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Abstract

W e describ e a mec hanically c hec k ed correctness pro of for a system of

n pro cesses, eac h running a simple, non-blo c king coun ter algorithm. W e

pro v e that if the system runs longer than 5 n steps, the coun ter is increased.

The theorem is formalized in applicativ e Common Lisp and pro v ed with

the A CL2 theorem pro v er. The v alue of this pap er lies not so m uc h in the

trivial algorithm addressed as in the metho d used to pro v e it correct. The

metho d allo ws one to reason accurately ab out the b eha vior of a concur-

ren t, m ultipro cess system b y reasoning ab out the sequen tial computation

carried out b y a selected pro cess, against a memory that is c hanged ex-

ternally . Indeed, w e pro v e general lemmas that allo w shifting b et w een the

m ultipro cess and unipro cess views. W e pro v e a safet y prop ert y using a

m ultipro cess view, pro ject the prop ert y to a unipro cess view, and then

pro v e a global progress prop ert y via a lo cal, sequen tial computation ar-

gumen t. Our unipro cessor view is a formal comp ositional seman tics for a

shared memory system.

1 Informal Discussion of the Problem

Consider a system of n pro cesses eac h executing the �v e step program in Figure

1 against a shared memory . The execution mo del w e use is that eac h of the �v e

instructions is atomic and they are executed in an in terlea v ed w a y b y the v arious

pro cesses. Naiv ely , eac h pro cess is simply incremen ting a shared global coun ter,

CTR , non-atomically . The v ariables old and new are lo cal to eac h pro cess.

Instruction 2 is just a \compare and sw ap" ( CAS ). The instruction either

writes new to CTR or reads CTR in to old . In either case, it sets new to a Bo olean

indicating whic h branc h w as tak en. The t yp e of new is th us in teger or Bo olean.

The program could b e simpli�ed b y deleting instruction 3 and using instruction
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0. old := CTR;

1. new := old+1;

2. if CTR = old

then CTR:=new; new:= false ;

else old:=CTR; new:= true ; endif

3. if new then goto 1; else skip; endif

4. goto 0;

Figure 1: The Algorithm

4 to lo op bac k to the top in b oth cases. As written, instruction 4 serv es as a

placeholder for whatev er computation is done after CTR is incremen ted b y this

pro cess.

W e assume that the lo cal state of eac h pro cess initially satis�es certain prop-

erties, suc h as that the program coun ter p oin ts to one of the instructions ab o v e

and that new is equal to old +1 whenev er the program coun ter p oin ts to instruc-

tion 2. A system state satisfying these prop erties is said to b e a \go o d state." It

is easy to pro v e that go o d states exist and that the prop ert y is in v arian t under

system execution.

It is also easy to pro v e the safet y prop ert y that the v alue of the coun ter

w eakly increases o v er time. W e call this the \w eak monotonicit y" prop ert y .

Only the \then-clause" of instruction 2 c hanges the coun ter. Because the then-

clause is executed only when the coun ter's v alue is old , and b ecause it sets the

coun ter to new , whic h is old +1 b y our go o d state in v arian t, instruction 2 either

incremen ts the coun ter or lea v es it unc hanged. Hence, the w eak monotonicit y

prop ert y holds.

More in teresting is a progress prop ert y:

Informal Main Theorem .

Giv en enough time, the coun ter will strictly increase.

Informal Pro of :

Consider some pro cess in the system. There is some n um b er, k , suc h

that no matter what the initial program coun ter, k sequen tial steps

of the pro cess will ha v e caused the pro cess to execute instruction 2.

When instruction 2 is commenced, either the v alue of the coun ter

is that of old or it is not. If the former, then the instruction incre-

men ts the coun ter. If the latter, then the coun ter m ust ha v e c hanged

since w e loaded old . But b y w eak monotonicit y , it can only ha v e

increased.

This informal argumen t is in teresting for sev eral reasons. First, it is 
a w ed

but suggestiv e of a con vincing argumen t. Second, it tak es a \single pro cess"

p ersp ectiv e on a problem inheren tly concerned with concurrency . While in tu-

itiv ely app ealing b ecause it p ermits us to reason b y sym b olic execution, this
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p ersp ectiv e is confusing in t w o w a ys. It lea v es implicit the idea that the coun ter

is b eing c hanged b y other pro cesses during the k steps considered. F urthermore,

the \it can only ha v e increased" is at b est a v ery brief summary of the reconcil-

iation b et w een the single pro cess view and the global view. A third reason the

argumen t is in teresting is that it lea v es implicit an app eal to the pigeon hole

principle: some pro cess executes at least k steps if the system runs long enough.

In essence, the purp ose of this pap er is to describ e a formalization of this ar-

gumen t in A CL2 [4 , 9 ]. In so doing w e will also demonstrate that the \in tuitiv ely

app ealing" argumen t can b e made en tirely precise and rigorous. F urthermore,

our pro of mak es clear the v alidit y and utilit y of shifting b et w een the concurren t,

m ultipro cess view and the sequen tial, unipro cess view as appropriate.

2 Related W ork

The non-blo c king coun ter algorithm discussed here is trivial and w ell-kno wn

in the comm unit y concerned with non-blo c king algorithms. The idea of using

non-atomic op erations to implemen t atomic ones is apparen tly �rst discussed

in Lamp ort's early pap ers, e.g., [11 ]. See [8] for a discussion of w ait-free syn-

c hronization and the p o w er of v arious sync hronization primitiv es suc h as atomic

reads and write, compare and sw ap, etc.

This pap er is not ab out non-blo c king algorithms p er se but rather ab out a

st yle of pro of one migh t use to deal with certain kinds of concurren t algorithms.

W e can categorize pro ofs in to those conducted in formal logics | logics in

whic h the syn tax, axioms and rules of inference are made explicit and rigidly

resp ected in pro ofs | and those conducted in the informal (but often v ery

precise) st yle of traditional mathematics. Most pro ofs in the literature are in

the traditional st yle, e.g., [8 ], although man y suc h pro ofs ab out non-blo c king

algorithms are su�cien tly subtle that their authors ha v e found it necessary to

adopt v ery precise notation, e.g., [14 ].

Our pro of, while informally presen ted here, is actually carried out in the

formal | indeed the mec hanized | logic of A CL2. A CL2, whic h stands for

\A Computational Logic for Applicativ e Common Lisp," is a general-purp ose

�rst-order essen tially quan ti�er-free logic of total recursiv e functions based on

an applicativ e subset of Common Lisp [18 ]. A CL2 is a re-implemen ted and

extended v ersion of the Bo y er-Mo ore theorem pro v er, Nqthm [2]. Its primary

use has b een the formal sp eci�cation and v eri�cation of micropro cessor designs.

Readers in terested in some bac kground on A CL2 should see the App endix of

this pap er.

Tw o widely-used formal logics designed explicitly for reasoning ab out con-

curren t systems are Unit y [5] and TLA [12 ]. In [6] Goldsc hlag formalizes Unit y

in the Nqthm logic and then uses Nqthm to deriv e man y Unit y pro of rules and

to c hec k Unit y pro ofs. Ho w ev er, with the exception of [6 ], and some ongoing

w ork at sev eral labs, Unit y and TLA do not curren tly ha v e m uc h mec hanical
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pro of supp ort. A distinguishing c haracteristic of our pro of of the non-blo c king

coun ter algorithm is that it w as mec hanically c hec k ed.

Pro ofs of the correctness of the non-blo c king coun ter algorithm can easily b e

constructed b y hand in these other t w o formal systems. Indeed, Ra jeev Joshi, a

Univ ersit y of T exas graduate studen t w orking with Ja y Misra, has constructed

a Unit y pro of of the coun ter algorithm in resp onse to the w ork rep orted here

[p ersonal comm unication]. Joshi pro v es b oth the safet y and progress prop erties.

W e discuss Joshi's pro of in the conclusion of this pap er.

3 F ormalization

W e formalize the problem so that w e can sp eak clearly ab out the relationship

b et w een the m ultipro cessor view and the unipro cessor view of the system. W e

formalize the problem in Common Lisp, whic h is supp orted b y the A CL2 the-

orem pro v er. T o sa v e space w e do not sho w the formal de�nitions of all the

concepts in v olv ed. Nor do w e state ev ery lemma in our script leading A CL2 to

our pro of. Our p oin t here is not to fo cus on A CL2 but on a formalization of an

in tuitiv e st yle of reasoning ab out concurrency . W e giv e informal readings of most

of our form ulas, to clarify concepts not de�ned here. All the formal de�nitions

and theorems are a v ailable at h ttp://www.cs.utexas.edu/users/mo ore/publica-

tions/index.h tml.

A multipr o c ess state or m-state is a triple consisting of the pro cess asso ci-

ation list (\alist") mapping pro cesses to their lo cal states as describ ed b elo w,

a memory alist mapping v ariable iden ti�ers to v alues, and the co de listing the

instructions eac h pro cess is executing.

If p is asso ciated with some lo cal state in the pro cess alist of m-state s , w e

sa y that p \is a pro cess of " s .

The lo c al state of a pro cess is a pair con taining a program coun ter (a n um b er

indicating whic h instruction in the co de of the system's m-state is the next to

b e executed) and a register alist mapping lo cal v ariable iden ti�ers to v alues.

W e are in terested only in m-states con taining the follo wing co de. The in-

structions b elo w corresp ond to the lines in the pseudo-co de of Figure 1.

'((LOAD OLD CTR) ;0

(INCR NEW OLD) ;1

(CAS CTR OLD NEW) ;2

(BR NEW 1) ;3

(JUMP 0)) ;4

Eac h instruction is represen ted as an ob ject (namely a list con taining sym-

b ols indicating the op co de and op erands). W e formalize the seman tics of this

programming language op erationally . W e de�ne a \single step" function mstep

whic h tak es a pro cess, p , and an m-state, s , and steps the state b y appropriately

\mo difying" the lo cal state of pro cess p (rebinding p to a new lo cal state in the
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pro cess alist of s ) and p ossibly the memory comp onen t of s . The mstep function

returns s if the giv en p is not a pro cess of s . F ollo wing Lisp syn tax w e write

(mstep p s ) , rather than mstep ( p; s ), to denote the application of the function

mstep to p and s .

W e then de�ne

(defun mrun ( s or acl e )

(if (endp or acl e )

s

(mrun (mstep (car or acl e ) s )

(cdr or acl e ))))

whic h tak es a list of pro cesses, or acl e , and an m-state, s , and returns the �nal

m-state obtained b y successiv ely stepping s on eac h p in or acl e . Th us, the

oracle sp eci�es ho w long the system is run and the particular order in whic h the

pro cesses execute.

Let (CTR s) b e (binding 'CTR (mem s )) . That is, let CTR b e the function

that maps an m-state s to the v alue of the memory lo cation named 'CTR in the

memory of s . The main theorem w e will pro v e is

Main Theorem .

(implies (and (good-statep s )

(every-element-a-processp L s )

(< (* 5 (cardinality L )) (len L )))

(< (CTR s ) (CTR (mrun s L ))))

whic h sa ys that if s is a go o d state, ev ery elemen t of the oracle L is a pro cess

of s , and the length of L exceeds �v e times the n um b er of distinct pro cesses in

L , then the v alue of CTR is strictly increased b y running s with oracle L .

The predicate (good-statep s ) is true i� s is an m-state in whic h ev ery

lo cal pro cess state satis�es a certain \lo cal state in v arian t" giv en b elo w, and, in

addition, (CTR s ) is an in teger and (code s ) is the program sho wn ab o v e. The

lo cal state in v arian t is that the program coun ter of the lo cal state is an in teger

b et w een 0 and 4, the lo cal old con tains an in teger v alue ol d , and the lo cal new

con tains 1 + ol d , whenev er the lo cal program coun ter is 2.

It is straigh tforw ard to sho w that go o d states are preserv ed b y mstep and

hence, inductiv ely , b y mrun . F ormally , the theorem for mstep is

(implies (good-statep s )

(good-statep (mstep p s ))).

This theorem is pro v ed b y expanding the de�nition of mstep and considering the

cases, i.e., pro ving that good-statep is preserv ed b y ev ery instruction executed

b y an y pro cess. The theorem for mrun is

(implies (good-statep s )

(good-statep (mrun s L )))
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and is trivial to pro v e b y induction on L using the aforemen tioned mstep result.

The w eak monotonicit y (or safet y) prop ert y men tioned in the in tro duction

can b e formalized for mstep as

(implies (good-statep s )

(<= (CTR s ) (CTR (mstep p s )))).

This is easy to pro v e b y expanding the de�nition of mstep .

1

The only instruction

that c hanges CTR is the CAS and it either incremen ts it b y one (giv en the lo cal

state in v arian t for p ) or lea v es it unc hanged. A simple induction pro v es the

mrun v ersion of w eak monotonicit y .

4 The Single Pro cess View

T o carry out the progress pro of sk etc hed, w e formalize the single pro cess view of

the system. In this view, a state consists of a lo cal pro cess state, the memory ,

and the co de. W e call suc h a state a \unipro cess state" or \u-state." Since

a u-state con tains the lo cal state of a single pro cess, the notion of running

a u-state m ust pro vide for the p ossibilit y that the shared memory is c hanged

\concurren tly" b y the pro cesses not represen ted in the u-state. W e formalize

this with another \oracle," M , that sp eci�es the sequence of memories seen b y

successiv e steps of the single pro cess.

(defun urun ( us M )

(cond ((endp M ) us )

((endp (cdr M ))

(make-u-state (uls us )

(car M )

(ucode us )))

(t (urun (ustep us (car M )) (cdr M )))))

The functions uls and ucode tak e a u-state and return the lo cal pro cess state

and co de comp onen ts, resp ectiv ely . The function make-u-state constructs a

new u-state from the three comp onen ts. The function ustep tak es a u-state

and a memory and steps the lo cal pro cess, using the sp eci�ed memory . Observ e

that the pro cess is stepp ed using successiv e memories in the oracle M . When

M con tains only one memory , the run terminates b y inserting that memory in to

the �nal u-state.

There is no a priori relation b et w een the successiv e memories seen b y the

giv en pro cess, since w e mak e no assumptions ab out what the other pro cesses

are doing. Ho w ev er, the w eak monotonicit y theorem will allo w us to constrain

the v alue of the coun ter in successiv e memories of the oracle when running the

coun ter program.

1

W e could state a stronger safet y prop ert y with the same high-lev el pro of: if s is a go o d

state then (CTR (mstep s )) is either (CTR s ) or (CTR s ) +1.
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5 Relating the Tw o Views

Before w e consider the particulars of the coun ter program, w e pro v e some general

results relating the m ultipro cessor view, mrun , to the unipro cessor view, urun .

These results will allo w us to shift p ersp ectiv e.

F or ev ery m-state computation (with oracle L and initial m-state s ) there are

man y \corresp onding" u-state computations obtained b y taking the viewp oin t

of one of the pro cesses and using an appropriately constructed memory oracle,

M .

Consider the idea of transforming an m-state s to a u-state for a selected

pro cess, p . This \pro jection" of s simply creates the u-state with the same

memory and co de as s but with the lo cal state of p in s . W e denote the pro-

jection b y (proj p s ) . It is easy to construct the appropriate M from L and

s : P artition L in to the regions b et w een successiv e o ccurrences of the selected p .

Use mrun on the regions to generate the memory to b e used b y the subsequen t

p step, starting with the initial state s . Finally , collect the successiv e memo-

ries. This pro jection of the oracle is formally written (proj-oracle p s L ) .

Observ e that if there are n o ccurrences of p in L then the pro jected oracle has

length n + 1.

One easy consequence of the foregoing de�nitions is the

Comm utativ e Diagram Theorem .

(implies (processp p s )

(equal (urun (proj p s )

(proj-oracle p s L ))

(proj p (mrun s L )))).

This is a general result relating the t w o views of the system and is indep enden t

of the co de b eing executed. Informally , the theorem sa ys that if p is a pro cess,

then the unipro cessor mo del, running on the p pro jections of s and L , pro duces

the p pro jection of the m ultipro cessor mo del, running on s and L .

As noted ab o v e, the oracle pro jection function emplo ys mrun , the m ultipro-

cessor mo del, to determine the memory oracle for use b y the unipro cessor. The

pro jection function app ears on the \unipro cessor side" of the equation ab o v e.

Th us, there is a sense in whic h the m ultipro cessor mo del is still in v olv ed in the

unipro cessor run addressed b y the theorem. But that use of the m ultipro cessor

mo del is c omp ositional in the unipro cessor mo del: the b eha vior of a sequence of

instructions in pro cess p can b e analyzed with the unipro cessor mo del without

ha ving sim ultaneously to consider the individual actions of instructions in other

pro cesses. Our unipro cessor mo del is a formal comp ositional seman tics for a

shared memory system. This pro of of Crux b elo w illustrates this.

Since the pro jection function, proj , preserv es the memory of the pro jected

m-state s , w e can deriv e the follo wing theorem b y taking the mem of b oth sides

of the ab o v e equalit y and simplifying:

Comm utativ e Diagram Corollary .
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(implies (processp p s )

(equal (umem

(urun (proj p s )

(proj-oracle p s L )))

(mem (mrun s L )))).

That is, w e can reason ab out the �nal memory of an m-state run b y reasoning

ab out the �nal memory of a u-state run from an y p pro jection, pro vided that

p is one of the pro cesses of the m-state. Since our main theorem concerns the

�nal memory v alue of CTR in an m-state run, the theorem ab o v e is the formal

to ol that allo ws us to tak e the single pro cess view.

A second consequence of the de�nitions of proj and proj-oracle is a w a y

to pro ject results suc h as our w eak monotonicit y theorem for m-states in to

analogous theorems ab out u-states. Recall that the w eak monotonicit y result

is that the v alue of CTR w eakly increases in an mrun from a go o d state. Then,

roughly sp eaking, the v alue of CTR w eakly increases in the memories pro duced

b y proj-oracle from a go o d state.

Rather than pro v e this theorem ab out our particular program and its treat-

men t of CTR , w e again pro v e a more general result | a result indep enden t of a

particular program. Supp ose w e ha v e a prop ert y  of m-states that is preserv ed

b y mstep , and supp ose w e ha v e a preorder (a re
exiv e and transitiv e relation)

R on memories with the prop ert y that when  holds on s , R holds b et w een the

memory of s and the memory of (mstep p s ) . Then R holds b et w een the suc-

cessiv e memories seen b y ustep starting from (proj p s ) with memory oracle

(proj-oracle p s L ) .

Preorder Pro jection Theorem .

(implies (and (  s )

(processp p s ))

(all- R (proj p s )

(proj-oracle p s L )))

where all- R c hec ks that R holds b et w een successiv e ustep s as noted ab o v e.

The Preorder Pro jection Theorem holds for an y  and R with the

prop erties noted ab o v e. In A CL2 w e state this \second order" theorem b y

using A CL2's \encapsulation" mec hanism [10 ] to constrain new functions  

and R to ha v e the prop erties noted. Then w e de�ne all- R in terms of R and

ustep . Preorder Pro jection is pro v ed b y an induction on L , decomp osing it

b y regions b et w een successiv e o ccurrences of p as in proj-oracle .

W e then \functionally instan tiate" [3] the theorem to obtain

Preorder Pro jection Corollary .

(implies (and (good-statep s )

(processp p s ))

(ascendingp (proj p s )

(proj-oracle p s L )))
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where

(defun ascendingp ( us M )

(cond ((endp M ) t)

(t (and (integerp (binding 'CTR (car M )))

(<= (binding 'CTR (umem us ))

(binding 'CTR (car M )))

(ascendingp (ustep us (car M ))

(cdr M ))))))

T o deriv e this functional instance w e let  b e good-statep and let R b e

the relation de�ned b y ( R mem 1 mem 2 ) = (and (integerp (binding 'CTR

mem 2 )) (<= (binding 'CTR mem 1 ) (binding 'CTR mem 2 ))) . It is easy

to sho w that these c hoices satisfy the constrain ts on  and R , namely that the

former is preserv ed b y mstep and the latter is a preorder for go o d state mem-

ories and that successiv e mstep s are related b y it. The function ascendingp is

just all- R under this instan tiation of R .

In essence, the Preorder Pro jection Theorem allo ws us to \trade in"

w eak monotonicit y at the m-state lev el for the assurance that the memories

seen at the u-state lev el satisfy the ascendingp predicate. Observ e that with

the exception of the in v ariance of good-statep and w eak monotonicit y , w e ha v e

not y et had to reason ab out a particular program: w e are pro ving general results

ab out t w o di�eren t w a ys of viewing a concurren t system.

6 The Crux of the Pro of

It is no w time to address ourselv es to the program in question. Thanks to the

Comm utativ e Diagram Corollary w e can consider a unipro cess view under

a pro jection of the m ultipro cess oracle. Thanks to the Preorder Pro jection

Theorem w e kno w the memories in the pro jected oracle satisfy the ascendingp

prop ert y . W e will use these results formally in the next section to deriv e our

main theorem. In this section w e simply pro v e a unipro cessor result under an

assumption of ascendingp memories.

Recall the 
a w ed informal argumen t on page 2. The argumen t fo cussed on

a n um b er of lo cal steps, k , su�cien t to insure that the pro cess executes the CAS

instruction. Analysis of the co de rev eals that an y path of length k = 5 will

execute the CAS . But the �rst arriv al at the CAS is not su�cien t to insure that

the coun ter increases from the m ultipro cess p ersp ectiv e. In particular, supp ose

that the pro cess arriv es at the CAS while old is less than the curren t v alue of

the coun ter. Then the CAS will not c hange the coun ter. The informal argumen t

pro v es that the coun ter will ha v e increased b et w een the time the selected pro cess

loaded old and the time it executes the CAS , but not that it increased during

the k instructions.

T o carry o� a pro of from the unipro cess p ersp ectiv e, it is su�cien t to argue

that during an y unipro cess run of a �xed length k , the selected pro cess b oth
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reads the coun ter and subsequen tly executes the CAS . The co de reads the coun ter

in t w o places, instruction 0 and instruction 2. Analysis of the co de rev eals that

ev ery path of length 6 reads the coun ter and subsequen tly executes the CAS .

The most in teresting suc h path is the one that starts at the BR at program

coun ter 3, with an outdated v ersion of old and a true new . This initial path

condition obtains if the pro cess had executed the CAS (obtaining a go o d old and

a true new ) and had then b een susp ended long enough for other pro cesses to

incremen t the coun ter. Pro ceeding from that initial path condition the pro cess

(1) jumps to instruction 1, (2) sets new to 1+ old , (3) executes the CAS to set

old appropriately (but not c hange the coun ter), (4) executes the BR , again, to

jump to 1, (5) sets new appropriately and, �nally , (6) executes the CAS that

either incremen ts the coun ter or demonstrates that it has increased during this

run.

F ormally , the theorem, b elo w, sa ys that if M is of length 7 and is ascending

from a go o d u-state us ,

2

then the v alue of CTR strictly increases in a urun from us

with M . The fact that M m ust b e of length 7 is a \fencep ost" phenomenon: suc h

an M causes the unipro cess to step six times b ecause urun , ab o v e, terminates

without stepping when M has one elemen t.

Crux .

(implies (and (equal (len M ) 7)

(ascendingp us M )

(good-u-statep us ))

(< (binding 'CTR (umem us ))

(binding 'CTR (umem (urun us M )))))

This theorem is pro v ed automatically b y case analysis on the program coun ter

of the lo cal state follo w ed b y expansion of the op erational seman tics of the

subsequen t six instructions. Suc h pro ofs are often said to b e \b y sym b olic

execution." Suc h a �nite case analysis and sym b olic execution cannot b e carried

out without �rst abstracting a w a y from the arbitrary n um b er of \irrelev an t"

steps carried out b y the other pro cesses b et w een steps of the selected one. This

is wh y the unipro cess view (or comp ositional seman tics) is useful.

7 The Main Theorem

The main theorem sa ys that CTR go es up if w e run the m ultipro cessor system on

an y oracle longer than a certain n um b er. W e �rst pro v e a lemma that stitc hes

together all of the foregoing results.

Supp ose w e ha v e a go o d m-state s and an oracle L in whic h some pro cess p

of s o ccurs exactly six times. Then (CTR s ) is strictly less than (CTR (mrun s

L )) .

2

Here (good-u-statep us ) c hec ks that the lo cal state of us enjo ys the lo cal state in v arian t

and the co de of us is our program.

10



Lemma .

(implies (and (good-statep s )

(processp p s )

(equal 6 (occurrences p L )))

(< (CTR s )

(CTR (mrun s L ))))

Pro of : Instan tiate Crux ab o v e, replacing us b y (proj p s ) and replacing M

b y (proj-oracle p s L ) . The result is:

Crux' .

(implies (and (equal (len (proj-oracle p s L )) 7)

(ascendingp (proj p s ) (proj-oracle p s L ))

(good-u-statep (proj p s )))

(< (binding 'CTR (umem (proj p s )))

(binding 'CTR (umem (urun (proj p s )

(proj-oracle p s L ))))))

By the Comm utativ e Diagram Corollary and the de�nitions of CTR and

proj , the conclusion of Crux' is (< (CTR s ) (CTR (mrun s L ))) , whic h is

the conclusion w e wish to pro v e. Therefore, it remains only to sho w that the

h yp otheses of Lemma imply those of Crux' . The �rst h yp othesis is easy: if p

o ccurs six times in L then the length of (proj-oracle p s L ) is sev en. The

second w e get from the Preorder Pro jection Corollary : if s is a go o d state

and p is a pro cess of s , then (proj-oracle p s L ) is ascending from (proj p

s ) . The third follo ws trivially . Q.E.D.

The diagram in Figure 2 illustrates the pro of. The oracle L has a distin-

guished pro cess p . The m-states sho wn are lab elled s and (mrun s L ) . They

map, resp ectiv ely , to the u-states u and (urun s M ) . The oracle L maps to

M as (proj-oracle p s L ) . By the Preorder Pro jection Corollary , M is

ascending. W e wish to pro v e that ctr < ctr

0

, where ctr is the v alue of CTR in

the memory of s and ctr

0

is the v alue in (mrun s L ) . The v alue of CTR in u is

also ctr . By the Comm utativ e Diagram Corollary , ctr

0

is the v alue of CTR

in (urun s M ) . But b y Crux , ctr < ctr

0

.

The Lemma requires that the selected p o ccur exactly six times in the oracle.

What if it o ccurs more times? Then the coun ter still strictly increases b ecause

the �rst six o ccurrences giv e us a strict increase and subsequen t o ccurrences do

not reduce the coun ter (b y w eak monotonicit y). So w e ha v e

Lemma' .

(implies (and (good-statep s )

(processp p s )

(<= 6 (occurrences p L )))

(< (CTR s )

(CTR (mrun s L ))))

W e ma y therefore address ourselv es to the problem of �nding, in su�cien tly

long oracles, a p that o ccurs six or more times.

11



L

M

u

proj proj-oracle

p

(ascendingp)

memlocal st's

s

u-state

m-state

u  M(urun    )

s  L(mrun    )

Figure 2: Diagram of Pro of of Lemma

But if the length of L exceeds i times the n um b er of distinct pro cesses in L ,

then there exists a p that o ccurs more than i times. This is just a v ersion of the

Pigeon Hole Principle .

(implies (and (integerp n )

(<= 0 i )

(< (* i (cardinality L )) (len L )))

(< i (occurrences (choose i L ) L )))

where (choose i L ) is recursiv ely de�ned to �nd an elemen t of L that o ccurs

more than i times or return nil .

F urthermore, if ev ery elemen t of L is a pro cess of s then choose will return

a pro cess of s . Th us, b y instan tiating Lemma' , letting p b e (choose 5 L ) and

app ealing to the Pigeon Hole Principle to establish the third h yp othesis of

Lemma' , w e get:

Main Theorem .

(implies (and (good-statep s )

(every-element-a-processp L s )

(< (* 5 (cardinality L )) (len L )))

(< (CTR s ) (CTR (mrun s L )))).
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8 Conclusion

It is illuminating to con trast our pro of with the previously men tioned w ork b y

Joshi. Joshi's pro of of the safet y prop ert y in Unit y is virtually iden tical to our

A CL2 pro of of that prop ert y , mo dulo the di�erences b et w een the t w o logics.

Roughly sp eaking, b oth pro ofs merely consider ev ery p ossible step b y ev ery

pro cess and sho w in ev ery case that the coun ter cannot decrease.

Joshi's pro of of our main theorem app ears fundamen tally di�eren t from ours.

In Unit y , our main theorem is stated as a \leads to" prop ert y . It is pro v ed b y

Joshi using a w ell-foundedness argumen t. He de�nes a measure on (what w e

w ould call) m-states and a w ell-founded relation on that measure. The mea-

sure is essen tially the lexicographic com bination of t w o measures, the n um b er

of pro cesses for whic h old = CTR and a v ector of size n con taining the program

coun ters of the n pro cessors (normalized so that the CAS instruction has the

lo w est program coun ter). Joshi then pro v es that an y step b y an y pro cess de-

creases this measure according to the ob vious lexicographic ordering.

3

Th us, the

main w ork in Joshi's progress pro of is at the m ultipro cessor lev el: the system is

view ed globally and the measure is resp onsible for pro viding a coheren t view of

the e�ects of an y step b y an y pro cess.

In con trast, the program-sp eci�c w ork in our pro of, namely the pro of of

Crux , is carried out at the unipro cessor lev el. W e reason ab out the sequen tial

execution of a single, selected pro cess. The pro cess w e select is not necessarily

the one resp onsible for ultimately incremen ting the coun ter. Indeed, our pro of

do es not iden tify the resp onsible pro cess.

W e can reason lo cally b ecause our Comm utativ e Diagram Corollary

giv es us a w a y to pro ject the system's global b eha vior in to the view from an y

selected pro cess. The e�ects of the other pro cesses are captured in the safet y

prop ert y and then transformed, via functional instan tiation to our Preorder

Pro jection Corollary , whic h pro vides us with a lo cal view of the global mem-

ory from the p ersp ectiv e of the selected pro cess.

Whether our approac h can b e adapted to more in teresting concurren t sys-

tems remains to b e seen. This is our �rst exp erimen t. If this is a promising

approac h it can probably b e used in other formal systems. Just as the A CL2

and Unit y pro ofs of the safet y prop ert y are essen tially the same, one can w ell

imagine carrying out a pro of of this nature with Unit y after the deriv ation of an

appropriate deriv ed rule of inference for Unit y . Ho w ev er, it is imp ortan t that

the formal logic emplo y ed ha v e the expressiv e p o w er to de�ne suc h concepts as

our ascendingp .

W e ha v e illustrated a metho d of pro ving a theorem ab out a system of concur-

ren t programs. The metho d allo ws one to reason accurately ab out the b eha vior

of a m ultipro cess system b y reasoning ab out the sequen tial computation carried

3

Joshi actually pro v es a stronger theorem than ours. He omits our \go o d state" initial

condition. T o do this, he has to elab orate his measure with a third comp onen t, whic h records

ho w man y pro cesses ha v e read CTR .
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out b y a selected pro cess against a memory that is c hanged externally . W e �nd

this metho d app ealing primarily b ecause it corresp onds closely to the \naiv e"

w a y of reasoning ab out suc h programs. That is, the naiv e approac h, if formal-

ized carefully , pro vides a rigorous v eri�cation metho dology . Indeed, it can b e

mec hanically c hec k ed b y a pre-existing to ol.
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10 App endix: Bac kground on A CL2

A CL2 stands for \A Computational Logic for Applicativ e Common Lisp." A CL2

is b oth a mathematical logic and system of mec hanical to ols whic h can b e used to

construct pro ofs in the logic. The logic formalizes a subset of Common Lisp. The

A CL2 system is essen tially a re-implemen ted extension, for applicativ e Common

Lisp, of the so-called \Bo y er-Mo ore theorem pro v er" Nqthm [1, 2].

10.1 The Logic

The A CL2 logic is a �rst-order, essen tially quan ti�er-free logic of total recursiv e

functions pro viding mathematical induction and t w o extension principles: one

for recursiv e de�nition and one for \encapsulation."

The syn tax of A CL2 is a subset of that of Common Lisp. F ormally , an A CL2

term is either a v ariable sym b ol, a quoted constan t, or the application of an n -

ary function sym b ol or lam b da expression, f , to n terms, written ( f t

1

::: t

n

) .

This syn tax is extended b y Common Lisp's facilit y for de�ning constan t sym b ols

and macros.

The rules of inference are those of Nqthm, namely prop ositional calculus

with equalit y together with instan tiation and mathematical induction on the

ordinals up to �

0

= !

!

!

:::

.

The axioms of A CL2 describ e �v e primitiv e data t yp es: the complex ra-

tionals, c haracters, strings, sym b ols, and ordered pairs or lists. The complex

rationals are complex n um b ers with rational comp onen ts and hence include the

rationals, the in tegers and the naturals. Sym b ols are logical constan ts denot-

ing w ords, suc h as CAS and mstep . Sym b ols are in \pac k ages" whic h pro vide a

con v enien t w a y to ha v e disjoin t name spaces. SMITH::mstep is a di�eren t sym-

b ol than JONES::mstep ; but if the user has selected "SMITH" as the \curren t

pac k age" then the former sym b ol can b e written more succinctly as mstep .

Essen tially all of the Common Lisp functions on the ab o v e data t yp es are

axiomatized or de�ned as functions or macros in A CL2. By \Common Lisp
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functions" here w e mean the programs sp eci�ed in [18 ] that are (i) applicativ e,

(ii) not dep enden t on state, implicit parameters, or data t yp es other than those

in A CL2, and (iii) completely sp eci�ed, unam biguously , in a host-indep enden t

manner. Appro ximately 170 suc h functions are axiomatized or de�ned.

Common Lisp functions are partial; they are not de�ned for all p ossible

inputs. In A CL2 w e complete the domains of the Common Lisp functions and

pro vide a \guard mec hanism" b y whic h one can establish that the completion

pro cess do es not a�ect the v alue of a giv en expression. See [9].

Finally , A CL2 has t w o extension principles: de�nition and encapsulation.

Both preserv e the consistency of the extended logic. The de�nitional principle

insures consistency b y requiring a pro of that eac h de�ned function terminates.

This is done, as in Nqthm, b y the iden ti�cation of some ordinal measure of the

formals that decreases in recursion.

The enc apsulation principle allo ws the in tro duction of new function sym b ols

constrained b y axioms to ha v e certain prop erties. Consistency is preserv ed b y

requiring the exhibition of witness functions pro v ed to ha v e the alleged prop er-

ties. One ma y then de�ne functions and pro v e theorems ab out the constrained

sym b ols. The functional instantiation mec hanism, essen tially the same as de-

scrib ed in [3] for Nqthm, then allo ws the deriv ation of new theorems from old

ones b y the apparen tly higher order act of replacing constrained and de�ned

function sym b ols b y other function sym b ols | with the obligation of pro ving

that the new sym b ols satisfy the constrain ts on the old.

10.2 The System

Lik e Nqthm, A CL2's theorem pro v er orc hestrates a v ariet y of pro of tec hniques.

As suggested b y Figure 3, the user puts the form ula to b e pro v ed in to a p o ol. The

simpli�er, the most imp ortan t pro of tec hnique, dra ws a form ula from the p o ol

and either \simpli�es" it | replacing it in the p o ol b y the sev eral new form ulas

su�cien t to pro v e it | or passes it to the next pro of tec hnique. The simpli�er

emplo ys man y di�eren t pro of tec hniques, including conditional (bac k c haining)

rewrite rules, congruence-based rewriting, e�cien t ground term ev aluation, for-

w ard c haining, t yp e-inference, the OBDD prop ositional decision pro cedure, a

rational linear arithmetic decision pro cedure, and user-de�ned, mac hine-v eri�ed

meta-theoretic simpli�ers.

Roughly sp eaking, as the form ula mo v es clo c kwise around the ring in Fig-

ure 3 it b ecomes more general. Ev en tually , if all else fails, the induction mec h-

anism is applied.

The pro of tec hniques are extensions of those used b y Nqthm; see [1 ]. Most

of the tec hniques are rule-driv en. The rules are deriv ed from previously pro v ed

theorems. F or example, if the user has instructed A CL2 to pro v e that append

is asso ciativ e

(equal (append (append x y) z)
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pool

Elimination of Irrelevance

formula

Figure 3: The Orc hestration of Pro of T ec hniques

(append x (append y z)))

and to use that fact as a :rewrite rule (from left to righ t), then | after the

asso ciativ e la w is pro v ed | the simpli�er will righ t-asso ciate all append -nests.

A CL2, lik e Nqthm, \o v erloads" form ulas so that in addition to their usual

logical in terpretation the system in terprets them as rules. The b eha vior of the

system is determined b y the rules (theorems) in its database. The data base ma y

b e con�gured b y the user b y including v arious certi�ed \b o oks" of previously

pro v ed rules. New rules can b e added only b y causing A CL2 to pro v e the

corresp onding theorem. See Figure 4. The user is therefore resp onsible for

co difying a pro of strategy as a set of theorems. The system is resp onsible for

soundness.

10.3 Applications

Among the signi�can t pro of pro jects carried out with A CL2 are

� the v eri�cation of the 
oating-p oin t division and square ro ot micro co de

for the AMD K5

TM

[13 , 15 ],

� the v eri�cation of the IEEE compliance of the R TL for the AMD K7

TM


oating-p oin t addition, subtraction, m ultiplication, division and square

ro ot [16 ],

� the A CL2 mo deling of the Motorola CAP digital signal pro cessor and its

use to pro v e that a pip eline hazard detection predicate w as correct and

that sev eral DSP micro co de applications w ere correct [4],

16



and
advice

definitions,
theorems

generator
rule

User

rules

rules

proofs

database

M
em

ory
G

ates
A

rith V
ectors

theorem
prover

proposed definitions
conjectures and
advice

forms and
  values

  environment
execution

Figure 4: System Arc hitecture

� the mo deling of a pip elined micropro cessor with m ultiple, out-of-order in-

struction issue with a reorder bu�er, sp eculativ e execution and exceptions

and pro ofs that relate relate this mo del to a more con v en tional ISA mo del

[17 ],

� the mo deling of the ALU of the JEM1 micropro cessor, the w orld's �rst

silicon Ja v a Virtual Mac hine [7 ].

A CL2 distributed without fee under the GNU General Public License. The

A CL2 home page, h ttp://www.cs.utexas.edu/users/mo ore/acl2, con tains an an-

notated bibliograph y , a user's man ual and instructions for ho w to obtain the

system.
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