e., to minl st where min is a record con taining

the most negativ e CAP in teger) and then feed the input v ector in to it, the

abstract result is the same as feeding the v ector in to an empt y comparator arra y ,

as in our de�nition of csort , and then concatenating the \negativ e in�nities" to

the righ t. Since w e are only in terested in the �rst �v e elemen ts, w e can see

that the negativ e in�nities are irrelev an t to the �nal answ er if the input v ector

con tains more than �v e elemen ts.

The second in teresting prop ert y concerns the fact that our csort uses the

function cdrain while the second phase of the micro co de p erforms this step b y

feeding in \p ositiv e in�nities." W e pro v e the follo wing theorem to o v ercome this

di�erence:

Theorem: P ositiv e In�nit y Prop ert y

Let acc b e a list of records satisfying �. Let max b e a record that

dominates ev ery elemen t of acc . Finally , let maxl st b e a list of n

rep etitions of max , where n is an in teger, 0 � n � j acc j . Then

cfeed ( maxl st , acc ) is app end ( maxl st , cdrain ( n , acc )).

Note that the accum ulator pro duced from nil b y cfeed satis�es � and th us

has the prop ert y required of acc in the theorem ab o v e. F urthermore, a list of n

rep etions of the \p ositiv e in�nit y" record has the prop ert y required of maxl st

ab o v e. The theorem th us tells us that when the second phase of the CAP co de

feeds p ositiv e in�nitiv es in to the arra y the result is the same as concatenating

p ositiv e in�nities to the result of draining the comparators as sp eci�ed in our

de�nition of csort . Th us, at the conclusion of the second phase, the righ tmost

registers in the CAP arra y con tain the answ er computed b y cdrain .

W e �nd this relationship b et w een cfeed and cdrain to b e b oth surprising and

b eautiful.

5 Pro of of the P ositiv e In�nit y Prop ert y

The t w o in�nit y prop erties are c hallenging to pro v e. W e will brie
y discuss our

pro of of the P ositiv e In�nit y Prop ert y . The problem is a familiar one to an y one

who has pro v ed theorems b y induction: the theorem m ust b e generalized. This

problem is a mathematical one and is indep enden t of the particular mec hanized

logic or mec hanical theorem pro v er emplo y ed.
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The theorem w e wish to pro v e in v olv es feeding a series of n max 's in to acc .

What happ ens when y ou do that? The max 's pile up (in rev erse order) at the

fron t and acc is stepp ed with cstep, except that o dd/ev en parities of the elemen ts

of acc alternate b ecause of the max 's b eing added to the fron t. W e lea v e to the

reader the problem of disco v ering what go es wrong with an attempt to pro v e

the theorem directly b y induction, but dealing with these c hanging parities is

one of the problems.

T o pro v e the P ositiv e In�nit y Prop ert y w e pro v e a stronger prop ert y b y in-

duction. W e state the stronger prop ert y , P ositiv e In�nit y Prop ert y Generalized,

b elo w. But w e motiv ate (and sk etc h the pro of of ) the prop ert y in the discussion

b elo w, where w e explain ho w to strengthen the original prop ert y . The original

prop ert y in v olv es feeding a list of max 's in to an accum ulator acc . W e will gen-

eralize the theorem b y generalizing b oth the list of max 's and the accum ulator.

W e start with the latter.

F rom the discussion ab o v e it is clear that the general state of the accum ulator

is not one merely satisfying � but one con taining a pile of max 's at the fron t

and satisfying �. Th us, the accum ulator should ha v e the form app end( s; acc

0

).

A t �rst it ma y app ear su�cien t to require that s b e a list of max 's and that

app end ( s; acc

0

) satisfy �, but w e need to generalize further. In particular, w e

require that s b e an ordered (w eakly descending) list of records suc h that j s j is

ev en and ev ery elemen t of s dominates ev ery elemen t of acc

0

.

Note that under these conditions, if acc

0

satis�es � then so do es the concate-

nation of s and acc

0

. The facts that j s j is ev en and ev ery elemen t of s dominates

ev ery elemen t of acc

0

allo ws us to distribute � o v er the concatenation, e.g.,

app end ( s; acc

0

) has prop ert y � i� b oth s and acc

0

ha v e the prop ert y . Note also

that if j s j is ev en, then cstep distributes o v er app end also: the result of stepping

the concatenation of s and acc

0

is the concatenation of the results of stepping

s and stepping acc

0

. Suc h observ ations are crucial and w e use them implicitly

b elo w.

So the general shap e of the accum ulator is app end ( s; acc

0

) where s and acc

0

are as ab o v e.

Instead of feeding in a list of max 's, w e feed in an arbitrary list of records,

l st , suc h that l st is ordered but w eakly asc ending , ev ery elemen t of l st dominates

the elemen ts of s and of acc

0

, and j l st j < j acc

0

j .

T o see wh y this v ersion of the theorem is necessary , consider inductiv ely

pro ving a theorem in v olving the expression

cfeed( l st; app end( s; acc

0

))

where l st , s and acc

0

ha v e the prop erties required ab o v e.

In the induction step, l st is non-empt y , i.e., is cons ( mx; l st

0

). Consider

what happ ens when w e feed in the �rst elemen t, mx , to the comparator. The

function cfeed conses mx on to app end ( s; acc

0

), steps it, and recursiv ely handles

11



l st

0

. That is, the expression ab o v e b ecomes

cfeed ( l st

0

; cstep (cons ( mx; app end ( s; acc

0

))))

and w e seek an induction h yp othesis that will enable us to manipulate this

expression further. But the inductiv e h yp othesis will b e of the form

cfeed ( l st

0

; app end ( � ; � )) ;

for l st

0

and some � and � satisfying our general conditions on l st , s and acc

0

ab o v e. Clearly , w e m ust manipulate the cstep expression ab o v e, whic h w e shall

call  , in to the app end form.

Because j l st j < j acc

0

j w e can write acc

0

as cons ( a; acc

00

). Th us,

 = cstep (cons ( mx; app end ( s; acc

0

)))

= cstep (cons ( mx; app end ( s; cons ( a; acc

00

))))

= cstep (app end (cons ( mx; app end ( s; cons ( a; nil ))) ; acc

00

))

Because j s j is ev en, so is j cons ( mx; app end ( s; cons( a; nil ))) j . Th us, w e can dis-

tribute cstep o v er the app end to obtain

 = app end (cstep (cons ( mx; app end ( s; cons ( a; nil )))) ;

cstep ( acc

00

))

Since s is ordered, w eakly descending, mx dominates ev erything in s and a

is dominated b y ev erything in s , the list cons ( mx; app end ( s; cons ( a; nil ))) is

ordered, w eakly descending. Th us the �rst cstep expression ab o v e is a no-op.

 = app end (cons ( mx; app end ( s; cons ( a; nil ))) ;

cstep ( acc

00

))

Hence,  is in the form app end( � ; � ), where

� : cons ( mx; app end ( s; cons ( a; nil )))

� : cstep ( acc

00

)

A little though t will sho w that these v alues of � and � satisfy the conditions on

s and acc

0

required b y the theorem.

In short, an inductiv e pro of of the follo wing general theorem is straigh t-

forw ard, giv en the fairly subtle relationships b et w een the conditions illustrated

ab o v e.

Theorem: P ositiv e In�nit y Prop ert y Generalized

Let acc

0

b e a list of records satisfying �. Let l st b e a list of records

suc h that j l st j < j acc

0

j and supp ose that l st is ordered w eakly as-

cending. Let s b e a list of records suc h that j s j is ev en and s is

ordered w eakly descending. Finally , supp ose ev ery elemen t of l st

dominates ev ery elemen t of s and of acc

0

and that ev ery elemen t of

s dominates ev ery elemen t of acc

0

. Then

12



cfeed ( l st; app end ( s; acc

0

))

=

app end (rev erse ( l st ) ; s; cdrain ( j l st j ; acc

0

)).

Note that our P ositiv e In�nit y Prop ert y follo ws from the one ab o v e, if w e

let s b e nil , acc

0

b e acc and l st b e a list of n max 's.

6 A T our of the A CL2 Pro of Script

Pro ofs of all three of the k ey theorems noted here ha v e b een c hec k ed with

the A CL2 theorem pro v er. Ninet y-�v e A CL2 de�nitions and theorems are

in v olv ed in our pro of of these theorems. This includes the de�nitions nec-

essary to de�ne all of the concepts. The A CL2 input script or \b o ok" is

h ttp://www.cs.utexas.edu/users/mo ore/publications/csor t/cso rt.lisp. W e giv e

a brief sk etc h of the b o ok here. The b o ok is divided in to six \c hapters."

Chapter 1 deals with elemen tary list pro cessing and is completely indep en-

den t of the sp eci�cs of the comparator sort problem. It de�nes functions for

retrieving the �rst n elemen ts of a list and for pro ducing a list of n rep etitions

of an elemen t, and it de�nes the predicate that determines whether one list is

a p erm utation of another. The c hapter then pro v es fundamen tal prop erties of

sev eral primitiv e A CL2 functions and these functions, including

� the concatenation function is asso ciativ e,

� the length of the concatenation of t w o lists is the sum of their lengths,

� the �rst n elemen t of a list of length n is the list itself, and

� the rev erse of n rep etitions of an elemen t is just n rep etitions of the ele-

men t.

The most imp ortan t con tribution of this c hapter is that it establishes that

the p erm utation predicate is an equiv alence relation and that it is a congruence

relation for certain Lisp primitiv es suc h as list mem b ership, concatenation, and

length. Here w e will denote that a is a p erm utation of b b y \ a ' b ". When

w e sa y that the p erm utation predicate is a congruence relation for (the second

argumen t of ) list mem b ership, w e mean \ a ' b ! ( x 2 a ) $ ( x 2 b )".

A CL2 supp orts congruence-based rewriting. When A CL2 rewrites an ex-

pression it do es so in a con text in whic h it is trying to main tain some giv en

equiv alence relation. Generally , at the top-lev el of a form ula, it rewrites to

main tain prop ositional equiv alence. Because of the ab o v e congruence relation,

when A CL2 rewrites an expression lik e \ 
 2 � " to main tain prop ositional equiv-

alence (\ $ ") it can rewrite � to main tain the p erm utation relation (\ ' ").

Ho w do es A CL2 rewrite main taining \ ' "? The answ er is that it uses rewrite

rules that use \ ' " as their top-lev el predicate. F or example, the theorem that
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rev erse( x ) ' x can b e so used as a rewrite rule in the second argumen t of \ 2 ".

Th us, \ e 2 rev erse ( x )" rewrites to \ e 2 x ". This rewrite rule ab out rev erse

(mo dulo ' ) is included in the �rst c hapter of our b o ok. In all, Chapter 1

con tains 37 de�nitions and theorems.

Chapter 2 deals with the idea of ordering lists of pairs b y the \data" comp o-

nen t. It de�nes the function \data" and the predicate \ordered" and also de�nes

t w o other predicates. The �rst (\all-gte ") c hec ks that one pair dominates all

the pairs in a giv en list, in the sense that the pair's data �eld is greater than or

equal to that of eac h of the other pairs. The second (\all-all-gte ") c hec ks that

ev ery pair in one list dominates all the pairs in another. These predicates are

used in our formalizations of the t w o in�nit y prop erties.

The c hapter then lists ab out 20 theorems ab out these functions and predi-

cates, including,

� that p erm utation is a congruence relation for all-gte and all-all-gte , e.g.,

that a ' b ! all-gte ( p; a ) $ all-gte ( p; b ).

� that the concatenation of t w o lists is ordered precisely when the t w o lists

are ordered and all the elemen ts of the �rst dominate those of the second,

� that a pair dominates the elemen ts of the concatenation of t w o lists pre-

cisely when it dominates all the elemen ts of eac h list, and

� that the list consisting of n rep etitions of an elemen t is ordered.

A total of 25 ev en ts are in this c hapter.

Chapter 3 con tains the six ev en ts de�ning min-pair, max-pair, cstep, cfeed,

cdrain and csort.

Chapter 4 establishes the basic prop erties of the ab o v e-men tioned functions,

including that cstep, cfeed, and cdrain pro duce p erm utations of their argumen ts,

the corollaries that the lengths of their outputs are suitably related to the lengths

of their inputs, and that cstep has these three prop erties:

� cstep distributes o v er the concatenation of t w o lists if the �rst list has

ev en length,

� cstep distributes o v er the concatenation of t w o lists if the second list is

ordered and is dominated b y the elemen ts of the �rst list,

� cstep is a no-op on ordered lists.

Thirteen theorems are in this c hapter.

In Chapter 5 w e are concerned with the in v arian t � . W e de�ne it and pro v e

� � (cdr ( acc )) ! � (cstep ( acc )), and

� � ( acc ) ! � (cfeed ( l st; acc )).
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Tw o other lemmas are pro v ed to help A CL2 to �nd the pro ofs of these t w o

theorems.

Finally , in Chapter 6 w e pro v e the three theorems discussed in this pap er.

The theorem that csort pro duces an ordered p erm utation of its input is decom-

p osed in to t w o parts. The p erm utation part, csort ( acc ) ' acc , is trivial, giv en

the w ork done in Chapter 4. The ordered part is ordered (csort( l st )) and is

pro v ed using the lemma:

� If n is a natural n um b er suc h that n � j acc j and acc has prop ert y � , then

ordered (�rstn (2 + n; cdrain ( n; acc ))).

The P ositiv e In�nit y Prop ert y is pro v ed using the lemma b elo w.

� Supp ose data ( p

1

) � data ( p

2

). Supp ose s is an ordered list of ev en length,

p

1

dominates ev ery elemen t of s , and ev ery elemen t of s dominates p

2

.

Then

cstep (cons ( p

1

; app end ( s; cons ( p

2

; acc ))))

= cons ( p

1

; app end ( s; cons ( p

2

; cstep ( acc )))) :

This lemma is the k ey simpli�cation step in the pro of discussed ab o v e of P ositiv e

In�nit y Prop ert y Generalized, whic h is the next theorem pro v ed in this c hapter.

It is necessary to tell A CL2 to use the particular induction sc heme used in our

discussion. The P ositiv e In�nit y Prop ert y is then pro v ed b y instan tiation.

The Negativ e In�nit y Prop ert y relies on a similar, inductiv ely pro v ed gen-

eralization:

� Supp ose acc is ordered. Supp ose further that ev ery elemen t of l st dom-

inates ev ery elemen t of acc and that ev ery elemen t of s dominates acc .

Then cfeed ( l st; app end ( s; acc )) = app end (cfeed ( l st; s ) ; acc ).

It tak es ab out 25 seconds to pro v e all of theorems in all of the c hapters. This

measuremen t is tak en on a 200 MHz Sun Microsystems Ultra-2.
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