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Abstract

A CL2 is a �rst-order applicativ e programming language based on Com-

mon Lisp. It is also a mathematical logic for whic h a mec hanical theorem-

pro v er has b een implemen ted in the st yle of the Bo y er-Mo ore theorem

pro v er. The A CL2 system is used primarily in the mo deling and v eri�ca-

tion of computer hardw are and soft w are, where the executabilit y of the

language allo ws mo dels to b e used as protot yp e designs or \sim ulators."

T o supp ort e�cien t execution of certain kinds of mo dels, esp ecially mo dels

of micropro cessors, A CL2 pro vides \single-threaded ob jects," structures

with the usual \cop y on write" applicativ e seman tics but for whic h writes

are implemen ted destructiv ely . Syn tactic restrictions insure consistency

b et w een the formal seman tics and the implemen tation. The design of

single-threaded ob jects has b een in
uenced b oth b y the need to mak e

execution e�cien t and the need to mak e pro ofs ab out them simple. W e

discuss the issues.

1 Bac kground

\A CL2" stands for \A Computational Logic for Applicativ e Common Lisp." W e

use the name b oth for a mathematical logic based on applicativ e Common Lisp

[24 ] and for a mec hanized theorem pro ving system for that logic dev elop ed b y

Matt Kaufmann and author Mo ore. A CL2 is closely related to the Bo y er-Mo ore

logic and system and its in teractiv e enhancemen t [2 , 3 , 4 ]. A CL2's primary use

is in mo deling micropro cessors and pro ving theorems ab out those mo dels. The

k ey reason w e abandoned the Nqthm logic and adopted applicativ e Common

Lisp is that the latter can pro duce extremely e�cien t run time co de. Execu-

tion e�ciency is imp ortan t b ecause our micropro cessor mo dels are often run as

sim ulators.
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In A CL2, a single-threaded ob ject is a structure whose use is syn tactically

restricted so as to guaran tee that there is exactly one reference to the struc-

ture. A p erfect example of a single-threaded ob ject is the \curren t state" in

a micropro cessor mo del. The fact that only one reference to the ob ject exists

allo ws up dates to the structure to b e p erformed destructiv ely ev en though the

axiomatized seman tics of up date is \cop y on write."

This w ork is th us addressing the classic problem of ho w to implemen t up dates

e�cien tly in an applicativ e setting. In that sense, our w ork is akin to that of

[23 , 13 , 26 , 27]. Indeed, Sc hmidt in tro duced the term \single threaded" in

[23 ]. [27] con tains a go o d surv ey of the most p opular alternativ e in applicativ e

languages, Hask ell's \monads". But A CL2 is un usual among purely applicativ e

programming languages in that it is fo cused as m uc h on using the language as

a sp eci�cation language and on mec hanically pro duced pro ofs as on execution

e�ciency . W e �nd that these other concerns in
uenced our treatmen t of single-

threaded ob jects. W e do not regard the addition of single-threaded as ob jects

as ha ving c hanged the logic but rather just restricted its executable subset for

e�ciency reasons. The unrestricted logic is a v ailable for sp eci�cation and pro of.

The A CL2 theorem pro v er is used primarily in hardw are and soft w are v eri-

�cation. F or example, the correctness of 
oating p oin t division and square ro ot

on the AMD K5 micropro cessor w as pro v ed using the theorem pro v er [18 , 20 ].

A CL2 has b een used to pro v e the correctness of hardw are designs for 
oating

p oin t addition, subtraction, m ultiplication, division, and square ro ot on the

AMD K7 [21 ]. It has b een used to mo del the Motorola CAP digital signal pro-

cessor, to pro v e that the CAP pip eline arc hitecture correctly implemen ts the

instruction set arc hitecture, and to pro v e prop erties of CAP micro co de pro-

grams [6, 7]. A CL2 has b een used to study the problem of sp ecifying adv anced

micropro cessor arc hitectures, in particular the in teraction of suc h features as

m ulti-issue, sp eculativ e execution and exceptions and has b een used to pro v e

that one suc h design correctly implemen ts a sequen tial arc hitecture [22 ]. A CL2

w as used to mo del the Ro c kw ell-Collins JEM1, the w orld's �rst silicon Ja v a Vir-

tual Mac hine [9, 10 , 11 , 12 ]. The use of A CL2 to pro v e theorems ab out simple

Ja v a-lik e b yte co de programs is rep orted in [17 ].

One of the main reasons A CL2 has found industrial application is that it is

b oth a logic and an e�cien t applicativ e programming language. Once a formal

mo del is created it is p ossible to test it on concrete examples and to pro v e

prop erties of it. Wh y migh t one w an t to run a formal mo del? T esting the mo del

is a relativ ely inexp ensiv e w a y to �nd the \easy" bugs. In addition, suc h a mo del

can b e used as a protot yp e for the in tended comp onen t, allo wing engineers to

assess its appropriateness giv en the informal requiremen ts. Another motiv ation

for suc h testing is to corrob orate the formal mo del against some other mo del,

e.g., a circuit-lev el sim ulation or ev en an existing ph ysical artifact lik e a c hip or

gate-arra y implemen tation. A t AMD, A CL2 formal mo dels ha v e b een executed

on man y millions of \test v ectors" to corrob orate them against other mo dels.

The most common industrial applications of A CL2 in v olv e mo dels of mi-
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cropro cessors. Our motiv ation for adding \single-threaded ob jects" to A CL2

comes largely from the desire to sp eed up the execution of suc h mo dels. Before

further describing our w ork, it is helpful to lo ok closely at ho w micropro cessor

mo dels are written in A CL2. W e assume a mo dicum of familiarit y with Lisp.

T ypically , the state of a micropro cessor is mo deled as an n-tuple con taining

�elds represen ting memories of v arious kinds. Here w e will imagine a state, MS ,

to b e a triple con taining a \next instruction coun ter" and t w o memories, one

used for read/write and the other used to hold \execute-only" programs. The

\state-transition" function, here called step , is a Lisp function that creates the

next state from a giv en state, usually as a function of the \next instruction"

indicated b y the program coun ter and memory . The mac hine's fetc h-execute

cycle is then mo deled b y the simple recursiv e function

(defun run ( MS n )

(if (zp n )

MS

(run (step MS ) (- n 1))))

This Lisp command de�nes the function run so that, when applied to MS and

n , it successiv ely step s MS n times and returns the �nal result. In Lisp, the

application of run to MS and n is written (run MS n ) instead of run ( MS , n ).

W e migh t de�ne step so that it fetc hes the next instruction from MS and

then \do es" that instruction to MS ,

(defun step ( MS )

(do-inst (next-inst MS ) MS ))

where the function next-inst fetc hes the instruction indicated b y the next

instruction coun ter and do-inst is de�ned as a \big switc h" that in v ok es the

appropriate transition function dep ending on the op co de of the next instruction.

(defun do-inst ( inst MS )

(case (op-code inst )

(LOAD (execute-LOAD inst MS ))

(STORE (execute-STORE inst MS ))

(ADD (execute-ADD inst MS ))

(GOTO (execute-GOTO inst MS ))

...

(otherwise MS )))

Eac h instruction mo deled, e.g., ADD , has a logical coun terpart that sp eci�es the

transition, e.g., execute-ADD . Here is one suc h de�nition:

(defun execute-ADD ( inst MS )

(let (( a

1

(arg1 inst ))

( a

2

(arg2 inst )))

(update-nic (+ 1 (nic MS ))

(update-memi a

1
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(+ (memi a

1

MS )

(memi a

2

MS ))

MS ))))

Here w e are imagining that an ADD instruction has a \2-address" format. In

the de�nition ab o v e w e bind the v ariables a

1

and a

2

to the t w o addresses from

whic h the instruction is to get its op erands. W e then construct a new state from

MS b y t w o \sequen tial" (i.e., nested) up dates. The �rst (innermost) replaces

the con ten ts of memory lo cation a

1

b y the sum of con ten ts of memory lo cations

a

1

and a

2

. The second up date incremen ts the next instruction coun ter, nic , b y

one. The program comp onen t of the state MS is unc hanged.

1

Supp ose states are represen ted as triples and the memory comp onen t of a

state MS is (nth 1 MS ) , i.e., the 1st elemen t of the triple. Supp ose that the

memory is itself represen ted as a linear list. Then memi and update-memi are

de�ned as sho wn b elo w.

(defun memi ( i MS )

(nth i (nth 1 MS )))

(defun update-memi ( i v MS )

(update-nth 1

(update-nth i v (nth 1 MS ))

MS ))

where (nth n x ) is the n

th

elemen t (0-based) of the list x and (update-nth n

v x ) copies the list x , replacing the n

th

elemen t with v . The de�nition of the

latter is

(defun update-nth ( n v x )

(cond ((zp n ) (cons v (cdr x )))

(t (cons (car x )

(update-nth (1- n ) v (cdr x ))))))

Th us, for example, (update-nth 3 'G '(A B C D E)) is equal to (A B C G

E) .

In principle, giv en a concrete micropro cessor state and a particular n um b er

of steps to tak e w e can compute the �nal state. This just requires executing run

and the ab o v e subroutines on the concrete data. But if w e actually implemen t

memi and update-memi as sho wn ab o v e, the time tak en to execute memory

reads and writes in our mo del is linear in the address. This is b ecause nth

and update-nth \c hase links" in the link ed list represen tation of memories.

In addition, b ecause the formal seman tics of update-nth is \cop y on write,"

storage (in an amoun t prop ortional to the address) is allo cated on memory

writes.

1

Mac hines of commercial in terest often ha v e more complicated instruction seman tics,

e.g., the + -expression migh t b e replaced b y (mod (+ (memi a

1

MS ) (memi a

2

MS )) (expt

2 32)) , but this example is suggestiv e of the essen tial c haracter of suc h mo dels.
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But insp ection of the nest of functions starting with run and pro ceeding

through step to the individual seman tic functions lik e execute-ADD , rev eals

that w e could in principle do this computation b y destructiv ely re-using the

represen tation of the initial state, pro vided w e nev er needed the top-lev el state

again. If update-memi w ere implemen ted destructiv ely , mo difying the existing

represen tation of the curren t state to obtain the next one, no harm w ould come

b ecause in the functions ab o v e no function references the \old" state after an y

up date to an y part of it. This is a syn tactic prop ert y of the de�nitions and

dep ends, in part, on order of ev aluation.

This observ ation has led us to incorp orate in to A CL2 the notion of a user-

de�ned single-thr e ade d obje ct . Suc h an ob ject is a structure, p ossibly con taining

linear lists accessed p ositionally and usually quite large. Accessor functions,

suc h as nic and memi , are pro vided, as are up date functions, suc h as update-nic

and update-memi . The axiomatic descriptions of the functions are as indicated

b y the de�nitions of memi and update-memi ab o v e. This p ermits us to state

and pro v e prop erties of functions using the single-threaded ob ject. Ho w ev er,

syn tactic restrictions are enforced that insure that it is su�cien t to allo cate

only one \liv e" cop y of the ob ject. Up dates are p erformed destructiv ely on the

liv e ob ject. The syn tactic restrictions | whic h actually require that w e mak e

minor c hanges to some of the de�nitions ab o v e | insure that no w ell-formed

co de executed on the liv e ob ject can detect the di�erence b et w een the axiomatic

and implemen ted seman tics of up dates.

The history of single-threaded ob jects in A CL2 is rather long. The initial

design of the k ernel of A CL2 w as done in 1989 b y Bo y er and Mo ore. The system

is co ded almost en tirely in its o wn applicativ e language. That forced us to

pro vide ourselv es an explicit notion of \state" in to whic h w e w ould accum ulate

the e�ects of a session with the user. The state of the A CL2 theorem pro v er,

for example, includes a list of the de�nitions added b y the user, the rewrite

rules pro v ed, etc. This notion of state also pro vides streams and �les so that

the input/output functions, pro of descriptions, error handling, and the read-

ev al-prin t lo op could b e co ded applicativ ely in the language. T o mak e this

applicativ e state e�cien t, w e implemen ted it destructiv ely , and w e enforced

certain draconian syn tactic rules on the use of the name state so that the

applicativ e seman tics w as not violated b y the destructiv e implemen tation. W e

added axioms whic h c haracterized the seman tics of the accessors and up daters

of our state and pro v ed theorems ab out state in order to b o otstrap the system.

This \single-threaded" notion of state has b een presen t and a v ailable to the user

in all v ersions of the system. Matt Kaufmann joined the A CL2 pro ject so on

after the treatmen t of state had stabilized; since 1993 most A CL2 dev elopmen t

has b een the join t w ork of Kaufmann and Mo ore.

Ho w ev er, while the A CL2 user could write functions that used our state ,

pro vided the syn tactic rules w ere follo w ed, and the user could pro v e theorems

ab out those functions with A CL2, the user could not in tro duce his or her o wn

single-threaded ob ject.
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Researc hers at Ro c kw ell-Collins, namely Da vid Hardin, Da vid Grev e, and

Matt Wilding, demonstrated the need for user-de�ned single-threaded ob jects

b y \c heating:" they implemen ted destructiv e state manipulation functions and

then used them as though they w ere applicativ e { b eing careful to ob ey the syn-

tactic restrictions. Their results are rep orted in [12 ]. When John Co wles, of the

Univ ersit y of Wy oming, sp en t a sabbatical at Ro c kw ell-Collins, he implemen ted

macros that enforced their restrictions.

When they told us what they w ere doing, w e recognized their approac h as

a straigh tforw ard generalization of what w e w ere already doing for our state

and added single-threaded ob jects as describ ed here to A CL2 V ersion 2.4.

2 In tro duction to A CL2

A CL2 is b oth the name of an applicativ e programming language and a theorem

pro ving system for it. A CL2 is largely the w ork of Matt Kaufmann and Mo ore,

building on w ork b y Bo y er and Mo ore. This section therefore describ es join t

w ork in whic h Kaufmann w as a ma jor con tributor.

2.1 The Logic

The k ernel of the A CL2 logic consists of a syn tax, some rules of inference, and

some axioms. The k ernel logic is giv en precisely in [16 ]. The logic supp orted b y

the mec hanized A CL2 system is an extension of the k ernel logic.

The k ernel syn tax describ es terms comp osed of v ariables, constan ts, and

function sym b ols applied to �xed n um b ers of argumen t terms. Th us, (* x

(fact n )) is a term that migh t b e written as x � n ! in more traditional syn tactic

systems. After in tro ducing Lisp-lik e terms, the k ernel logic in tro duces the notion

of \form ulas" comp osed of equalities b et w een terms and the usual prop ositional

connectiv es. The k ernel language is �rst order and quan ti�er free.

The A CL2 axioms describ e the prop erties of certain Common Lisp primi-

tiv es. F or example,

Axioms .

x = y ! (equal x y ) = t

x 6= y ! (equal x y ) = nil

x = nil ! (if x y z ) = z

x 6= nil ! (if x y z ) = y

The expression (cond ( p

0

x

0

) ::: ( p

n

x

n

) (t x

n +1

)) is just an abbreviation

for (if p

1

x

1

::: (if p

n

x

n

x

n +1

) ::: ) . Using the function sym b ols equal and
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if w e \em b ed" prop ositional calculus and equalit y in to the term language of

the logic and generally write terms instead of form ulas.

The k ernel logic includes axioms that c haracterize the primitiv e functions

for constructing and manipulating certain Common Lisp n um b ers, c haracters,

strings, sym b ols, and ordered pairs.

Of sp ecial imp ortance here, b esides equal and if , are cons , car , and cdr ,

whic h, resp ectiv ely , construct a new ordered pair and return the left and righ t

comp onen ts of suc h a pair. The predicate consp \recognizes" cons -pairs b y

returning one of the sym b ols t or nil according to whether its argumen t is a

cons pair.

The rules of inference are those for prop ositional calculus with equalit y ,

instan tiation, an induction principle and extension principles allo wing for the

de�nition of new total recursiv e functions, new constan t sym b ols, new \sym-

b ol pac k ages," and the declaration of the \curren t pac k age" (used to supp ort

p ossibly o v erlapping name spaces). Our extension principles sp ecify conditions

under whic h the prop osed extensions are admissible. F or example, recursiv e

de�nitions m ust b e pro v ed to terminate. The admissibilit y requiremen ts insure

the consistency of the resulting extensions.

F or example, here is the de�nition of the previously men tioned function nth .

(defun nth ( n x )

(cond ((zp n ) (car x ))

(t (nth (- n 1) (cdr x )))))

The predicate zp is true if its argumen t is either 0 or not a natural n um b er. Th us

nth e�ectiv ely \co erces" n to b e a natural, b y using zp as the \test against 0."

All v alues of n other than natural n um b ers are treated as though they w ere 0.

T ermination of the recursion ab o v e is easy: when the recursiv e branc h is tak en,

n is a non-0 natural n um b er and the function decreases it in the recursion.

The logic supp orted b y the A CL2 theorem pro v er is somewhat ric her than

the k ernel logic sk etc hed ab o v e. The full logic is obtained from the k ernel b y

(a) a syn tactic extension and some syn tactic restrictions (b) the inclusion of an

extension principle called \encapsulation" and a deriv ed rule of inference called

\functional instan tiation," and (c) the inclusion of an extension principle called

\ defchoose " whic h pro vides the p o w er of �rst-order quan ti�cation in A CL2.

The syn tactic extension is pro vided via the incorp oration of Common Lisp's no-

tion of macros, whereb y new syn tactic forms are implemen ted b y functions that

translate those forms in to terms in the k ernel syn tax. The syn tactic restrictions

ha v e to do with syn tactic limitations on the use of certain primitiv es so as to

allo w e�cien t execution, as discussed in this pap er. Encapsulation and related

issues are discussed in [14 ], where admissibilit y requiremen ts are extended to

the full logic and insure not just consistency but conserv ativit y .
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2.2 The Relation to Common Lisp

Logically sp eaking, all A CL2 functions are total, but not all Common Lisp

functions are total. F or example, in Common Lisp, cdr is de�ned to b e the

righ t comp onen t of a cons pair and to b e nil on the sym b ol nil . But A CL2

has the axiom

(consp x ) = nil ! (cdr x ) = nil

Th us, in b oth A CL2 and Common Lisp, (cdr nil) is nil . But according to the

axiom ab o v e, in A CL2 (cdr 23) is nil while in Common Lisp it is unde�ned

and migh t signal an error or b eha v e in some erratic or arbitrary w a y .

Our \completion" of Common Lisp mak es the task of writing a theorem

pro v er for it simpler, b ecause the language is un t yp ed and the axioms are strong

enough to let us reduce to a constan t an y v ariable-free expression in v olving

recursiv ely de�ned functions in the primitiv es.

But only certain A CL2 expressions ha v e their axiomatically describ ed v alues

under Common Lisp. The expressions in question are ones in whic h eac h func-

tion, f , is applied only to argumen ts within the domain prescrib ed for f b y the

Common Lisp sp eci�cation [24 ]. The formalization of this notion of \prescrib ed

domain" of a function is A CL2's notion of guar d , a form ula that describ es the

in tended inputs to the function.

The guard for nth , ab o v e, requires that n b e a natural n um b er and x b e a

linear list or \true list". A linear list is a binary tree whose righ tmost tip is nil .

A CL2 uses an extension of Common Lisp's declare statemen t to allo w the user

to annotate de�nitions with their guards. Here is the de�nition of nth with its

guard:

(defun nth ( n x )

(declare (xargs :guard (and (integerp n )

(<= 0 n )

(true-listp x ))))

(cond ((zp n ) (car x ))

(t (nth (- n 1) (cdr x )))))

A guard ma y b e an y A CL2 form ula in the formal parameters of the function.

Often guards are t yp e-lik e and the system supp orts the use of Common Lisp's

type declaration in conjunction with guards declared as ab o v e.

W e sa y a function is Common Lisp c ompliant if, when its guard is satis�ed b y

the function's inputs, the guards of all subroutines are satis�ed b y their inputs.

The pro cess of v erifying that a function is Common Lisp complian t is called

guar d veri�c ation . Since A CL2 has a mec hanical theorem pro v er asso ciated

with it, guard v eri�cation is elegan tly implemen ted. F orm ulas expressing the

conditions ab o v e are generated and handed o v er to the theorem pro v er for pro of.

Roughly sp eaking, in the de�nition of a function f there is a guar d c onje ctur e

for eac h o ccurrence of a call of a subroutine g . The guard conjecture sa ys \if
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the formal parameters of f satisfy the guard for f and the tests go v erning this

call of g are true, then the actuals of the call of g satisfy the guard of g ."

If an A CL2 function is Common Lisp complian t then an y execution of it on

inputs satisfying its guard is correctly calculated b y executing the function in

Common Lisp.

When the user submits an admissible function de�nition to A CL2, t w o func-

tions are actually de�ned in the underlying Common Lisp. The �rst de�nition is

called the r aw de�nition and corresp onds to what the user actually t yp ed. The

second is the c omplete d de�nition . This de�nition is obtained from the giv en one

b y replacing all function names b y the names of their completed coun terparts

as p er the A CL2 axioms. F or example, the primitiv e Common Lisp function

named cdr , whic h is unde�ned on 23, is replaced b y another sym b ol { actually

the sym b ol cdr in another pac k age { de�ned as our cdr is axiomatized. Both

de�nitions can b e compiled. Generally , the ra w de�nitions are faster than the

completed ones, b ecause the latter do run time t yp e c hec ks and the former do

not.

When the user submits a form to b e ev aluated, the system runs the guards

on the form and if they are satis�ed, the form is ev aluated in Common Lisp,

i.e., the faster, ra w de�nitions are run. Otherwise, the slo w er, completed form

is ev aluated. Note that the guard is irrelev an t to the logical meaning of a

function; it only a�ects the e�ciency with whic h A CL2 can compute the v alue

of the function. If a large system of de�nitions has b een pro v ed to b e Common

Lisp complian t and some function in that system is called, e.g., to sim ulate a

test run of a micropro cessor, then the guard of that top-lev el function call is

tested once and all subsequen t execution is of fast, ra w co de.

Because of guards, calls of complian t A CL2 functions can b e replaced b y ra w

Lisp that is more e�cien t than their logical de�nitions suggest. Consider the

expression (zp n ) . Logically this tests whether n is a non-0 natural n um b er.

One migh t think that the execution of (zp n ) therefore required a run time

t yp e c hec k on n and the test 0 � n . But the guard for zp is that n is a natural

n um b er. Hence, the compiled co de for (zp n ) can test just whether n = 0.

Nth , as sho wn ab o v e, is Common Lisp complian t. On inputs satisfying its

guard, the compiled co de rep eatedly decremen ts n and cdr s x un til n = 0 and

then returns the car of x . W e will use nth often in this pap er.

2.3 Ab out the Theorem Pro v er

The A CL2 theorem pro v er is an impro v ed and extended descenden t of the Bo y er-

Mo ore theorem pro v er, NQTHM, [2 , 3 , 4 ]. A CL2 presen ts itself to the user as a

read-ev al-prin t lo op. In addition to the t ypical commands of de�ning functions

and ev aluating forms, A CL2 p ermits the user to p ose theorems to b e pro v ed.

The theorem pro v er is fully automatic but its b eha vior is determined, in part,

b y its state, whic h is in turn a�ected b y the theorems it has already pro v ed. W e

regard the theorem pro v er as in teractiv e: it is led to the pro ofs of complicated
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theorems b y the user, who form ulates appropriate in termediate results to pro v e

�rst. These results are designed b y the user to lead the system to the pro of of

the main result.

Here is some sample input to the theorem pro v er:

(defthm n th-up date-n th

(equal (nth i (update-nth j v x ))

(if (equal (nfix i ) (nfix j ))

v

(nth i x ))))

This form directs the system to pro v e the ab o v e form ula and then build it in as

a rewrite rule with the name n th-up date-n th .

Consider the theorem ab o v e. It is an equalit y and the left-hand side is the

term denoting the i

th

elemen t in the result of up dating x so that its j

th

elemen t

is v . The righ t-hand side tells us what that elemen t is. The expression (nfix

i ) \co erces" i to a natural: if i is a natural n um b er, (nfix i ) is iden tically i ;

otherwise, it is 0. If i and j are the same (when co erced to natural n um b ers),

the answ er is v ; otherwise, the answ er is the i

th

elemen t of x .

If w e think of the up date as a destructiv e op eration on x , then this theorem

relates the i

th

elemen t after the up date to the i

th

elemen t b efor e the up date.

But up date is not destructiv e; x do es not c hange. W e are dealing with a logic

here, not a programming language.

Logically sp eaking, there is no \b efore" or \after.". There is no suc h \ev en t"

as the \up dating of x ." Instead, the logical expressions x and (update-nth j

v x ) b oth denote ob jects and the theorem relates the i

th

elemen t of the ob ject

denoted b y the �rst to the i

th

elemen t of the ob ject denoted b y the second.

The A CL2 theorem pro v er pro v es n th-up date-n th automatically , b y in-

duction on i and the structure of the list x . After setting up a suitable base

case and induction step, the theorem pro v er pro v es b oth cases b y simpli�cation,

applying suc h axioms as the de�nitions of nth and update-nth and the fact

that (car (cons x y )) = x .

Once pro v ed, the theorem is built in to A CL2's simpli�er as a rewrite rule.

Supp ose that the system later tries to pro v e a form ula � in v olving the term

(nth i (update-nth j v x )) . W e will denote suc h a form ula as � [ (nth i

(update-nth j v x )) ]. The rewrite rule n th-up date-n th will split this goal

in to t w o goals. In the �rst, the goal b ecomes � [ v ] and has an additional h yp oth-

esis equating (as ab o v e) i and j ; in the second, the goal b ecomes � [ (nth i x ) ]

and has an additional h yp othesis asserting that i and j are di�eren t. Of course,

� or the particular instan tiations of i and j ma y mak e a case imp ossible (e.g.,

as when i and j are di�eren t constan ts or iden tical expressions).

By pro ving lemmas suc h as the one ab o v e, the user can con�gure A CL2 to

do case splits and simpli�cations designed to pro v e certain classes of theorems

of in terest. The user can augmen t or con trol A CL2's pro of searc h in a v ariet y

of other w a ys as w ell.
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A CL2 is a v ailable without fee from the A CL2 home page, h ttp://www.-

cs.utexas.edu/users/mo ore/acl2. Fiv e megab ytes of h yp ertext do cumen tation

can b e bro wsed there. The do cumen tation can b e do wnloaded with the A CL2

sources.

3 Single-Threaded Ob jects

In A CL2, a \single-threaded ob ject" is a data structure whose use is so syn-

tactically restricted that only one instance of the ob ject need ev er exist and its

�elds can b e up dated b y destructiv e assignmen ts.

F rom the logical p ersp ectiv e, a single-threaded ob ject is an ordinary A CL2

ob ject, e.g., comp osed of in tegers, sym b ols and conses. Logically sp eaking,

ordinary A CL2 functions are de�ned to allo w the user to \access" and \up date"

its �elds. Logically sp eaking, when �elds in the ob ject, obj , are \up dated" with

new v alues, a new ob ject, obj

0

, is constructed.

But b y syn tactic means w e insure that after an up dated v ersion of the ob ject

is created there are no more references to the \old" ob ject, obj . Then w e can

create obj

0

b y destructiv ely mo difying the memory lo cations in v olv ed in the

represen tation of obj . The syn tactic means is prett y simple but draconian: the

only reference to obj is in the v ariable named OBJ , where that is a \name" for

the ob ject in tro duced when the original instance w as created.

The consequences of this simple rule are far-reac hing and require some get-

ting used to. F or example, if OBJ has b een declared as a single-threaded ob ject

name, then:

� OBJ is a top-lev el global v ariable that con tains the curren t ob ject, obj .

� If a function uses the formal parameter OBJ , the only \actual expression"

that can b e passed in to that slot is OBJ ; th us, suc h functions can only

op erate on the curren t ob ject. Note that since the formal parameters of a

function m ust b e distinct, this rule prev en ts a single-threaded ob ject b eing

passed in to a function in t w o or more argumen t p ositions, eliminating the

p ossibilit y of aliasing.

� The accessors and up daters ha v e a formal parameter named OBJ , th us,

those functions can only b e applied to the curren t ob ject.

� The A CL2 primitiv es, suc h as cons , car and cdr , ma y not b e applied

to the v ariable OBJ . Th us, for example, OBJ ma y not b e consed in to a

list (whic h w ould create another p oin ter to it) or accessed or copied via

\unappro v ed" means.

� The up daters return a \new OBJ ob ject", i.e., obj

0

; th us, when an up dater

is called, the only v ariable whic h can hold its result is OBJ .
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� If a function calls an OBJ up dater, it m ust return OBJ .

� When a top-lev el expression in v olving OBJ returns an OBJ ob ject, that

ob ject b ecomes the new curren t v alue of OBJ .

T o a v oid dep endence on the left-to-righ t order of ev aluation in Common

Lisp, w e imp ose another rule

� When a non-top-lev el expression returns an OBJ ob ject, the result m ust

b e b ound to the lo cal v ariable named OBJ (rather than passed as an actual

to a function with a formal parameter named OBJ ).

Consider the term (f (smash OBJ ) (g OBJ )) , where smash is a function

that tak es obj as input and returns a mo di�ed v ersion of it, obj' . Observ e that

f has t w o argumen ts and that b oth actuals men tion OBJ . Logically sp eaking,

the t w o o ccurrences of the v ariable OBJ refer to the same ob ject, obj , whic h is,

of course, the v alue of OBJ \b efore" the mo di�cation. But with Lisp's left-to-

righ t order of ev aluation and our surreptitious destructiv e mo di�cation of obj

to pro duce obj' , the Lisp ev aluation of this expression w ould apply g to obj' .

Hence, the rule ab o v e disallo ws this term and requires us to write

(let (( OBJ (smash OBJ )))

(f OBJ (g OBJ ))).

If w e mean to apply g to obj instead of obj' w e m ust write

(let* (( v (g OBJ ))

( OBJ (smash OBJ )))

(f OBJ v )).

Note that f m ust return OBJ for these expressions to b e legal under our rules.

In A CL2, (let (( v

1

x

1

) ::: ( v

n

x

n

)) b o dy ) , where the v

i

are distinct v ari-

able sym b ols and the x

i

and b o dy are terms, is logically equiv alen t to the term

obtained b y sim ultaneously and uniformly replacing the v

i

b y the corresp onding

x

i

, i.e., b o dy

[ v

1

 x

1

;:::;v

n

 x

n

]

. The ra w implemen tation of let binds the v ariables

to the v alues of the terms and then ev aluates the b o dy in the extended bind-

ing en vironmen t. Because A CL2 is applicativ e, these t w o \meanings" of the

expression are equiv alen t. Lisp's let* construct is similar but do es sequen tial

assignmen ts (nested substitutions).

The ab o v e restrictions on the use of single-threaded ob jects are enforced b y

the A CL2 syn tax c hec k er. When a form is submitted to the read-ev al-prin t lo op,

the terms in it are c hec k ed for w ell-formedness. This includes, for example, the

expansion of macros, the c hec k that functions are de�ned and the c hec k that

function calls are giv en the correct n um b er of argumen ts.

T o enforce the syn tactic rules on single-threaded ob jects, w e m ust kno w the

\signature" of ev ery function sym b ol. F or example, memi is kno wn to tak e an

\ordinary" argumen t and a single-threaded ob ject of t yp e MS as input and to
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yield an ordinary ob ject as the single result. This is written ((memi * MS ) )

*) . The signature of update-memi is ((update-memi * * MS ) ) MS ) . The

signature of cons is ((cons * *) ) *) . Th us, the syn tax c hec k er is able to

insure suc h things as that MS is passed in to the second argumen t of memi , that

MS is passed in to the third argumen t of update-memi , and that MS is not passed

in to the second argumen t of update-memi or in to either argumen t of cons . The

last restriction prev en ts single-threaded ob jects from b eing referenced b y other

ob jects. The syn tax c hec k er also uses signatures to insure that the result of

update-memi is immediately let -b ound or else returned as the �nal answ er.

A CL2 supp orts \m ulti-v alued" functions, i.e., functions that return a v ector

of results. The rules ab o v e are generalized to handle suc h functions. F or exam-

ple, the function func migh t tak e an ordinary �rst argumen t, the single-threaded

ob ject MS as its second argumen t, and the single-threaded ob ject ST A TE as its

third argumen t and it migh t return an ordinary ob ject and a mo di�ed ST A TE .

Suc h a signature is written ((func * MS ST A TE ) ) (mv * ST A TE )) . The

syn tax c hec k er insures that when func is called its last t w o argumen ts are the

prop er single-threaded ob jects and that its v ector of t w o results is either re-

turned immediately or is mv-let -b ound to a v ector of t w o v ariables, the second

of whic h is ST A TE .

The hardest part of the syn tax c hec king is inducing the signature of a newly

de�ned function. The input signature is ob vious from the formal parameters

2

The output signature can b e determined b y examining some output branc h,

where the function returns an explicit formal parameter (or v ector of v alues) or

calls a subroutine whose output signature is kno wn. The supp ort for recursiv e

and m utually-recursiv e de�nitions, ho w ev er, complicates this pro cess, as it ma y

b e necessary to enforce the restrictions on recursiv e calls b efore the t yp e of the

output has b een determined.

The A CL2 read-ev al-prin t lo op do es not allo w the use of an y global v ariable

except single-threaded ob jects. F or example, while (car '(a b c)) is allo w ed,

(car x ) is not, b ecause in our applicativ e setting there is no binding en viron-

men t assigning a v alue to x . W e mak e an exception for single-threaded ob ject

names. If MS , for example, is a single-threaded ob ject, and fn is a function

whic h exp ects MS as its only argumen t, then (fn MS ) is a legal top-lev el form.

If the signature of fn indicates that (fn MS ) returns an up dated cop y of MS ,

then that v alue b ecomes the new \curren t" MS after the ev aluation. According

to our rules ab o v e, fn m ust return an up dated MS if fn (or an y of its subfunc-

tions) up dates MS . W e illustrate these restrictions in the next section.

What mak es A CL2 di�eren t from other functional languages supp orting suc h

op erations (e.g., Hask ell's \monads" [26 ] and Clean's \uniqueness t yp e system"

[1]) is that A CL2 also implemen ts an explicit axiomatic seman tics so that theo-

rems can b e pro v ed ab out them. In particular, the syn tactic restrictions noted

2

Actually , for reasons explained later, w e require the user to declare explicitly that a giv en

formal is b eing used as a single-threaded ob ject rather than as an ordinary ob ject.
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ab o v e are enforced only when single-threaded ob jects are used in function def-

initions (whic h migh t b e executed outside of the A CL2 read-ev al-prin t lo op in

Common Lisp). The accessor and up date functions for single-threaded ob jects

ma y b e used without restriction in form ulas to b e pro v ed. Since function ev al-

uation is sometimes necessary during pro ofs, A CL2 m ust b e able to ev aluate

these functions on logical constan ts represen ting the ob ject, ev en when the con-

stan t is not \the curren t ob ject." Th us, A CL2 supp orts b oth the e�cien t v on

Neumann seman tics and the clean applicativ e seman tics, and uses the �rst in

con texts where execution sp eed is paramoun t and the second during pro ofs.

4 An Example

W e describ e our implemen tation of single-threaded ob jects largely b y exam-

ple. F or simplicit y , w e do not mo del a micropro cessor state here, but rather a

m uc h simpler structure con taining a \p oin ter" and a small memory . The follo w-

ing command to the A CL2 read-ev al-prin t lo op de�nes a new single-threaded

ob ject named MS . The name \ defstobj " comes from the phrase \def ine s ingle-

t hreaded ob j ect."

(defstobj MS

(ptr :type (integer 0 *) :initially 0)

(mem :type (array t (5)) :initially nil))

This constructs a single-threaded ob ject named MS with t w o �elds. The �rst,

named ptr , con tains a p ositiv e in teger and is initially 0. The second, named

mem , is a list of �v e arbitrary (i.e., of Common Lisp t yp e t ) ob jects, indexed

sequen tially from 0 through 4. Initially mem con tains �v e o ccurrences of nil .

Logically sp eaking, the top-lev el global v alue of the v ariable sym b ol MS is

no w (0 (nil nil nil nil nil)) .

3

The defstobj command ab o v e in tro duces sev eral function de�nitions. These

de�nitions extend the logic to include the corresp onding axioms and they ex-

tend the underlying Common Lisp to include the completed v ersions of these

axiomatic de�nitions. The completed de�nitions, recall, are used b y A CL2 when

it m ust apply a logically de�ned function outside of its guarded domain. After

making these extensions, defstobj in tro duces ra w de�nitions for the functions.

These de�nitions are destructiv e and will b e discussed after w e ha v e clearly

describ ed the in tended seman tics.

The axiomatic de�nition of the \recognizer" for MS ob jects is

(defun msp ( MS )

(declare (xargs :guard t))

3

If the A CL2 user w ere to prin t the v alue of the v ariable MS , the result is displa y ed as

<ms> . Single-threaded ob jects are generally so large that it is coun terpro ductiv e to displa y

their v alues and y et b y the nature of our syn tactic con v en tions it is necessary that functions

return suc h v alues.
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(and (true-listp MS )

(= (length MS ) 2)

(ptrp (nth 0 MS ))

(memp (nth 1 MS ))))

The sub-functions ptrp and memp are de�ned as informally sk etc hed ab o v e, to

c hec k that their argumen ts are, resp ectiv ely , a p ositiv e in teger and a list of �v e

ob jects.

The accessor and up dater for the ptr �eld are

(defun ptr ( MS )

(declare (xargs :guard (msp MS )))

(nth 0 MS ))

(defun update-ptr ( v MS )

(declare (xargs :guard

(and (and (integerp v ) (<= 0 v ))

(msp MS ))))

(update-nth 0 v MS ))

Note that the guard ensures that w e do not run the ra w co de (sho wn later)

unless MS satis�es msp and, in the case of the up dater, v is a p ositiv e in teger.

W e do not pro vide the user with an accessor or up dater for the mem �eld.

Instead, w e pro vide an accessor and up dater for the elemen ts of that �eld. This

allo ws us to implemen t the con ten ts of the �eld itself as a (non-applicativ e)

Common Lisp arra y without exp osing that implemen tation decision. The t w o

functions pro vided are

(defun memi ( i MS )

(declare (xargs :guard

(and (integerp i )

(<= 0 i )

(< i 5)

(msp MS ))))

(nth i (nth 1 MS )))

(defun update-memi ( i v MS )

(declare (xargs :guard

(and (integerp i )

(<= 0 i )

(< i 5)

(msp MS ))))

(update-nth 1

(update-nth i v (nth 1 MS ))

MS ))

Note that these names ha v e an \ i " su�x to remind the reader that they access

and up date elemen ts of the mem comp onen t of MS , not the comp onen t itself.
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So m uc h for the axiomatic seman tics of the new functions.

The initial v alue of the MS ob ject is not (0 (nil nil nil nil nil)) but

a Common Lisp ob ject outside the applicativ e domain of the A CL2 logic b y

virtue of the use of destructiv ely mo di�ed arra ys. The initial v alue is (#(0)

#(NIL NIL NIL NIL NIL)) . The hash marks are Common Lisp's notation for

arra ys. The t w o arra ys serv e t w o purp oses. They will b e destructiv ely mo di�ed

to up date the curren t MS ob ject and they sometimes allo w us to a v oid \b o xing,"

the allo cation of additional storage to represen t run time t yp e tags. A p oin ter to

this initial v alue is stored in the Lisp constan t sym b ol named *the-live-ms* ,

whic h is not directly accessible to the A CL2 user. Ho w ev er, when the user

ev aluates a top-lev el A CL2 form con taining the global v ariable MS , that v ariable

is giv en the v alue of *the-live-ms* .

Defstobj in tro duces e�cien t ra w de�nitions for these functions. W e sho w

b elo w the ra w de�nitions for memi and update-memi .

4

This is legal Common

Lisp, but not within the applicativ e A CL2 subset.

(defun memi ( i MS )

(cond

((eq MS *the-live-ms*)

(aref (car (cdr MS )) i ))

(t (nth i (nth 1 MS )))))

(defun update-memi ( i v MS )

(cond

((eq MS *the-live-ms*)

(cond

(*wormholep* (wormhole-er 'update-memi (list i v MS )))

(t (setf (aref (car (cdr MS )) i )

v )

MS )))

(t (update-nth 1 (update-nth i v (nth 1 MS )) MS ))))

Observ e that when memi is applied to the \liv e" instance of MS it do es an arra y

access, aref , to get the appropriate elemen t. When update-memi is used to

up date the mem �eld of the liv e instance of MS , it do es so destructiv ely . The

clause dealing with \w ormholes" has to do with an in teractiv e en vironmen t in

whic h A CL2 do es not allo w single-threaded ob jects to b e altered and is not

germane here. When the functions are applied to v alues that are not the \liv e"

one, they b eha v e as p er the axiomatic de�nitions.

5

4

The de�nitions in tro duced actually con tain hea vy use of Common Lisp declare and the

forms so the compiler will pro duce more e�cien t co de.

5

These functions ma y b e applied to \non-liv e" v alues b y the theorem pro v er itself. In

the course of pro ving a theorem ab out (update-memi i v MS ) it is p ossible that the three

v ariables get instan tiated to constan ts and A CL2 will run the de�nition of update-memi to

reduce the expression to a constan t. If the particular v alues satisfy the guard on update-memi ,

the ra w de�nition is run, ev en though the particular v alue of MS ma y not b e the liv e one.
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Finally , defstobj giv es these functions signatures that indicate that they

tra�c in single-threaded ob jects. F or example, the signature of memi is ((memi

* MS ) ) *) and that of update-memi is ((update-memi * * MS ) ) MS ) .

Th us, b oth functions must b e passed the curren t MS (in the appropriate argu-

men t p osition) when they are called. F urthermore, the output of update-memi

must b e either returned or b ound to the let v ariable named MS .

Supp ose that the defstobj ab o v e has just b een admitted (i.e., ev aluated

successfully). Here is a sequence of in teractions with the read-ev al-prin t lo op.

The \ ACL2 !> " is the A CL2 prompt.

ACL2 !> MS

<ms>

ACL2 !>(ptr MS )

0

ACL2 !>(update-ptr 3 MS )

<ms>

ACL2 !>(ptr MS )

3

ACL2 !>(memi 2 MS )

NIL

ACL2 !>(update-memi 2 'abc MS )

<ms>

ACL2 !>(memi 2 MS )

ABC

The liv e v ersion of MS is prin ted simply as <ms> . Case and fon t are irrelev an t

here.

The follo wing theorem is pro v ed immediately (pro vided n th-up date-n th

has b een pro v ed).

(defthm memi-up date-memi

(equal (memi i (update-memi j v x ))

(if (equal (nfix i ) (nfix j )) v (memi i x ))))

There are sev eral notew orth y p oin ts ab out this theorem. First, it uses the

v ariable x where the single-threaded ob ject MS migh t ha v e b een exp ected. Our

syn tactic restrictions apply only to functions to b e executed in Common Lisp,

not to logical form ulas to b e pro v ed as theorems. It is often necessary to break

the single-threaded rules simply to state the desired prop erties of functions that

manipulate these ob jects. F or example, one migh t wish to p ose a conjecture

that relates comp onen ts of the state b efore and after a c hange. Secondly , the

theorem has no h yp otheses restricting its use to (msp x ) or legal i , j , and v .

Those restrictions are re
ected in the guards to the functions, not their logical

meanings. The upshot of this is that p o w erful general theorems can often b e

pro v ed | theorems without h yp otheses whic h ma y encum b er their subsequen t

use b y the automatic theorem pro v er. Ho w ev er, to use the single-threaded
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ob jects in the most e�cien t w a y { i.e., to gain access to the ra w co de pro duced

for them { they m ust b e applied to their in tended domains. When functions are

de�ned in terms of memi , update-memi , and the other single-threaded primitiv es

here, those functions should b e pro v ed to b e Common Lisp complian t to gain

maximal e�ciency .

5 Using Single-Threaded Ob jects

T o illustrate the use of single-threaded ob jects, w e use the MS ob ject to imple-

men t a ring bu�er. W e wish to de�ne (insert x MS ) so that it writes x to the

mem lo cation indicated b y ptr and incremen ts the p oin ter. Logically sp eaking

w e mean

(defun insert ( x MS )

(update-ptr (inc (ptr MS ))

(update-memi (ptr MS ) x MS )))

where inc incremen ts its argumen t mo dulo 5. Ho w ev er, this violates our syn-

tactic rules b ecause the output of update-memi is not immediately let -b ound

to the v ariable MS . In addition, w e ha v e found it desirable to require the user

to declare explicitly the in ten tion to use single-threaded ob jects. (Otherwise,

the ra w de�nition pro duced b y an acceptable defun w ould b e dep enden t on

whether its formals had b een de�ned to b e single-threaded ob jects. This w ould

op en the user to the p ossibilit y that the inclusion of another user's library in to

a session w ould c hange e�ect of legal de�nitions.) The follo wing de�nition of

insert is legal in our system, pro vided MS has b een in tro duced as ab o v e.

(defun insert ( x MS )

(declare (xargs :stobjs ( MS )))

(let (( MS (update-memi (ptr MS ) x MS )))

(update-ptr (inc (ptr MS )) MS )))

Logically , this de�nition is pro v ably equiv alen t to the earlier one, but, w e think,

mak es the sequencing more explicit. Finally , the user ma y de�ne de�ne a macro

to pro duce a nest of let -bindings of the v ariable MS . W e call that macro

\ sequentially " b elo w. With suc h a macro w e could write the defun ab o v e

as

(defun insert ( x MS )

(declare (xargs :stobjs ( MS )))

(sequentially

(update-memi (ptr MS ) x MS )

(update-ptr (inc (ptr MS )) MS )))

Supp ose then that w e ha v e the initial MS (with ptr 0 and mem consisting of

�v e nil s). If w e execute the follo wing
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(sequentially

(insert 'A MS )

(insert 'B MS )

(insert 'C MS )

(insert 'D MS ))

then the logical v alue of MS is (4 (A B C D NIL)) . If w e then do (insert 'E

MS ) the logical v alue is (0 (A B C D E)) . Finally , if w e do (insert 'F MS ) ,

the logical v alue (1 (F B C D E)) . Ho w ev er, if w e ask A CL2 to prin t the v alue

of MS the result is alw a ys the same <ms> .

It is con v enien t to de�ne a function to displa y that part of the ob ject in

whic h w e are in terested. In the case of MS , w e de�ne (show MS ) so that it

returns the �v e elemen ts in the ring bu�er, starting with the oldest. Th us, for

the state of MS sho wn ab o v e, (show MS ) is (B C D E F) . So far w e ha v e only

executed insert . What theorems can w e pro v e ab out it?

W e ha v e pro v ed

(defthm sho w-insert

(implies (< (ptr MS ) 5)

(equal (show (insert x MS ))

(cdr (append (show MS ) (list x ))))))

Again, note the relativ ely w eak h yp othesis, whic h mak es this lemma easier to

apply in the future. W e do not need to kno w that MS is a w ell-formed ring bu�er,

only that its p oin ter is less than �v e.

6

This lemma is pro v ed b y reasoning ab out

nth and update-nth .

No w supp ose w e wish to scan a binary tree and k eep trac k of the last �v e

tips seen. W e can write this as follo ws:

(defun scan ( x MS )

(declare (xargs :stobjs ( MS )))

(if (consp x )

(sequentially

(scan (car x ) MS )

(scan (cdr x ) MS ))

(insert x MS )))

Let � b e '(((A . B) . C) . (D . ((E . (F . G)) . (H . I)))) , i.e., a bi-

nary tree whose fringe consists of the nine sym b ols A , B , C , ..., I . Then (show

(scan � MS )) is (E F G H I) . No new storage is allo cated to compute (scan

� MS ) .

W e can pro v e the follo wing theorem,

6

The equalit y b y itself is not a theorem. If (ptr MS ) exceeds four, then the insert on

the left-hand side inserts x b ey ond the end of memory and then show on the left-hand side

collects the �rst �v e elemen ts of the bu�er, ignoring the x altogether. Mean while, the (show

MS ) on the righ t-hand side collects the nil b ey ond the end of memory and then the �rst four

elemen ts of the bu�er. The nil is cdr 'd o� and the �nal list of length �v e con tains the �rst

four elemen ts of the bu�er, follo w ed b y x .
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(defthm sho w-scan

(implies (< (ptr MS ) 5)

(equal (show (scan x MS ))

(lastn 5 (append (show MS ) (fringe x ))))))

where (lastn i x ) returns the last n elemen ts of list x and

(defun fringe ( x )

(if (consp x )

(append (fringe (car x ))

(fringe (cdr x )))

(list x )))

Note that this theorem \abuses" our syn tactic restrictions on the use of MS in a

completely una v oidable w a y . It relates the result of \sho wing" the ob ject after

a scan with the result of sho wing it b efore the scan . Suc h constructions m ust

b e legal if w e are to use the language to sp ecify our in ten tions. The theorem

ab o v e is pro v ed b y reasoning inductiv ely ab out the tree structure of x . The

pro of requires kno wledge of the prop erties of lastn , append , etc., but no new

kno wledge ab out the primitiv es for our single-threaded ob ject MS .

Ob viously , if the fringe of x con tains �v e or more elemen ts, the initial con-

ten ts of MS is irrelev an t. That is, an easy corollary of the ab o v e, deriv ed via a

lemma ab out lastn and append , is

(defthm sho w-scan-corollary

(implies (and (< (ptr MS ) 5)

(<= 5 (len (fringe x ))))

(equal (show (scan x MS ))

(lastn 5 (fringe x )))))

While these theorems are not fundamen tally deep, w e o�er them to illuminate

the claim that w e can reason ab out \destructiv e" functions suc h as scan with-

out m uc h trouble thanks to the observ ation that their syn tactic nature allo ws

applicativ e seman tics but v on Neumann implemen tations.

6 Conclusion

Of course, single-threaded ob jects ha v e not added an ything to the expressiv e

p o w er of A CL2; since they are axiomatized en tirely in terms of the prede�ned

functions nth and update-nth , w e cannot use them to mo del computing sys-

tems previously b ey ond our grasp. But the new mo dels execute m uc h faster.

F or example, researc hers at Ro c kw ell-Collins, Inc., ha v e used A CL2 to mo del

a micropro cessor, b oth with and without using single-threaded ob jects. The

mo dels are logically iden tical. W e can compare the sp eeds of these t w o mo dels

when executing test programs for the mo deled micropro cessor. It is con v enien t

to measure sp eeds in sim ulated micropro cessor instructions p er second. The
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mo del that do es not use single-threaded ob jects executes ab out 278 instruc-

tions/second. The mo del with single-threaded ob jects executes at ab out 2,326

instructions/second. These tests are extremely sensitiv e to the program b eing

run since the execution time of the �rst mo del is hea vily dep enden t up on the

memory addresses at whic h writes are b eing done. F urthermore, if the test

is arranged so that all the in tegers created are Common Lisp �xn ums, the �rst

mo del still executes at ab out 278 instructions/second while the second impro v es

to o v er 75,000 instructions/second b ecause no \b o xes" are created for the data.

These tests w ere p erformed on a Sun Ultra 2 (160 MHz) running the b eta release

of A CL2 V ersion 2.4 under Gn u Common Lisp.

It should b e noted that the use of single-threaded ob jects explicitly sequen-

tializes (some of the up dates in) an y function using them. This reduces the

opp ortunities to in tro duce parallelism, whic h is one of the p oten tial pa y o�s of

an applicativ e language. F or this reason, w e ha v e sometimes used the name \v on

Neumann b ottlenec ks" instead of \single-threaded ob jects." Ho w ev er, un til w e

realize the p oten tial parallelism in A CL2, w e feel that single-threaded ob jects

are v ery useful.

Our single-threaded ob jects are similar in spirit to Hask ell's \monads." A

monad is a t yp e constructor together with t w o op erations that corresp ond,

roughly , to the notions of \up date" and \sequen tially ." Lik e our single-threaded

ob jects, monads are state-holding ob jects that are understo o d applicativ ely but

can b e implemen ted destructiv ely b ecause of syn tactic (t yp e) c hec ks analogous

to those w e implemen t. It is p ossible in Hask ell for a function to temp orarily

create a monad for the purp ose of some computation. The state-holding ob ject

\ev ap orates" when it is no longer referenced. A CL2 do es not supp ort suc h a

use of single-threaded ob jects. Indeed, ev ery single-threaded ob ject m ust app ear

as an explicitly named actual to an y expression using it. The storage for the

ob ject is allo cated once and is nev er deallo cated. Another limitation of our

single-threaded ob jects is that they cannot b e nested: it is against our syn tactic

rules for suc h an ob ject to b e a comp onen t of an y ob ject, including another

single-threaded one. It is p erhaps p ossible to �nd syn tactic restrictions under

whic h suc h hierarc hies of ob jects ma y b e safely used.

The pap er [27 ] relates monads to other p opular alternativ e approac hes, in-

cluding sync hronized streams [25 ], con tin uations [19 ], linear logic [8], and side-

e�ects. Our approac h shares a lot with linear logic, but w e do not regard the

pro vision of single-threaded ob jects as ha ving pro duced a new logic. Indeed,

the situation is exactly the opp osite: if one regards this pap er ha ving \added"

single-threaded ob jects to our existing logic, w e m ust stress that w e did not alter

the logic in an y w a y . Our con v en tions are merely syn tactic restrictions on the

executable subset of a con v en tional �rst-order, quan ti�er free logic of recursiv e

functions. W e exploit the fact that the syn tax of the logic is unc hanged so that

w e can state theorems ab out the e�ects of up dates.

In general, it is our opinion that our single-threaded ob jects are less ex-

pressiv e than monads and the alternativ e mec hanisms but ha v e the winning
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attributes of b eing v ery simple, v ery e�cien t, and su�cien t for our purp oses.

As supp orting evidence w e cite the A CL2 system itself. A CL2 is largely

co ded in the A CL2 applicativ e programming language. The system constructed

b y Kaufmann and Mo ore consists of 5.5 megab ytes of compiled co de. Roughly

400,000 b ytes is compiled non-applicativ e Common Lisp co de implemen ting the

single-threaded applicativ e state con taining prop ert y lists, clo c ks, streams and

�les. Th us, w e think of 7% of the co de as b eing the non-applicativ e implemen-

tation of the primitiv es and the remaining 93%, or 5 megab ytes, b eing pure

applicativ e co de. The applicativ e co de includes all of the theorem pro v er, in-

cluding its rule-based simpli�er, v arious decision pro cedures including a b dd

pac k age and a linear arithmetic pro cedure, the induction mec hanism and all the

other heuristics and pro of tec hniques. Man y parts of the theorem pro v er access

and up date the applicativ ely formalized prop ert y list \w orld" con taining tens of

thousands of prop erties when the system is in its initial state and b efore it has

loaded user-supplied \b o oks" of previously pro v ed theorems, whic h ma y add

tens of thousands of additional prop erties. The applicativ e co de also includes

the error c hec k ers and error handlers, all input/output including the generation

of natural language pro of descriptions, the syn tax c hec king and macro expan-

sion, and the read-ev al-prin t lo op. The theorem pro v er is not a to y; it is used

to do industrial-scale v eri�cation pro jects. This is p o w erful evidence that our

single-threaded state pro vides adequate expressiv eness, con v enience and e�-

ciency for practical application.

The main con tribution of this w ork is that w e ha v e connected an e�cien t

implemen tation of state holding ob jects with an applicativ e programming lan-

guage while preserving our abilit y to reason formally and mec hanically ab out the

functions. The \limitation" that single-threaded ob jects are explicitly named

in expressions using them is useful in this setting b ecause it allo ws us to state

h yp otheses ab out their curren t con�guration, e.g., that (ptr MS ) is less than

�v e. These h yp otheses ma y in fact b e in v arian ts that could b e pro v ed of the

ob ject; but more often in our w ork they are true restrictions on the space of

p ossible states of the ob ject { restrictions whic h allo w one to address the situ-

ations of in terest. F or example, in our micropro cessor w ork, a theorem migh t

ha v e a h yp othesis that restricts the theorem to those states in whic h a giv en

micro co de program o ccupies a certain region of memory; the theorem migh t

conclude with a relation b et w een the initial state and �nal state of a run . That

is, the theorem c haracterizes the correctness (or some other prop ert y) of the mi-

cro co de program in question. Other memory con�gurations are p ossible under

the mo del and are indeed studied with theorems ab out other programs. These

theorems can then b e com bined to pro v e facts ab out systems of programs. See

[5 , 17 ] for some simple examples of ho w this is done and citations of applica-

tions of industrial in terest. In [27 ] the question is raised, in regard to linear

logic, whether \men tioning state explicitly" is a \pain" or a \b o on;" [27] sa ys

additional exp erience is necessary to determine the answ er. Our exp erience is

that it is a b o on when one wishes to state theorems ab out one's functions and
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comp ose those theorems.

Our connection of an e�cien t implemen tation with a pro of engine also ex-

p oses the need for an applicativ e programming language to supp ort not just the

execution of suc h functions on the \liv e" ob ject but to supp ort execution on

\non-liv e" instances of the ob ject as w ell. This is necessary since applications

of the functions arise in pro ofs and m ust b e calculated. Indeed, the syn tactic

restrictions on the use of single-threaded ob jects m ust b e lifted when one is

writing form ulas for the purp ose of expressing sp eci�cations.
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