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Abstract. W e brie
y describ e a mec hanically c hec k ed pro of of Dijk-

stra's shortest path algorithm for �nite directed graphs with nonnegativ e

edge lengths. The algorithm and pro of are formalized in A CL2.

1 In tro duction and Related W ork

Dijkstra's shortest path algorithm [3, 4] �nds the shortest paths b et w een v ertices

of a �nite directed graph with nonnegativ e edge lengths. This pap er formalizes

that claim in A CL2 [8] and brie
y describ es a mec hanically c hec k ed pro of of it.

A CL2 is a Bo y er-Mo ore st yle theorem pro v er b y Kaufmann and Mo ore that

supp orts a �rst-order logic based on recursiv ely de�ned functions and inductiv ely

constructed ob jects. The syn tax is that of Lisp, whic h w e use (and paraphrase)

in this pap er { con trary to the TPHOLS tradition { since \pro of p earls" are

mean t to sho w ho w certain theorems are pro v ed in certain systems. The A CL2

syn tax do es not include quan ti�ers, but the logic pro vides a means of in tro ducing

\Sk olem functions" pro viding full �rst-order p o w er at the exp ense of executabil-

it y . This facilit y is crucial to the pro of describ ed here.

W e represen t graphs in A CL2 with a list data structure called an asso cia-

tion list, explained b elo w. W e de�ne the function dijkstra-shorte st- pa th to

implemen t the algorithm. It tak es t w o v ertices, a and b , and a graph as input

and it returns a v alue, sa y � . W e pro v e that � , is either nil or a path in the

graph from a to b , and that no path in the graph from a to b is shorter than � .

In our formalization, the non-path nil has \in�nite" length and all �nite paths

are shorter. Hence, our theorem ensures that if � is nil , there is no path from a

to b .

Despite the age and classic nature of the algorithm, there is relativ ely little

w ork on the correctness of Dijkstra's algorithm in the mec hanical theorem pro v-

ing literature. As far as w e are a w are, the �rst mec hanically c hec k ed pro of of the

correctness of the algorithm w as done in Mizar b y Jing-Chao Chen [2] in a pap er

submitted Marc h 17, 2003. F or the record, the �rst A CL2 pro of w as completed

in Septem b er, 2003. Our pro of requires signi�can t user guidance, but our script
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is ab out one third the size (in c haracter coun t, tok en coun t and line coun t).

3

In

addition, the Mizar article dra ws up on notation and results in 22 other Mizar

articles concerning prop erties of sets, functions, arithmetic, c hains, and graphs.

The A CL2 pro of uses no external de�nitions or theorems { ev erything is done

from A CL2's basic \b o otstrap theory ." The Mizar mo del of the algorithm is

quite similar to ours. In fact, the article states that it w as \extremely di�cult"

to use existing Mizar mo dels of computing mac hines to formalize the algorithm

and instead \w e adopt functions in the Mizar library , whic h seem to b e pseudo-

co des, and are similar to those in the functional programming, e.g., Lisp." The

in v arian t main tained b y the Mizar algorithm is essen tially the same as ours, but

is expressed in terms of the subgraph \induced" on a larger graph b y a subset of

the no des, while our in v arian t is phrased in terms of paths through the original

graph that are \con�ned" to that subset of no des.

Jo e Hurd [6] formalized and pro v ed the reac habilit y prop ert y of Dijkstra's al-

gorithm in HOL. A similar algorithm, Flo yd's all-pairs shortest path algorithm,

w as formalized and pro v ed correct in Co q b y Eric Fleury in July , 1990 [5] (un-

published man uscript). In F ebruary , 1998, Christine P aulin and Jean-Christophe

Filli^ atre pro v ed Flo yd's algorithm in Co q [10].

In A CL2, Mo ore did the �rst pro of of Dijkstra's algorithm in Septem b er,

2003. He then c hallenged Zhang, then a relativ ely new A CL2 user, to do it

as an exercise, without seeing Mo ore's pro of. Zhang completed his �rst pro of

in Decem b er, 2003, with some guidance from Mo ore. Then Zhang cleaned up

his pro of, remo ving man y user-supplied pro of hin ts in the pro cess. The pro of

describ ed here is Zhang's second pro of.

The rest of this pap er is organized as follo ws. In the next section w e describ e

the formalization of the algorithm in A CL2. In the subsequen t sections w e giv e

our sp eci�cation, the main in v arian t, a sk etc h of the pro of, and a t ypical user-

supplied hin t. In Section 7 w e giv e some statistics ab out it. The complete script

of our w ork is a v ailable online at http://www.cs.u tex as .ed u/ us ers /q zha ng /

shortest- path/ind ex .h tml .

2 F ormalization

The A CL2 language is a subset of Common Lisp. W e use Lisp syn tax. Supp ose

neighbors is a function of t w o argumen ts. Then w e write (neighbors u g) to

denote the application of that function to u and g . That is, w e write (neighbors

u g) where neighb ors ( u; g ) w ould b e written in traditional notation. Lisp con-

v en tions mak e the capitalization of sym b ols irrelev an t (for the particular sym b ols

used in this pap er). Th us neighbors , Neighbors , and NEIGHBORS all denote the

same sym b ol. W e use lo w ercase consisten tly , but capitalize sym b ols when they

o ccur as the �rst w ord of a sen tence.

3

The Mizar article, not coun ting the articles it references, con tains ab out 132,000

c haracters, ab out 30,000 lexical tok ens, and ab out 3,480 lines. The A CL2 script

con tains ab out 35,500 c haracters, ab out 8,400 lexical tok ens, and ab out 1,200 lines.

Commen ts are not coun ted.
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In A CL2, ordered pairs are called conses and are constructed b y the function

cons . The left comp onen t of a cons is accessed with the function car and the

righ t comp onen t is accessed with cdr . Conses are used to represen t lists. The car

of suc h a cons is the �rst elemen t in the list and the cdr is the list con taining the

remaining elemen ts. A list is said to b e a true-list if its cdr -c hain is terminated

with nil rather than some other atom.

An asso ciation list (or alist ) is a true-list in whic h the elemen ts are pairs in

whic h the car is said to b e asso ciate d with or b ound to the cdr . It is easy to write

the function that lo oks up the v alue of a k ey in an alist, b y recurring do wn the

cdr -c hain to the �rst pair that binds the k ey in question. It is also easy to write

the function that copies an alist inserting a new binding for giv en k ey . Alists are

used to represen t �nite function ob jects. Th us, if w e sa y \ v is b ound to w in alist

f " then one ma y think \ f ( v ) = w ."

W e use alists extensiv ely in this w ork. A directed graph is an alist asso ciating

v ertices with edge lists. An e dge list is an asso ciation list asso ciating v ertices

to nonnegativ e rationals called e dge lengths . Th us, a directed graph is a �nite

function from v ertices to �nite functions from v ertices to nonnegativ e rationals.

The function graphp c hec ks that an ob ject is of the shap e just describ ed. If

the edge list asso ciated with some v ertex u in a graph g binds v to w , then it

means there is an edge in g from u to v with edge length w , i.e., (edge-len u v

g) is w . The function all-nodes collects a duplication-free true-list (\set") of all

v ertices men tioned in a graph. (Neighbors u g) returns the set of all v ertices

reac hable from v ertex u via one edge in g .

Of course, there are other represen tations of graphs. The particular one c ho-

sen here is unimp ortan t once w e ha v e de�ned and pro v ed the basic prop erties

of graphp , all-nodes , neighbors , edge-len , etc. Graphs are accessed en tirely

via these generic concepts (and no graph is constructed b y the algorithm). W e

th us could ha v e merely constrained these functions to b e in the appropriate rela-

tionships and conducted our pro of without a concrete represen tation of graphs.

W e prefer de�ning suc h concepts on a concrete represen tation to establish that

functions satisfying all those constrain ts indeed exist. In fact, A CL2 forces us

to so witness an y suc h collection of constrain ts to establish consistency . In ad-

dition, ha ving an executable mo del of the algorithm enables testing, whic h is

particularly helpful when one is trying to form ulate lemmas and in v arian ts.

A path p in a graph g is a non-empt y list of v ertices with the prop ert y that

successiv e elemen ts of p are link ed b y an edge in the graph g . Path-len returns

the sum of the edge lengths of the edges in a path.

In A CL2 it is common to use the atom nil for a v ariet y of extended meanings.

It is used b oth as the terminal mark er in true-lists and as the \false" truth-v alue.

W e also use it as \in�nit y" in our system of lengths. That is, w e de�ne a strict

ordering lt (\less than") and its w eak er coun terpart lte (\less than or equal")

so that nil dominates all rational lengths. W e also use nil to denote a non-

existen t path; that is, if ask ed to �nd a path b et w een t w o v ertices where no suc h

path exists, w e will return nil . W e de�ne path-len to return nil (in�nit y) on

the non-path nil . In an abuse of the strictness implied b y the w ord \shorter,"
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w e de�ne (shorterp p1 p2 g) to b e (lte (path-len p1 g) (path-len p2

g)) .

4

The core of Dijkstra's shortest path algorithm is an iterativ e pro cedure, here

called dsp (for D ijkstra's s hortest p ath), that computes a p ath table . In our w ork,

path tables are asso ciation lists (�nite functions) from v ertices to paths. All the

paths start at the same source v ertex. Supp ose the source v ertex is a . Then if

u is paired with path p in the path table, then p is a path from a to u . Other

imp ortan t in v arian ts on the path table are discussed later. W e use the v ariable

sym b ol pt to denote the path table. W e de�ne (path u pt) to return the path

asso ciated with u in pt (or nil if no path is asso ciated with u ) and w e de�ne (d

u pt g) to return its length, (path-len (path u pt) g) .

The dsp function is de�ned recursiv ely as sho wn b elo w.

(defun dsp (ts pt g)

(cond ((endp ts) pt)

(t (let ((u (choose-next ts pt g)))

(dsp (del u ts)

(reassign u (neighbors u g) pt g)

g)))))

Here, dsp is the name of the function and it tak es three argumen ts: ts (the

\t emp orary s et" of no des not y et visited, pt (the path table), and g (the graph

to b e explored). W e can in terpret this recursiv e function de�nition op erationally

as follo ws. T o compute (dsp ts pt g) , ask whether ts is empt y . If so, return

pt . Otherwise, let u b e the v alue of the choose-next expression and call dsp

recursiv ely on (del u ts) , the reassign expression, and g .

F rom the traditional description of the iterativ e core of the algorithm the

reader should b e able to infer the de�nitions of the functions used ab o v e.

Rep eat un til ts is empt y:

Cho ose u in ts suc h that (d u pt g) is minimal.

F or eac h edge from u to some neigh b or v with edge length w , if (d v pt

g) > (d u pt g) + w , then mo dify pt so that the path asso ciated

with v is the curren t path to u in pt , extended on w ard to v , (append

(path u pt) (list v)) .

Delete u from ts .

W e then de�ne Dijkstra's algorithm as

(defun dijkstra-shortest -p at h (a b g)

(let ((pt (dsp (all-nodes g) (list (cons a (list a))) g)))

(path b pt)))

whic h ma y b e describ ed as:

Let pt b e the �nal path table computed b y dsp starting from an initial ts

con taining all the no des of the graph and an initial path table pairing the

source v ertex a , with the singleton path that starts and ends at a .

4

Some authors write \(w eakly) shorter."
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Return the path asso ciated with b in the �nal path table.

Giv en that A CL2 is a functional programming language, this algorithm ma y

b e executed on concrete input, though as co ded here it is not v ery e�cien t.

Muc h more e�cien t implemen tations are p ossible in A CL2, e.g., using A CL2's

single-threaded ob jects [1] (whic h are data structures that ma y b e mo di�ed

destructiv ely but under syn tactic restrictions that ensure conformance to the

applicativ e seman tics) and the MBE feature (whic h p ermits the replacemen t of

one A CL2 co de fragmen t b y another pro vided they are pro v ably equiv alen t in

the giv en con text). These features could b e used to implemen t the arra y-based

binary trees commonly emplo y ed to represen t the path table e�cien tly; the k ey

step w ould b e a comm uting diagram relating the \accessor" function, path ,

whic h reco v ers the path asso ciated with a giv en v ertex in the path table, to the

\up dater" function, reassign , for the t w o di�eren t concrete represen tations of

path tables.

T o our kno wledge, no A CL2 pro of of suc h an implemen tation has b een carried

out. But correctness pro ofs b y Sumners and Ra y for an in situ A CL2 quic ksort

[12], Sumners for an A CL2 BDD pac k age that op erates a 60% of the sp eed of

CUDD [11], and Grev e and Wilding for an A CL2 graph path �nding algorithm

that executes at sp eeds near those of a C implemen tation [7] are evidence that

mo ving from this implemen tation to an e�cien t one in A CL2 is a w ell-tro dden

path. The main obstacle is pro ving the correctness of some A CL2 function im-

plemen ting the algorithm in question.

3 Sp eci�cation

Our sp eci�cation of the algorithm is

(defthm main-theorem

(implies (and (nodep a g)

(nodep b g)

(graphp g))

(let ((rho (dijkstra-shorte st -pa th a b g)))

(and (or (null rho)

(pathp-from-to rho a b g))

(shortest-pathp a b rho g)))))

That is, supp ose a and b are no des in graph g . Let � b e the output of Dijkstra's

algorithm on a , b , and g . Then � is either nil or a path in g from a to b , and

� is a (w eakly) shortest path from a to b in g . Note that if � is nil the claim

that it is nev ertheless the shortest path from a to b is equiv alen t to the claim

that there is no suc h path, since an y true path from a to b is shorter than the

in�nite path-len of nil .

T o formalize the notion that a path is a (w eakly) shortest path w e de�ne

(shortest-pathp a b p g) so that it is true if and only if for ev ery path,

path , from a to b in g , p is (w eakly) shorter than path . W e could \fak e" this

quan ti�cation with a recursiv e function that c hec ks all p ossible paths, if there
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w ere a �nite n um b er of them. But in general there ma y b e an in�nite n um b er of

(non-simple) paths to a giv en no de. A CL2 do es not pro vide quan ti�ers p er se .

But it do es pro vide a facilit y , defchoose [9], lik e Hilb ert's � , b y whic h one can

in tro duce a function to return an ob ject satisfying a giv en form ula, if suc h an

ob ject exists.

Therefore, to de�ne shortest-pathp w e �rst use defchoose to in tro duce

a witness, (shortest-pathp-w itn es s a b p g) with the prop ert y that it is a

path in g from a to b and is shorter than p , if suc h an ob ject exists. Then w e

de�ne shortest-pathp so that it is true of p precisely if the witness fails to b e

a path from a to b that is shorter than p . In A CL2, this en tire dev elopmen t is

wrapp ed up in a macro called defun-sk (for \de�ne Sk olemized function").

(defun-sk shortest-pathp (a b p g)

(forall path

(implies (pathp-from-to path a b g)

(shorterp p path g))))

The macro expands to an appropriate use of defchoose for the witness ex-

pression (shortest-pathp-w it nes s a b p g) follo w ed b y an appropriately en-

capsulated de�nition of shortest-path . This metho d of in tro ducing quan ti�ed

concepts in A CL2 di�ers from the metho d in Nqthm, where Sk olemization w as

supp orted directly .

Suc h Sk olem functions are not executable: ev en when the argumen ts are

kno wn constan ts, A CL2 cannot reduce a call of shortest-pathp-w it nes s to

a constan t. This do es not trouble us b ecause these functions are used in the

sp eci�cation and pro of, but not in the path-�nding algorithm itself.

The witness function is used extensiv ely in a series of hand-written hin ts used

to carry out the most delicate argumen ts in the correctness pro of. In particular,

to sho w that a just-constructed path is a shortest one, w e supp ose it is not, use

the witness to obtain an allegedly shorter one, and then deriv e a con tradiction.

But while the v arious case splits and constructions used to conduct these argu-

men ts are the messiest part of the pro of, the real crux of the pro of is iden tifying

and formalizing the in v arian t men tioned ab o v e.

4 The In v arian t

The mec hanical pro of is mainly concerned with establishing an in v arian t on the

temp orary set, ts and the path table, pt , of dsp . The in v arian t also tak es the

starting v ertex, a , and the graph, g .

Sev eral concepts are used rep eatedly in de�ning the in v arian t. One is the

notion of the \�nal set," usually represen ted here b y the v ariable fs and equal

to (comp-set ts (all-nodes g)) , the complemen t of the temp orary set (with

resp ect to the set of all no des of the graph). Another is the idea of a path p b eing

c on�ne d to fs , whic h means that ev ery no de in p except the last is a mem b er of

fs . W e de�ne the concept recursiv ely .

(defun confinedp (p fs)



7

(if (endp p) t

(if (endp (cdr p)) t

(and (memp (car p) fs)

(confinedp (cdr p) fs)))))

A third imp ortan t concept is that of p b eing a shortest c on�ne d p ath , meaning

it is shorter than an y path from a to b that is con�ned to fs . W e need univ ersal

quan ti�cation ( defun-sk ) to formalize this.

(defun-sk shortest-confine d- pat hp (a b p fs g)

(forall path (implies (and (pathp-from-to path a b g)

(confinedp path fs))

(shorterp p path g))))

W e de�ne the in v arian t as follo ws:

(defun invp (ts pt g a)

(let ((fs (comp-set ts (all-nodes g))))

(and (ts-propertyp a ts fs pt g)

(fs-propertyp a fs fs pt g)

(pt-propertyp a pt g))))

The in v arian t has three conjuncts, one eac h ab out the temp orary set, the

�nal set, and the path table, although this partitioning is somewhat arti�cial

since all in v olv e fs and pt to some exten t.

W e de�ne ts-propertyp recursiv ely to c hec k that for ev ery no de in the

temp orary set, the path to that no de in the path table is a shortest con�ned

path to that no de and the path is itself con�ned.

(defun ts-propertyp (a ts fs pt g)

(if (endp ts) t

(and (shortest-confine d- pat hp a (car ts)

(path (car ts) pt)

fs g)

(confinedp (path (car ts) pt) fs)

(ts-propertyp a (cdr ts) fs pt g))))

W e de�ne fs-propertyp recursiv ely in a v ery similar fashion, except it c hec ks

that for ev ery no de in the �nal set, the path assigned to that no de in the path

table is a shortest path to that no de and is con�ned.

(defun fs-propertyp (a fs fs0 pt g)

(if (endp fs) t

(and (shortest-pathp a (car fs) (path (car fs) pt) g)

(confinedp (path (car fs) pt) fs0)

(fs-propertyp a (cdr fs) fs0 pt g))))
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Finally , w e de�ne pt-propertyp to c hec k that for ev ery en try in the path

table is either nil or a path from a to the no de with whic h it is asso ciated in

the table.

(defun pt-propertyp (a pt g)

(if (endp pt) t

(and (or (null (cdar pt))

(pathp-from-to (cdar pt) a (caar pt) g))

(pt-propertyp a (cdr pt) g))))

5 Mec hanical Pro of

The pro of breaks do wn in to t w o main lemmas. The �rst is that the in v arian t

holds initially .

(defthm invp-0

(implies (nodep a g)

(invp (all-nodes g) (list (cons a (list a))) g a)))

The second is that the in v arian t holds as dsp recurs.

(defthm invp-choose-next

(implies (and (invp ts pt g a)

(my-subsetp ts (all-nodes g))

(graphp g)

(consp ts)

(setp ts)

(nodep a g)

(equal (path a pt) (list a)))

(let ((u (choose-next ts pt g)))

(invp (del u ts)

(reassign u (neighbors u g) pt g)

g a)))

:hints : : : )

F rom these t w o, it is straigh tforw ard to pro v e

(defthm invp-last

(implies (and (nodep a g)

(graphp g))

(invp nil

(dsp (all-nodes g)

(list (cons a (list a)))

g)

g a)))

and main-theorem follo ws without m uc h more w ork.
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6 Hin ts

The hardest part of the pro of is, of course, the pro of of invp-choose-next . W e

presen t only one of the ma jor cases. Dsp uses choose-next to c ho ose a v ertex,

u , in ts whose asso ciated path in pt is of minimal length. Wh y is this path the

shortest path to that v ertex? Here is the lemma that states that it is.

(defthm choose-next-shor te st

(implies (and (graphp g)

(consp ts)

(my-subsetp ts (all-nodes g))

(invp ts pt g a))

(shortest-pathp a

(choose-next ts pt g)

(path (choose-next ts pt g) pt)

g))

:hints : : : )

A CL2 cannot pro v e this without help. Help is giv en b y the user in the form of

hin ts. W e �rst describ e the pro of and then sho w the actual hin ts.

Let the choose-next term ab o v e b e u and let its asso ciated path in pt b e � .

Let fs b e the \�nal set," (comp-set ts (all-nodes g)) . W e kno w, from the

invp h yp othesis, that � is the shortest path to u that is con�ned to fs . W e wish

to sho w it is the shortest path (con�ned or not). Supp ose it is not. Then there is

a shorter path, sa y � , to u that is not con�ned to fs , i.e., � con tains a v ertex v

in ts . Let �

0

b e the initial p ortion of � up to and including v . Then �

0

is shorter

than � , terminates on a no de in ts , and is con�ned to fs . But the path in pt

asso ciated with v is, b y invp , shorter than �

0

. And � is shorter than that path

b y the selection criteria in choose-next . Hence, � is shorter than � .

The actual term for � ab o v e is (shortest-pathp -wi tn ess a u � g) . And

the actual term for �

0

is (find-partial-pat h � fs ) . Find-partial-pat h is a

user-de�ned recursiv e function that �nds the subpath of a path that terminates

in the �rst no de outside of fs .

Hin ts in A CL2 are generally co ded b y listing a series of instan tiations of

previously pro v ed lemmas. These instances are conjoined to the h yp otheses of

the goal theorem and then used freely b y A CL2. T o co de the ab o v e hin t w e tell

A CL2 not to expand the de�nitions of shorterp , path and pathp and w e pro vide

t w o instances. The ellipsis in the displa y ab o v e for choose-next-shor tes t is

�lled in b y:

(("Goal" :in-theory (disable shorterp path pathp)

:use ((:instance pathp-partial-pat h (p � ) (s fs ))

(:instance shorterp-by-parti al -an d- cho os e-n ex t

(u u ) (path �

0

) (v (car (last �

0

)))))))

The expression follo wing the sym b ol :use sp eci�es that the theorem pro v er is

to add t w o lemma instances to the h yp otheses of the goal. The �rst lemma,

pathp-partial-pa th , instan tiated ab o v e sa ys that find-partial-pa th con-

structs a con�ned path to its last no de. The giv en substitution replaces the
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v ariable sym b ol p in the lemma b y � and the v ariable s b y fs . The second

lemma sa ys that if the path to u in pt is shorter than the path to v in pt , and

ts-propertyp holds, and path is a con�ned path to v , then the path to u is

shorter than path .

7 Some Details and Statistics

The en tire pro of script con tains 39 defun s and 125 defthm s. The defthm s can

b e brok en in to to t w o broad categories: elemen tary lemmas ab out the basic

ideas and \custom" lemmas for this particular pro of. W e classi�ed as \custom"

an y lemma men tioning choose-next , reassign , ts-propertyp , fs-propertyp ,

pt-propertyp , invp , dsp , or dijkstra-shortes t-p at h .

There are 68 elemen tary lemmas ab out �nite set theory , the notions of shorter

and shortest path, elemen tary path prop erties (including that of b eing con�ned)

and manipulation (including the notion of �nding a con�ned subpath), and struc-

tural prop erties of asso ciation lists, paths, tables, and graphs. Here are a few.

(defthm comp-set-id

(equal (comp-set s s) nil))

(defthm neighbor-implies -n od ep

(implies (memp v (neighbors u g))

(memp v (all-nodes g))))

(defthm shortest-pathp-c or ol lar y

(implies (and (shortest-pathp a b p g)

(pathp-from-to path a b g))

(shorterp p path g)))

(defthm confinedp-append

(implies (and (confinedp p s)

(memp (car (last p)) s))

(confinedp (append p (list v)) s)))

(defthm path-len-append

(implies (pathp p g)

(equal (path-len (append p (list v)) g)

(plus (path-len p g)

(edge-len (car (last p)) v g)))))

All are used b y A CL2 as conditional rewrite rules. F or example, the last theorem

is used to rewrite (path-len (append : : : )) to the plus expression, pro vided

(pathp p g) can b e established. ( Plus is just addition extended to handle nil

as\in�nit y .")

There are 57 custom lemmas, including four sho wn in this pap er: invp-0 ,

invp-choose-next , invp-last , and choose-next-short est . Some are easy to

pro v e lemmas that \explain" the fact that functions lik e ts-propertyp are re-

cursiv ely de�ned quan ti�ers:

(defthm ts-propertyp-pro p- le mma 1

(implies (and (ts-propertyp a ts fs pt g)
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(memp v ts))

(and (shortest-confine d-p at hp a v (path v pt) fs g)

(confinedp (path v pt) fs))))

In all, w e had to giv e 51 hin ts. Ab out 30 of these w ere hin ts only to disable

(i.e., a v oid using) certain de�nitions or theorems. Tw en t y-three times w e had to

instruct the theorem pro v er to :use instances of certain theorems, as illustrated

ab o v e, and a total of 31 instances w ere men tioned in the script. The v ast ma jorit y

of the hin ts w ere used in the custom theorems: 37 of the 51 hin ts, 19 of the 23

:use hin ts for 28 of the 31 instances.

The pro of tak es ab out 67 seconds on a 2.4 GHz In tel Xeon

T M

running A CL2

V ersion 2.9 compiled under GNU Common Lisp.
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