10.

CS 336, Homework 1 - solutions

. Let A ={{0,1},{1},{2,3},{},{2}}. Let R be a relation on A defined as R = {(z,y)|z,y € A, |z| =

lyl}-
(a) List all elements of R.

R={{}{}), {1} {1}), ({2}, {2}), ({0, 1}, {0, 1}), ({2, 3}, {2, 3}), ({1}, {2}), ({0, 1}, {2, 3})}
(b) What properties does R have ?

reflexive, transitive, symmetric

. Let S={1,2,3}. Let A={x CS:1€x=1¢x}. List all elements of A.

A={{}{2},{3},{2,3}}
Let S =1{1,2,3,4,5}. Let A={x € S:3y € S 2% <y}. List elements of A.
A=1{1,2}

. Let S =1{1,2,3,4,5}. Let A={x €S :Vy €S,z <y}. List all elements of A.

A={}
Let S ={1,2,3,4,5}. Let A={x € S:3Jye€ 5,32 € S,y < z}. List all elements of A.
A={1,2,3,4,5}

Using the permitted symbols, express the set of all prime numbers.
{neN:VzeN, (z>1ANz<n)=2x [n)}
or

{neN:~Jz,yeN, (z>1Az<yAy<nAzy=n}

Given a function f: A — B, express the set of elements in B which are mapped to by f from at least
two elements in A.

{be B:3{ar,a2} C A, (f(a1) =bA flaz) =)}

Let A be a set of people. Let R be the relation on A for “friendship”. Define the set of friends of x
(for x € A) to be those elements y in A so that there is some pair in R in which x is paired with y.
Define this set using formal notation.

friends : A — P(A)
friends(z) = {y € A: (z,y) € R}

Let A be a set of people. Let R be the relation on A for “friendship”. Define the “friendliest person”
to be that person in A with the most friends. Define this formally in terms of R.

x € A:Vy e A, |friends(z)| > [friends(y)|

Let A be a set of people. Let R be the relation on A for “friendship”. We will say that A is a “friendly
bunch of people” if everyone in A is friends with at least as many people as they are not friends with.
Define this formally.

Vo € A, |friends(z)| > |A| — |friends(z)| — 1



11. Let Z denote the set of integers. Express the set of all even integers.

{neZ:3xe Z2x=n}

12. Prove that for all sets A, B,C, and D,

(A-B)—-CCA—(BUC).

For any z,

xe€(A-B)-Ciff

xreA—-B N x¢gCiff

reANxgB N zgCiff

r€AN z¢ BUC iff

xeA—(BUCQ)

So(A—B)-C=A—-(BUC(C),and then (A—B)—CCA—-(BUCQC).

rntl g

13. Let r # 1. Prove that for alln € N, > 1" r' =

Proof by mathematical induction on n.

r—1

e base case n = 0.

0 i .0
Zi:or =r =1,
e | _r—1 _1

r—1 = r=1 " =

e for n + 1, assuming by induction hypothesis that the assertion holds for n.
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r—1 r—1 - r—1 r—1

14. (additional exercise) Let R={< f,g>: f : R —=>RAg: R — RAIHa,b} CR, (f(a)=g(b)A f(b) =
g(a))}. Prove or disprove that Vf : R = R dg: R —- R, < f,g >€ R

Proof:

For any f, take g(x) = f(—x) for any x. Then choose an a # 0 and b = —a. We have that
g(b) = f(=b) = f(a). Analogally g(a) = f(—a) = f(b). Consequently < f, g >€ R.

The assertion of the problem is a direct consequence of that.



