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ompare two re
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on-straints. 1 Introdu
tionThe notion of an answer set (or \stable model") was de�ned in (Gelfond and Lif-s
hitz 1988) for logi
 programs whose rules have simple synta
ti
 stru
ture. Thehead of su
h a rule is an atom. The body is a list of atoms, some of them possiblypre�xed with the negation as failure symbol. In this paper, we 
ompare two re
entextensions of the answer set semanti
s.In one of these extensions, the head and the body of a rule are allowed to 
ontainnegation as failure (not), 
onjun
tion (,) and disjun
tion (;), nested arbitrarily (Lif-s
hitz et al. 1999). In parti
ular, negation as failure 
an o

ur in the head of a rule,as proposed in (Lifs
hitz and Woo 1992). For instan
e,a;not a (1)is a rule with the empty body. The program whose only rule is (1) 
an be shownto have two answer sets: ; and fag. The rulea not not a (2)is another example of a rule with nested expressions. It is \nondisjun
tive"|itshead is an atom; but its body 
ontains nested o

urren
es of negation as failure.The program whose only rule is (2) has the same answer sets as (1).
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hitzA

ording to the se
ond proposal (Niemel�a and Simons 2000), rules are allowedto 
ontain \
ardinality 
onstraints" and more general \weight 
onstraints." Forinstan
e, 0 � fa; bg � 1 (3)is a 
ardinality 
onstraint. This expression 
an be viewed as a logi
 program 
on-sisting of a single rule with the empty body. Its answer sets are the subsets of fa; bgwhose 
ardinalities are between 0 and 1, that is to say, sets ;, fag and fbg.Cardinality and weight 
onstraints are important elements of the input languageof smodels | a software system for 
omputing answer sets that 
an be used tosolve many kinds of 
ombinatorial sear
h problems.1 The idea of this programmingmethod, 
alled answer set programming, is to represent the given sear
h problem bya logi
 program whose answer sets 
orrespond to solutions. Cardinality 
onstraintsare found in many programs of this kind.It may appear that the two extensions of the basi
 syntax of logi
 programs |nested expressions and weight 
onstraints | have little in 
ommon. The followingobservation suggests that it would not be surprising a
tually if these ideas wererelated to ea
h other. The original de�nition of an answer set is known to have the\anti-
hain" property: an answer set for a program 
annot be a subset of anotheranswer set for the same program. Examples (1) and (2) show that the anti-
hainproperty is lost as soon as nested expressions are allowed in rules. Example (3)shows that in the presen
e of 
ardinality 
onstraints the anti-
hain property doesnot hold either.In this paper we show that there is indeed a 
lose relationship between these twoforms of the answer set semanti
s: 
ardinality and weight 
onstraints 
an be viewedas shorthand for nested expressions of a spe
ial form. We de�ne a simple, modulartranslation that turns any program 
 with weight 
onstraints into a program [
℄with nested expressions that has the same answer sets as 
. Furthermore, everyrule of [
℄ 
an be equivalently repla
ed with a set of nondisjun
tive rules, andthis will lead us to a nondisjun
tive version [
℄nd of the basi
 translation. Finally,we will de�ne a \nonnested translation" [
℄nn, obtained from [
℄nd by eliminatingnested expressions in the bodies of rules in favor of additional atoms. The nonnestedtranslation is a 
onservative extension of 
, in the sense that dropping the newatoms from its answer sets gives the answer sets for 
.The translations de�ned in this paper 
an be of interest for several reasons. First,the de�nition of an answer set for programs with weight 
onstraints is te
hni
allysomewhat 
ompli
ated. Instead of introdu
ing that de�nition, we 
an treat anyprogram 
 with weight 
onstraints as shorthand for its translation [
℄.Se
ond, the de�nition of program 
ompletion from (Clark 1978) has been ex-tended to nondisjun
tive programs with nested expressions (Lloyd and Topor 1984),and this extension is known to be equivalent to the de�nition of an answer set when-ever the program is \tight" (Erdem and Lifs
hitz 2003). In view of this fa
t, answersets for a tight logi
 program 
an be generated by running a satis�ability solver1 http://www.t
s.hut.fi/Software/smodels/ .



Weight Constraints as Nested Expressions 3on the program's 
ompletion (Babovi
h et al. 2000). Consequently, answer sets fora program 
 with weight 
onstraints 
an be 
omputed by running a satis�abilitysolver on the 
ompletion of one of the translations [
℄nd, [
℄nn, if that translationis tight. This idea has led to the 
reation of a new software system for 
omputinganswer sets, 
alled 
models2; see (Erdem and Lifs
hitz 2003, Se
tion 7) for details.Third, re
ent work on the theory of logi
 programs with nested expressions hasled to a simple theory of equivalent transformations of su
h programs. Two pro-grams are said to be weakly equivalent if they have the same answer sets, andstrongly equivalent if they remain weakly equivalent after adding an arbitrary setof rules to both of them. For instan
e, rule (2) is strongly equivalent to rule (1), sothat repla
ing one of these rules by the other in any program does not a�e
t thatprogram's answer sets. The study of strong equivalen
e is important be
ause welearn from it how one 
an simplify a part of a program without looking at the otherparts. The main theorem of (Lifs
hitz et al. 2001) shows that the strong equiva-len
e of programs with nested expressions is 
hara
terized by the truth tables ofthe three-valued logi
 known as the logi
 of here-and-there.3 Our translations 
anbe used to prove the strong equivalen
e of programs with weight 
onstraints usingthat logi
.The possibility of translating programs with 
ardinality 
onstraints into the lan-guage of nonnested programs at the pri
e of introdu
ing new atoms was �rst estab-lished by Marek and Remmel [(2002)℄. Our nonnested translation is more general,be
ause it is appli
able to programs with arbitrary weight 
onstraints. Its otheradvantage is that, in the spe
ial 
ase when all weights in the program are expressedby integers of a limited size (in parti
ular, in the 
ase of 
ardinality 
onstraints) itdoes not make the program exponentially bigger. (In the translation from (Marekand Remmel 2002, Se
tion 3), the number of rules introdu
ed in part (II) 
an beexponentially large.)4We begin with a review of programs with nested expressions (Se
tion 2) and pro-grams with weight 
onstraints (Se
tion 3). The translations are de�ned in Se
tion 4,and their use for proving strong equivalen
e of programs with weight 
onstraints isdis
ussed in Se
tion 5. Proofs of more diÆ
ult theorems are relegated to Se
tion 6.Some properties of programs with nested expressions proved in that se
tion, su
has the 
ompletion lemma and the lemma on expli
it de�nitions, may be of moregeneral interest.2 http://www.
s.utexas.edu/users/tag/
models.html .3 The 
lose relationship between answer sets and the logi
 of here-and-there was �rst dis
overedby Pear
e [(1997)℄.4 The use of additional atoms to keep the program small in the pro
ess of eliminating nestedexpressions is dis
ussed in (Pear
e et al. 2002). In 
ase of the transition from [
℄nd to [
℄nn, therole of additional atoms is even more signi�
ant: both the basi
 and nondisjun
tive translations
an be exponentially bigger than the original program, and the use of new atoms allows us tos
ale [
℄nd ba
k down approximately to the size of 
. The other reason why we are not applyinghere the translation from (Pear
e et al. 2002) to [
℄nd is that it would not give a nondisjun
tiveprogram.



4 P. Ferraris and V. Lifs
hitz2 Programs with Nested Expressions2.1 SyntaxA literal is a propositional atom possibly pre�xed with the 
lassi
al negation sign :.Elementary formulas are literals and the symbols ? (\false") and > (\true"). For-mulas are built from elementary formulas using the unary 
onne
tive not (negationas failure) and the binary 
onne
tives ; (
onjun
tion) and ; (disjun
tion). A rulewith nested expressions has the formHead  Body (4)where both Body and Head are formulas. For instan
e, (1) is a formula; it 
an beused as shorthand for the rule a;not a >:The expression :a not a (5)is an example of a rule 
ontaining 
lassi
al negation.A program with nested expressions is any set of rules with nested expressions.2.2 Semanti
sThe semanti
s of programs with nested expressions is 
hara
terized by de�ningwhen a 
onsistent set Z of literals is an answer set for a program�. As a preliminarystep, we de�ne when a 
onsistent set Z of literals satis�es a formula F (symboli
ally,Z j= F ), as follows:� for a literal l, Z j= l if l 2 Z� Z j= >� Z 6j= ?� Z j= (F;G) if Z j= F and Z j= G� Z j= (F ;G) if Z j= F or Z j= G� Z j= not F if Z 6j= F .We say that Z satis�es a program � (symboli
ally, Z j= �) if, for every rule (4)in �, Z j= Head whenever Z j= Body .The redu
t5 FZ of a formula F with respe
t to a 
onsistent set Z of literals isde�ned re
ursively as follows:� for elementary F , FZ = F� (F;G)Z = FZ ; GZ� (F ;G)Z = FZ ;GZ� (not F )Z = (? ; if Z j= F ;> ; otherwise5 This de�nition of redu
t is the same as the one in (Lifs
hitz et al. 2001), ex
ept that the
ondition Z j= FZ is repla
ed with Z j= F . It is easy to 
he
k by stru
tural indu
tion that thetwo 
onditions are equivalent.



Weight Constraints as Nested Expressions 5The redu
t �Z of a program � with respe
t to Z is the set of rulesHeadZ  BodyZfor ea
h rule (4) in �. For instan
e, the redu
t of (2) with respe
t to Z isa > (6)if a 2 Z, and a ? (7)otherwise.The 
on
ept of an answer set is de�ned �rst for programs not 
ontaining negationas failure: a 
onsistent set Z of literals is an answer set for su
h a program � ifZ is a minimal set satisfying �. For an arbitrary program �, we say that Z is ananswer set for � if Z is an answer set for the redu
t �Z .For instan
e, the redu
t of (2) with respe
t to fag is (6), and fag is a minimalset satisfying (6); 
onsequently, fag is an answer set for (2). On the other hand,the redu
t of (2) with respe
t to ; is (7), and ; is a minimal set satisfying (7);
onsequently, ; is an answer set for (2) as well.2.3 A Useful AbbreviationThe following abbreviation is used in the de�nition of the translation [
℄ in Se
-tion 4. For any formulas F1; : : : ; Fn and any set X of subsets of f1; : : : ; ng, byhF1; : : : ; Fni : Xwe denote the formula ;I2X � ,i2I Fi�: (8)The use of the \big 
omma" and the \big semi
olon" in (8) to represent a multiple
onjun
tion and a multiple disjun
tion is similar to the familiar use of V and W. Inparti
ular, the empty 
onjun
tion is understood as >, and the empty disjun
tionas ?.For instan
e, if X is the set of all subsets of f1; : : : ; ng of 
ardinality� 3, then (8)expresses, intuitively, that at least 3 of the formulas F1; : : : ; Fn are true. It is easyto 
he
k, for this X , that a 
onsistent set Z of literals satis�es (8) i� Z satis�es atleast 3 of the formulas F1; : : : ; Fn. This observation 
an be generalized:Proposition 1Assume that for every subset I of f1; : : : ; ng that belongs to X , all supersets of Ibelong to X also. For any formulas F1; : : : ; Fn and any 
onsistent set Z of literals,Z j= hF1; : : : ; Fni : X i� fi : Z j= Fig 2 X:
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hitzProofZ j= hF1; : : : ; Fni : X i� for some I 2 X , for all i, if i 2 I then Z j= Fii� for some I 2 X , I � fi : Z j= Figi� for some I 2 X , I = fi : Z j= Figi� fi : Z j= Fig 2 X:2.4 Strong Equivalen
eRe
all that programs �1 and �2 are said to be strongly equivalent to ea
h other if,for every program �, the union �1 [ � has the same answer sets as �2 [ �. This
on
ept is essential both for appli
ations of our translations and for the proof oftheir soundness.The method of proving strong equivalen
e proposed in (Lifs
hitz et al. 2001) isparti
ularly simple for programs that do not 
ontain 
lassi
al negation. We �rstrewrite both programs in the syntax of propositional formulas by writing everyrule (4) as the impli
ation Body ! Head and repla
ing every 
omma in the rulewith ^, every semi
olon with _, and every o

urren
e of negation as failure with :.For instan
e, rule (2) in this notation is::a! a:Then we 
he
k whether the rules of ea
h of the programs �1, �2 are entailed bythe rules of the other in the logi
 of here-and-there; if they are, then �1 and �2are strongly equivalent to ea
h other, and the other way around ((Lifs
hitz et al.2001), Theorem 1).The logi
 of here-and-there was originally de�ned in (Heyting 1930). Its de�nitionand basi
 properties are dis
ussed in (Lifs
hitz et al. 2001, Se
tion 2). It is a three-valued logi
, intermediate between intuitionisti
 and 
lassi
al. Re
all that a naturaldedu
tion system for intuitionisti
 logi
 
an be obtained from the 
orresponding
lassi
al system (Bibel and Eder 1993, Table 3) by dropping the law of the ex
ludedmiddle F _ :Ffrom the list of postulates. The logi
 of here-and-there, on the other hand, is theresult of repla
ing the ex
luded middle in the 
lassi
al system with the weakeraxiom s
hema F _ (F ! G) _ :G:In addition to all intuitionisti
ally provable formulas, the set of theorems of thelogi
 of here-and-there in
ludes, for instan
e, the weak law of the ex
luded middle:F _ ::Fand De Morgan's law :(F ^G)$ :F _ :G(the dual law 
an be proved even intuitionisti
ally).



Weight Constraints as Nested Expressions 7As an example of the use of this idea, note that the absorption lawsa _ (a ^ b)$ aa ^ (a _ b)$ aare provable in the logi
 of here-and-there (their usual proofs in the natural dedu
-tion formalization of propositional logi
 do not use the law of the ex
luded middle).It follows that, in any program, a; (a; b) and a; (a; b) 
an be repla
ed by a without
hanging the program's answer sets. In parti
ular, if we take a program 
ontaininga multiple disjun
tion of the form (8) and restri
t this disjun
tion to the sets I thatare minimal in X , then the answer sets of the program will remain the same.As another example, let us verify that (1) is strongly equivalent to (2) by provingthe equivalen
e a _ : a$ ::a! ain the logi
 of here-and-there. The proof left-to-right is straightforward, by 
onsid-ering the 
ases a, :a. Right-to-left, use the instan
e :a _ ::a of the weak law ofthe ex
luded middle and 
onsider the 
ases :a, ::a.The extension of this method to programs with 
lassi
al negation is based onthe fa
t that 
lassi
al negation 
an be eliminated from any program � by a simplesynta
ti
 transformation. For every atom a that o

urs in � after the 
lassi
alnegation symbol :, 
hoose a new atom a0 and repla
e all o

urren
es of :a with a0.The answer sets for the resulting program �0 that do not 
ontain any of the pairsfa; a0g are in a 1{1 
orresponden
e with the answer sets for � (Lifs
hitz et al. 2001,Se
tion 5). If the rules of ea
h of the programs �01, �02 
an be derived from therules of the other program and the formulas :(a^a0) in the logi
 of here-and-therethen �1 and �2 are strongly equivalent to ea
h other, and the other way around((Lifs
hitz et al. 2001), Theorem 2).
3 Programs with Weight Constraints3.1 SyntaxA rule element is a literal (positive rule element) or a literal pre�xed with not(negative rule element). A weight 
onstraint is an expression of the formL � f
1 = w1; : : : ; 
m = wmg � U (9)where� ea
h of L, U is (a symbol for) a real number or one of the symbols �1, +1,� 
1; : : : ; 
m (m � 0) are rule elements, and
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hitz� w1; : : : ; wm are nonnegative real numbers (\weights").6The part L � 
an be omitted if L = �1; the part � U 
an be omitted ifU = +1. A rule with weight 
onstraints is an expression of the formC0  C1; : : : ; Cn (10)where C0; : : : ; Cn (n � 0) are weight 
onstraints. We will 
all the rule elements ofC0 the head elements of rule (10).Finally, a program with weight 
onstraints is a set of rules with weight 
on-straints.7This syntax be
omes a generalization of the basi
 syntax of logi
 programs forwhi
h the answer set semanti
s was originally de�ned (Gelfond and Lifs
hitz 1988)if we identify a rule element 
 with the weight 
onstraint1 � f
 = 1g:By  C1; : : : ; Cnwe denote the rule 1 � f g  C1; : : : ; Cn:A 
ardinality 
onstraint is a weight 
onstraint with all weights equal to 1. A
ardinality 
onstraint L � f
1 = 1; : : : ; 
m = 1g � U
an be abbreviated as L � f
1; : : : ; 
mg � U: (11)3.2 Semanti
sThe de�nition of an answer set for programs with weight 
onstraints in (Simonset al. 2002) uses the following auxiliary de�nitions. A 
onsistent set Z of literalssatis�es a weight 
onstraint (9) if the sum of the weights wj for all j su
h thatZ j= 
j is not less than L and not greater than U . For instan
e, Z satis�es 
ardinality
onstraint (3) i� Z 
ontains at most one of the atoms a, b. About a program 
with weight 
onstraints we say that Z satis�es 
 if, for every rule (10) in 
, Zsatis�es C0 whenever Z satis�es C1; : : : ; Cn. As in the 
ase of nested expressions,6 In (Simons et al. 2002), weights are not required to be nonnegative, and the meaning of aprogram with negative weights is de�ned by des
ribing a method for eliminating them. Unfor-tunately, this prepro
essing step leads to some results that seem unintuitive. For instan
e, itturns out that the one-rule programs1 � fp = 1g  0 � fp = 2; p = �1gand 1 � fp = 1g  0 � fp = 1ghave di�erent answer sets.7 In (Simons et al. 2002), programs are not allowed to 
ontain 
lassi
al negation. But 
lassi
alnegation is allowed in the input �les of the 
urrent version of smodels.



Weight Constraints as Nested Expressions 9we will use j= to denote the satisfa
tion relation for both weight 
onstraints andprograms with weight 
onstraints.The next part of the semanti
s of weight 
onstraints is the de�nition of the redu
tfor weight 
onstraints of the formL � f
1 = w1; : : : ; 
m = wmg:The redu
t (L � S)Z of a weight 
onstraint L � S with respe
t to a 
onsistent setZ of literals is the weight 
onstraint LZ � S0, where� S0 is obtained from S by dropping all pairs 
 = w su
h that 
 is negative, and� LZ is L minus the sum of the weights w for all pairs 
 = w in S su
h that 
is negative and Z j= 
.For instan
e, the redu
t of the 
onstraint1 � fnot a = 3;not b = 2grelative to fag is �1 � f g:The redu
t of a ruleL0 � S0 � U0  L1 � S1 � U1; : : : ; Ln � Sn � Un (12)with respe
t to a 
onsistent set Z of literals is� the set of rules of the forml  (L1 � S1)Z ; : : : ; (Ln � Sn)Zwhere l is a positive head element of (12) su
h that Z j= l, if, for every i(1 � i � n), Z j= Si � Ui;� the empty set, otherwise.The redu
t 
Z of a program 
 with respe
t to Z is the union of the redu
ts of therules of 
.Consider, for example, the one-rule program1 � fa = 2g � 2 1 � fnot a = 3;not b = 2g � 4: (13)Sin
e the only head element of (13) is a, the redu
t of this rule with respe
t to aset Z of atoms is empty if a 62 Z. Consider the 
ase when a 2 Z. Sin
eZ j= fnot a = 3;not b = 2g � 4;the redu
t 
onsists of one rulea (1 � fnot a = 3;not b = 2g)Z :It is 
lear from the de�nition of the redu
t of a program above that every rule ina redu
t satis�es two 
onditions:� its head is a literal, and
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hitz� every member of its body has the form L � S where S does not 
ontainnegative rule elements.A rule satisfying these 
onditions is 
alled a Horn rule. If a program 
 
onsists ofHorn rules then there is a unique minimal set Z of literals su
h that Z j= 
. Thisset is 
alled the dedu
tive 
losure of 
 and denoted by 
l(
).Finally, a 
onsistent set Z of literals is an answer set for a program 
 if Z j= 
and 
l(
Z) = Z.To illustrate this de�nition, assume that 
 is (3). Set fa; bg is not an answer setfor 
 be
ause it does not satisfy 
. Let us 
he
k that every proper subset of fa; bgis an answer set. Clearly, every su
h subset satis�es 
. It remains to show that ea
hof these sets is the dedu
tive 
losure of the 
orresponding redu
t of 
.� 
; is empty, so that 
l(
;) = ;.� 
fag 
onsists of the single rule a, so that 
l(
fag) = fag.� 
fbg 
onsists of the single rule b, so that 
l(
fbg) = fbg.To give another example, let 
 be (13). Set fbg is not an answer set for 
be
ause it does not satisfy 
. The other subsets of fa; bg satisfy 
. Consider the
orresponding redu
ts.� 
; is empty, so that 
l(
;) = ;.� 
fag is a �1 � fg:Consequently, 
l(
fag) = fag.� 
fa;bg is a 1 � fgConsequently, 
l(
fa;bg) = ; 6= fa; bg.We 
on
lude that the answer sets for (13) are ; and fag.4 Translations4.1 Basi
 TranslationIn this se
tion, we give the main de�nition of this paper | the des
ription ofa translation from the language of weight 
onstraints to the language of nestedexpressions | and state a theorem about the soundness of this translation. Thede�nition of the translation 
onsists of 4 parts.1. The translation of a 
onstraint of the formL � f
1 = w1; : : : ; 
m = wmg (14)is the nested expression h
1; : : : ; 
mi : �I : L �Pi2I wi	 (15)where I ranges over the subsets of f1; : : : ;mg. We denote the translation of L � Sby [L � S℄.
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onstraint of the formf
1 = w1; : : : ; 
m = wmg � U (16)is the nested expressionnot �h
1; : : : ; 
mi : �I : U <Pi2I wi	� : (17)where I ranges over the subsets of f1; : : : ;mg. We denote the translation of S � Uby [S � U ℄.3. The translation of a general weight 
onstraint is de�ned by[L � S � U ℄ = [L � S℄; [S � U ℄:Re
all that L � S is shorthand for L � S � 1, and S � U is shorthand for�1 � S � U ; translations of weight 
onstraints of these spe
ial types have beende�ned earlier. It is easy to see that the old de�nition of [L � S℄ gives a nestedexpression equivalent to [L � S �1℄, and similarly for [S � U ℄.4. For any program 
 with weight 
onstraints, its translation [
℄ is the programwith nested expressions obtained from 
 by repla
ing ea
h rule (10) with(l1;not l1); : : : ; (lp;not lp); [C0℄ [C1℄; : : : ; [Cn℄ (18)where l1; : : : ; lp are the positive head elements of (10).The 
onjun
tive terms in (l1;not l1); : : : ; (lp;not lp) express, intuitively, that weare free to de
ide about every positive head element of the rule whether or not toin
lude it in the answer set.To illustrate this de�nition, let us apply it �rst to program (3). The translationof the 
ardinality 
onstraint 0 � fa; bg � 1 is[0 � fa; bg℄; [fa; bg � 1℄: (19)The �rst 
onjun
tive term isha; bi : f;; f1g; f2g; f1; 2ggwhi
h equals >; a; b; (a; b)and is equivalent to >. Similarly, the se
ond 
onjun
tive term is equivalent tonot (a; b). Consequently, (19) 
an be written as not (a; b). It follows that the trans-lation of program (3) 
an be written as(a;not a); (b;not b);not (a; b): (20)Similarly, we 
an 
he
k that program (13) turns intoa (not a;not b);not (not a;not b):The translation de�ned above is sound:
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hitzTheorem 1For any program 
 with weight 
onstraints, 
 and [
℄ have the same answer sets.We will 
on
lude this se
tion with a few 
omments about translating weight
onstraints of the forms L � S and S � U .In Se
tion 3 we have agreed to identify any rule element 
 with the 
ardinality
onstraint 1 � f
g, and to drop the head of a rule with weight 
onstraints when thishead is 1 � f g. It is easy to 
he
k that [1 � f
g℄ is equivalent to 
, and [1 � f g℄is equivalent to ?.If the weights w1; : : : ; wm are integers then the inequality in (17) is equivalent tobU
+1 �Pi2I wi. Consequently, in the 
ase of integer weights (in parti
ular, in the
ase of 
ardinality 
onstraints), [S � U ℄ 
an be written as not [bU
+ 1 � S℄. Thisis similar to a transformation that is used by the prepro
essor lparse of systemsmodels.The sign < in pla
e of � is not allowed in weight 
onstraints. But sometimes itis 
onvenient to write expressions of the form[L < f
1 = w1; : : : ; 
m = wmg℄understood as shorthand forh
1; : : : ; 
mi : �I : L <Pi2I wi	 : (21)Using this notation, we 
an write [S � U ℄ as not [U < S℄.Finally, note that ea
h of the sets X used in the expressions h
1; : : : ; 
mi : X informulas (15), (17) and (21) satis�es the assumption of Proposition 1 (Se
tion 2.3),be
ause the weights wi are nonnegative.4.2 Nondisjun
tive TranslationA rule with nested expressions (Se
tion 2) is nondisjun
tive if its head is a literalor ?. A nondisjun
tive program is a program with nested expressions whose rulesare nondisjun
tive.For any program 
 with weight 
onstraints, its nondisjun
tive translation [
℄ndis the nondisjun
tive program obtained from 
 by repla
ing ea
h rule (10) withp+ 1 rules lj  not not lj ; [C1℄; : : : ; [Cn℄ (1 � j � p);?  not [C0℄; [C1℄; : : : ; [Cn℄; (22)where l1; : : : ; lp are the positive head elements of (10).For example, if � is (3) then [�℄, as we have seen, is (20); the nondisjun
tivetranslation [�℄nd of the same program isa not not a;b not not b;?  not not (a; b): (23)



Weight Constraints as Nested Expressions 13Proposition 2For any program 
 with weight 
onstraints, [
℄nd is strongly equivalent to [
℄.In 
ombination with Theorem 1, this fa
t shows that the nondisjun
tive transla-tion is sound: 
 and [
℄nd have the same answer sets.Its proof is based on the following well-known fa
t about intuitionisti
 logi
:Fa
t 1If F is a propositional 
ombination of formulas F1; : : : ; Fm then F _ :F is intu-itionisti
ally derivable from F1 _ :F1,: : : ,Fm _ :Fm.Proof of Proposition 2We will show that formula (18) is equivalent to the 
onjun
tion of the formulas (22)in the logi
 of here-and-there. By Fa
t 1, the formula[C0℄ _ :[C0℄ (24)is entailed by the formulas 
 _ :
 for all head elements 
 of rule (10). For everynegative 
, 
 _ :
 is provable in the logi
 of here-and-there. It follows that (24)is derivable in the logi
 of here-and-there from l1 _ :l1,: : : ,lp _ :lp. Consequently,::[C0℄ � [C0℄ is derivable from these formulas as well. Hen
e (18) is equivalent inthe logi
 of here-and-there to the rule(l1;not l1); : : : ; (lp;not lp);not not [C0℄ [C1℄; : : : ; [Cn℄whi
h 
an be broken into the ruleslj ;not lj  [C1℄; : : : ; [Cn℄ (1 � j � p);not not [C0℄ [C1℄; : : : ; [Cn℄:The �rst line is equivalent to the �rst line of (22) in the logi
 of here-and-there.The se
ond line is intuitionisti
ally equivalent to the se
ond line of (22).4.3 Eliminating Nested ExpressionsA nondisjun
tive rule is nonnested if its body is a 
onjun
tion of literals, ea
hpossibly pre�xed with not . A nonnested program is a program whose rules arenonnested. Thus the synta
ti
 form of nonnested programs is the same as in thesimple 
ase reviewed at the beginning of Introdu
tion, ex
ept that the head of anonnested rule 
an be ?, and that literals are allowed in pla
e of atoms.Sin
e the answer sets for a nonnested program have the anti-
hain property,turning a program with weight 
onstraints into a nonnested program with the sameanswer sets is, generally, impossible. But we 
an turn any program with weight
onstraints into its nonnested 
onservative extension|into a program that may
ontain new atoms; dropping the new atoms from the answer sets of the translationgives the answer sets for the original program.Ea
h of the new atoms introdu
ed in the nonnested translation [
℄nn belowis, intuitively, an \abbreviation" for some formula related to the nondisjun
tivetranslation [
℄nd. For instan
e, to eliminate the nesting of negations from the �rst
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hitzline of the nondisjun
tive translation (22), we will introdu
e, for every j, a newatom qnot lj , and repla
e that line with the rulesqnot lj  not lj ;lj  not qnot lj ; [C1℄; : : : ; [Cn℄(1 � j � p). The �rst of these rules tells us that the new atom qnot lj is used to\abbreviate" the formula not lj . The se
ond rule is the �rst of rules (22) with thissubformula repla
ed by the 
orresponding atom. For instan
e, the nondisjun
tivetranslation (23) of program (3) turns after this transformation intoqnot a  not a;a notqnot a;qnot b  not b;b not qnot b;?  not not (a; b): (25)Introdu
ing the atoms qnot lj brings us very 
lose to the goal of eliminatingnesting altogether, be
ause every rule of the program obtained from [
℄nd by thistransformation is strongly equivalent to a set of nonnested rules. One way to elim-inate nesting is to 
onvert the body of every rule to a \disjun
tive normal form"using De Morgan laws, the distributivity of 
onjun
tion over disjun
tion, and, in
ase of the se
ond line of (22), double negation elimination.8 After that, we 
anbreak every rule into several nonnnested rules, ea
h 
orresponding to one of thedisjun
tive terms of the body. For instan
e, the last rule of (25) be
omes?  a; bafter the �rst step and ? a;? bafter the se
ond.The de�nition of [
℄nn below follows a di�erent approa
h to the elimination ofthe remaining nested expressions. Besides the \negation atoms" of the form qnot lj ,it introdu
es other new atoms, to make the translation of weight 
onstraints more
ompa
t in some 
ases. These \weight atoms" have the forms qw�S and qw<S , wherew is a number and S is an expression of the form f
1 = w1; : : : ; 
m = wmg for somerule elements 
1; : : : ; 
m and nonnegative numbers w1; : : : ; wm. They \abbreviate"the formulas [w � S℄ and [w < S℄ respe
tively.In the following de�nition, f
1 = w1; : : : ; 
m = wmg0, where m > 0, stands forf
1 = w1; : : : ; 
m�1 = wm�1g. Consider a nonnested program � that may 
ontainatoms of the forms qw�S and qw<S. We say that � is 
losed if� for ea
h atom of the form qw�S that o

urs in �, � 
ontains the ruleqw�S (26)8 Double negation elimination in the body of a rule with the head ? is intuitionisti
ally valid.



Weight Constraints as Nested Expressions 15if w � 0, and the pair of rulesqw�S  qw�S0 ;qw�S  
m; qw�wm�S0 (27)if 0 < w � w1 + � � �+ wm;� for ea
h atom of the form qw<S that o

urs in �, � 
ontains the ruleqw<S (28)if w < 0, and the pair of rulesqw<S  qw<S0 ;qw<S  
m; qw�wm<S0 (29)if 0 � w < w1 + � � �+ wm.We de�ne the nonnested translation [L � S � U ℄nn of a weight 
onstraint L �S � U as the 
onjun
tion qL�S ;not qU<S :Now we are ready to de�ne the nonnested translation of a program. For any pro-gram 
 with weight 
onstraints, [
℄nn is the smallest 
losed program that 
ontains,for every rule L0 � S0 � U0  C1; : : : ; Cnof 
, the rules qnot l  not l (30)and l  not qnot l; [C1℄nn; : : : ; [Cn℄nn (31)for ea
h of its positive head elements l, and the rules? not qL0�S0 ; [C1℄nn; : : : ; [Cn℄nn;? qU0<S0 ; [C1℄nn; : : : ; [Cn℄nn: (32)For instan
e, if 
 is (3) then rules (30){(32) areqnot a  not a;a not qnot a;qnot b  not b;b not qnot b;?  not q0�fa;bg;?  q1<fa;bg: (33)To make this program 
losed, we add to it the following \de�nitions" of the weightatoms q0�fa;bg and q1<fa;bg, and, re
ursively, of the weight atoms that are used in
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hitzthese de�nitions: q0�fa;bg;q1<fa;bg  q1<fag;q1<fa;bg  b; q0<fag;q0<fag  q0<fg;q0<fag  a; q�1<fg;q�1<fg: (34)The nonnested translation of (3) 
onsists of rules (33) and (34).The following theorem des
ribes the relationship between the answer sets for 
and the answer sets for [
℄nn. In the statement of the theorem, Q
 stands for theset of all new atoms that o

ur in [
℄nn|both negation atoms qnot l and weightatoms w � S, w < S.Theorem 2For any program 
 with weight 
onstraints, Z 7! Z nQ
 is a 1{1 
orresponden
ebetween the answer sets for [
℄nn and the answer sets for 
.Re
all that the introdu
tion of the new atoms qwL�S and qw<S is motivated bythe desire to make the translations of programs more 
ompa
t. We will investigatenow to what degree this goal has been a
hieved.The basi
 translation [C℄ of a weight 
onstraint, as de�ned in Se
tion 4.1, 
an beexponentially larger than C. For this reason, the basi
 and nondisjun
tive transla-tions of a program 
 are, generally, exponentially larger than 
.The nonnested translation of a program 
 
onsists of the rules (30){(32) 
orre-sponding to all rules of 
, and the additional rules (26){(29) that make the program
losed. The part 
onsisting of rules (30){(32) 
annot be signi�
antly larger than 
,be
ause ea
h of the formulas [Ci℄nn is short | it 
ontains at most two atoms. These
ond part 
onsists of the \de�nitions" of all weight atoms in [
℄nn, and it 
on-tains at most two short rules for every su
h atom. Under what 
onditions 
an weguarantee that the number of weight atoms is not large in 
omparison with the sizeof 
?The length of a weight 
onstraint (9) is m, and its weight is w1 + � � �+ wm. Wewill denote the length of C by L(C), and the weight of C by W (C).Proposition 3For programs 
 without non-integer weights, the number of weight atoms o

urringin [
℄nn is O�PL(C) �W (C)�, where the sum extends over all weight 
onstraintsC o

urring in 
.If the weights in 
 
ome from a �xed �nite set of integers (for instan
e, if everyweight 
onstraint in 
 is a 
ardinality 
onstraint) then W (C) = O(L(C)), and theproposition above shows that the number of weight atoms in [
℄nn is not large in
omparison with the size of 
. Consequently, in this 
ase [
℄nn 
annot be large in
omparison with 
 either.



Weight Constraints as Nested Expressions 17Proof of Proposition 3Let 
 be a program without non-integer weights. About a rule from [
℄nn we willsay that it is relevant if for every weight atom w � S or w < S o

urring in thatrule there is a weight 
onstraint (9) in 
 su
h that S is f
1 = w1; : : : ; 
j = wjg forsome j 2 f0; : : : ;mg, andw 2 f�max(w1; : : : ; wm); : : : ; w1 + � � �+ wmg [ fL;Ug:It is 
lear that the number of weight atoms o

urring in relevant rules 
an beestimated as O�PL(C) �W (C)�. On the other hand, it is easy to see that the setof relevant rules 
ontains the rules (30){(32) 
orresponding to all rules of 
, andthat it is 
losed. Consequently, all rules in [
℄nn are relevant.Without the assumption that all weights in 
 are integers, we 
an guarantee thatthe number of weight atoms o

urring in [
℄nn is O�P 2L(C)�.5 Proving Strong Equivalen
e of Programs with Weight ConstraintsFor programs with weight 
onstraints, the de�nition of strong equivalen
e is similarto the de�nition given above: 
1 and 
2 are strongly equivalent to ea
h other if,for every program 
 with weight 
onstraints, the union 
1[
 has the same answersets as 
2 [
. The method of proving strong equivalen
e of programs with weight
onstraints dis
ussed in this se
tion is based on the following proposition:Proposition 4
1 is strongly equivalent to 
2 i� [
1℄ is strongly equivalent to [
2℄.ProofAssume that [
1℄ is strongly equivalent to [
2℄. Then, for any program with weight
onstraints 
, [
1℄ [ [
℄ has the same answer sets as [
2℄ [ [
℄. The �rst programequals [
1 [
℄, and, by Theorem 1, has the same answer sets as 
1 [
. Similarly,the se
ond program has the same answer sets as 
2[
. Consequently 
1 is stronglyequivalent to 
2.Assume now that [
1℄ is not strongly equivalent to [
2℄. Consider the 
orre-sponding programs [
1℄0, [
2℄0 without 
lassi
al negation, formed as des
ribed atthe end of Se
tion 2.4, and let Cons be the set of formulas :(a ^ a0) for all newatoms a0 o

urring in these programs. By Theorem 2 from (Lifs
hitz et al. 2001),[
1℄0 [ Cons is not equivalent to [
2℄0 [ Cons in the logi
 of here-and-there. It fol-lows by Theorem 1 from (Lifs
hitz et al. 2001) that there exists a unary program �su
h that [
1℄0 [Cons [� and [
2℄0 [Cons [� have di�erent 
olle
tions of answersets. (A program with nested expressions is said to be unary if ea
h of its rulesis an atom or has the form a1  a2 where a1, a2 are atoms.) Let �� be the pro-gram obtained from � by repla
ing ea
h atom of the form a0 by :a. In view of the
onvention about identifying any literal l with the weight 
onstraint 1 � fl = 1g(Se
tion 3.1), �� 
an be viewed as a program with weight 
onstraints, and it's easyto 
he
k that [��℄0 is strongly equivalent to �. Then, for i = 1; 2, the program[
i℄0 [ Cons [ � has the same answer sets as the program [
i℄0 [ Cons [ [��℄0,
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hitzwhi
h 
an be rewritten as [
i [ ��℄0 [ Cons . By the 
hoi
e of �, it follows thatthe 
olle
tion of answer sets of [
1 [ ��℄0 [ Cons is di�erent from the 
olle
tionof answer sets of [
2 [ ��℄0 [ Cons . Consequently, the same 
an be said about thepair of programs [
1 [ ��℄ and [
2 [ ��℄, and, by Theorem 1, about 
1 [ �� and
2 [ ��. It follows that 
1 is not strongly equivalent to 
2.As an example, let us 
he
k that the program1 � fp; qg � 1p (35)is strongly equivalent to  qp: (36)Rules (35), translated into the language of nested expressions and written in thesyntax of propositional formulas, be
ome(p _ :p) ^ (q _ :q) ^ (p _ q) ^ :(p ^ q)(p _ :p) ^ p:Rules (36), rewritten in a similar way, be
ome:q(p _ :p) ^ p:It is 
lear that ea
h of these sets of formulas is intuitionisti
ally equivalent tofp;:qg.The fa
t that programs (35) and (36) are strongly equivalent to ea
h other 
anbe also proved dire
tly, using the de�nition of strong equivalen
e and the de�nitionof an answer set for programs with weight 
onstraints. But this proof would notbe as easy as the one above. Generally, to establish that a program 
1 is stronglyequivalent to a program 
2, we need to show that for every program 
 and every
onsistent set Z of literals,(a1) Z j= 
1 [ 
 and(b1) 
l((
1 [ 
)Z) = Zif and only if(a2) Z j= 
2 [ 
 and(b2) 
l((
2 [ 
)Z) = Z.Sometimes we may be able to 
he
k separately that (a1) is equivalent to (a2) andthat (b1) is equivalent to (b2), but in other 
ases this may not work. For instan
e,if 
1 is (35) and 
2 is (36) then (b1) may not be equivalent to (b2).An alternative method of establishing the strong equivalen
e of programs withweight 
onstraints is proposed in (Turner 2003, Se
tion 6). A

ording to that ap-proa
h, we 
he
k that for every 
onsistent set Z of literals and every subset Z 0 ofZ,(a3) Z j= 
1 and
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Z1if and only if(a4) Z j= 
2 and(b4) Z 0 j= 
Z2 . 6 Proofs of Theorems6.1 Proof of Theorem 1Lemma 1For any weight 
onstraint C and any 
onsistent set Z of literals, Z j= [C℄ i� Z j= C.ProofIt is suÆ
ient to prove the assertion of the lemma for 
onstraints of the formsL � S and S � U . Let S be f
1 = w1; : : : ; 
m = wmg. Then, by Proposition 1(Se
tion 2.3), Z j= [L � S℄ i� fi : Z j= 
ig 2 �I : L �Pi2I wi	i� L �Pi:Zj=
i wii� Z j= L � S:Similarly, Z j= [S � U ℄ i� fi : Z j= 
ig 62 �I : U <Pi2I wi	i� U �Pi:Zj=
i wii� Z j= S � U:Lemma 2For any 
onstraint L � S and any 
onsistent sets Z, Z 0 of literals,Z 0 j= [L � S℄Z i� Z 0 j= (L � S)Z :ProofLet S be f
1 = w1; : : : ; 
m = wmg and let I stand for f1; : : : ;mg. It is immediatefrom the de�nition of the redu
t in Se
tion 2.2 that�hF1; : : : ; Fni : X�Z = hFZ1 ; : : : ; FZn i : X: (37)For any subset J of I , let �J stand forPi2J wi. Using (37) and Proposition 1, we
an rewrite the left-hand side of the equivalen
e to be proved as follows:Z 0 j= [L � S℄Z i� Z 0 j= h
Z1 ; : : : ; 
Zmi : fJ � I : L � �Jgi� fi 2 I : Z 0 j= 
Zi g 2 fJ � I : L � �Jgi� L � �fi 2 I : Z 0 j= 
Zi g
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hitzLet I 0 be the set of all i 2 I su
h that the rule element 
i is positive, and let I 00 bethe set of all i 2 I n I 0 su
h that Z j= 
i. It is 
lear that 
Zi is 
i for i 2 I 0, > fori 2 I 00, and ? for all other values of i. ConsequentlyZ 0 j= [L � S℄Z i� L � �fi 2 I 0 : Z 0 j= 
ig+ �I 00i� L��I 00 � �fi 2 I 0 : Z 0 j= 
igi� Z 0 j= (LZ � S0)where LZ and S0 are de�ned as in Se
tion 3.2. It remains to noti
e that (L � S)Z =(LZ � S0).Lemma 3For any 
onstraint S � U and any 
onsistent set Z of literals,[S � U ℄Z = (> ; if Z j= (S � U);? ; otherwise:ProofBy the de�nition of the redu
t in Se
tion 2.2, [S � U ℄Z is� >, if Z 6j= [U < S℄,� ?, otherwise.It remains to noti
e that Z 6j= [U < S℄ i� Z j= [S � U ℄, and then i� Z j= S � U byLemma 1.In Lemmas 4{7, 
 is an arbitrary program with weight 
onstraints. Re
all that,a

ording to Se
tion 4.2, the nondisjun
tive translation [
℄nd of 
 
onsists of rulesof two kinds: lj  not not lj ; [C1℄; : : : ; [Cn℄ (38)and ? not [C0℄; [C1℄; : : : ; [Cn℄: (39)We will denote the set of rules (38) 
orresponding to all rules of 
 by �1, and theset of rules (39) 
orresponding to all rules of 
 by �2, so that[
℄nd = �1 [ �2: (40)Lemma 4A 
onsistent set Z of literals is an answer set for [
℄nd i� Z is an answer set for �1and Z j= �2.In view of (40), this is an instan
e of a general fa
t, proved in (Lifs
hitz et al.1999) as Proposition 2, that 
an be restated as the following:Fa
t 2Let �1, �2 be programs with nested expressions su
h that the head of every rulein �2 is ?. A 
onsistent set Z of literals is an answer set for �1 [ �2 i� Z is ananswer set for �1 and Z j= �2.



Weight Constraints as Nested Expressions 21Lemma 5For any 
onsistent set Z of literals, Z j= 
 i� Z j= �2.ProofIt is suÆ
ient to 
onsider the 
ase when 
 
onsists of a single rule (10). In this
ase, Z j= 
 i� Z j= C0 or, for some i (1 � i � m); Z 6j= Ci:On the other hand, Z j= �2 i�Z j= [C0℄ or, for some i (1 � i � m); Z 6j= [Ci℄:By Lemma 1, these 
onditions are equivalent to ea
h other.Lemma 6For any 
onsistent sets Z, Z 0 of literals, Z 0 j= 
Z i� Z 0 j= �Z1 .ProofIt is suÆ
ient to 
onsider the 
ase when 
 
onsists of a single rule (12). Then �Z1
onsists of the rulesl (not not l)Z ; [L1 � S1℄Z ; [S1 � U1℄Z ; : : : ; [Ln � Sn℄Z ; [Sn � Un℄Z (41)for all positive head elements l of (12).Case 1: for every i (1 � i � n), Z j= Si � Ui. Then, by Lemma 3, ea
h of theformulas [S1 � U1℄Z ; : : : ; [Sn � Un℄Z is >. Note also that if l 62 Z then (not not l)Zis ?, so that (41) is satis�ed by any 
onsistent set of literals. Consequently Z 0satis�es �Z1 i�, for ea
h positive head element l 2 Z,Z 0 j= l or, for some i (1 � i � m); Z 0 6j= [Li � Si℄Z : (42)On the other hand, a

ording to the de�nition of the redu
t from Se
tion 3.2, 
Zis the set of rules l  (L1 � S1)Z ; : : : ; (Ln � Sn)Zfor all positive head elements l satis�ed by Z. Then Z 0 j= 
Z i�, for ea
h positivehead element l 2 Z,Z 0 j= l or, for some i (1 � i � m); Z 0 6j= (Li � Si)Z :By Lemma 2, this 
ondition is equivalent to (42).Case 2: for some i, Z 6j= Si � Ui. Then, by Lemma 3, one of the formulas[Si � Ui℄Z is ?, so that ea
h rule (41) is trivially satis�ed by any Z 0. On the otherhand, in this 
ase 
Z is empty.Lemma 7If set 
l(
Z) is 
onsistent then it is the only answer set for �Z1 ; otherwise, �Z1 hasno answer sets.
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hitzProofRe
all that 
l(
Z) is de�ned as the unique minimal set satisfying 
Z (Se
tion 3.2).The answer sets for a program with nested expressions that does not 
ontain nega-tion as failure are de�ned as the minimal 
onsistent sets satisfying that program(Se
tion 2.2). It remains to noti
e that 
Z and �Z1 are satis�ed by the same setsof literals (Lemma 6).Theorem 1For any program 
 with weight 
onstraints, 
 and [
℄ have the same answer sets.ProofBy the de�nition of an answer set for programs with weight 
onstraints (Se
tion 3),a 
onsistent set Z of literals is an answer set for 
 i�
l(
Z) = Z and Z j= 
:By Lemmas 7 and 5, this is equivalent to the 
onditionZ is an answer set for �Z1 and Z j= �2:By the de�nition of an answer set for programs with nested expressions (Se
tion 2)and by Lemma 4, this is further equivalent to saying that Z is an answer set for[
℄nd. By Proposition 2, [
℄nd has the same answer sets as [
℄.6.2 Two Lemmas on Programs with Nested ExpressionsThe idea of program 
ompletion (Clark 1978) is that the set of rules of a programwith the same atom q in the head is the \if" part of a de�nition of q; the \only if"half of that de�nition is left impli
it. If, for instan
e, the ruleq  Fis the only rule in the program whose head is q then that rule is an abbreviatedform of the assertion that q is equivalent to F .Sin
e in a rule with nested expressions the head is allowed to have the samesynta
ti
 stru
ture as the body, the \only if" part of su
h an equivalen
e 
an beexpressed by a rule also: F  q:The lemma below shows that adding su
h rules to a program does not 
hange itsanswer sets.An o

urren
e of a formula F in a formula or a rule is singular if the symbolbefore this o

urren
e of F is :; otherwise the o

urren
e is regular (Lifs
hitz etal. 1999). The expression F $ Gstands for the pair of rules F  GG F:



Weight Constraints as Nested Expressions 23Completion LemmaLet � be a program with nested expressions, and let Q be a set of atoms that donot have regular o

urren
es in the heads of the rules of �. For every q 2 Q, letDef (q) be a formula. Then the program� [ fq  Def (q) : q 2 Qghas the same answer sets as the program� [ fq $ Def (q) : q 2 Qg:In the spe
ial 
ase when Q is a singleton this fa
t was �rst proved by Esra Erdem(personal 
ommuni
ation).In the statement of the 
ompletion lemma, if the atoms from Q o

ur neitherin � nor in the formulas Def (q) then adding the rules q  Def (q) to � extends theprogram by \expli
it de�nitions" of \new" atoms. A

ording to the lemma below,su
h an extension is 
onservative: the answer sets for � 
an be obtained by droppingthe new atoms from the answer sets for the extended program.Lemma on Expli
it De�nitionsLet � be a program with nested expressions, and let Q be a set of atoms that donot o

ur in �. For every q 2 Q, let Def (q) be a formula that 
ontains no atomsfrom Q. Then Z 7! Z n Q is a 1{1 
orresponden
e between the answer sets for� [ fq  Def (q) : q 2 Qg and the answer sets for �.The 
ompletion lemma and the lemma on expli
it de�nitions 
an be proved asfollows.Lemma 8Let � be a program without negation as failure, and Z 0 a subset of a 
onsistent setZ of literals. If the literals in Z n Z 0 do not have regular o

urren
es in the headsof the rules of � and Z j= � then Z 0 j= �.The proof of this lemma uses the following fa
t that is easy to verify by stru
turalindu
tion:Fa
t 3Let F be a formula without negation as failure, Z a 
onsistent set of literals andZ 0 a subset of Z. If Z 0 j= F then Z j= F .Proof of Lemma 8Take a rule Head  Body in � su
h that Z 0 j= Body . By Fa
t 3, Z j= Body , and
onsequently Z j= Head . Sin
e the literals in Z nZ 0 do not have regular o

urren
esin Head , it follows that Z 0 j= Head .Lemma 9Let � be a logi
 program, and let S be the set of literals that have regular o

ur-ren
es in � in the s
ope of negation as failure. For any pair Z1, Z2 of 
onsistentsets of literals, if Z1 \ S = Z2 \ S then �Z1 = �Z2 .
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hitzProofFrom the 
ondition Z1\S = Z2\S we 
on
lude that for every formula F o

urringin � in the s
ope of negation as failure, Z1 j= F i� Z2 j= F . Then the fa
t thatFZ1 = FZ2 for every formula F o

urring in � follows by stru
tural indu
tion.Proof of the Completion LemmaFirst 
onsider the 
ase when � and the formulas Def (q) do not 
ontain negationas failure; the general 
ase is dis
ussed at the end of the proof. Let �1 stand for�[ fq  Def (q) : q 2 Qg, and �2 stand for �[ fq $ Def (q) : q 2 Qg. We needto show that Z is minimal among the sets satisfying �1 i� Z is minimal among thesets satisfying �2.Case 1: For every subset Z 0 of Z, if Z 0 j= �1 then Z 0 j= �2. The opposite holds also,be
ause �1 � �2. Consequently, a subset of Z satis�es �1 i� it satis�es �2, whi
himplies that Z is minimal among the sets satisfying �1 i� Z is minimal among thesets satisfying �2.Case 2: For some subset Z 0 of Z, Z 0 j= �1 but Z 0 6j= �2. Let Z 00 be the interse
tionof all subsets X of Z su
h that(i) X nQ = Z 0 nQ, and(ii) for every q 2 Q, if X j= Def (q) then q 2 X .We will establish several properties of Z 00. First,Z 00 � Z 0: (43)Indeed, (i) holds for Z 0 as X ; sin
e Z 0 satis�es the program �1 that 
ontains therules q  Def (q), (ii) holds for Z 0 as well. Consequently, Z 0 is one of the sets Xwhose interse
tion we denoted by Z 00, whi
h implies (43).Se
ond, Z 00 satis�es 
onditions (i) and (ii) as X , that is to say,(i0) Z 00 nQ = Z 0 nQ, and(ii0) for every q 2 Q, if Z 00 j= Def (q) then q 2 Z 00.Property (i0) is a 
onsequen
e of the fa
t that Z 00 is the interse
tion of a nonemptyfamily of setsX satisfying (i). To prove (ii0), take any q 2 Q su
h that Z 00 j= Def (q).Ea
h superset of Z 00 satis�es Def (q) by Fa
t 3. Ea
h set X that satis�es (i) and(ii) is a superset of Z 00, so that ea
h of these sets X 
ontains q by (ii). As Z 00 is theinterse
tion of these sets, q 2 Z 00.By (i0), all literals from Z 0 n Z 00 belong to Q, and 
onsequently do not haveregular o

uren
es in the heads of the rules of �. Sin
e Z 0 j= �, we 
an 
on
lude byLemma 8 that Z 00 j= �. By (ii0), Z 00 satis�es the rules q  Def (q). Furthermore,Z 00 satis�es ea
h rule Def (q)  q, be
ause otherwise Z 00 n fqg would have been aproper subset of Z 00 that satis�es 
onditions (i) and (ii) as X , whi
h is impossibleby the 
hoi
e of Z 00. Consequently, Z 00 j= �2. Sin
e Z 0 6j= �2, it follows that Z 00 is aproper subset of Z 0. Then Z 00 is a proper subset of Z. Sin
e Z has a proper subsetsatisfying �2, it is neither an answer set for �1 nor an answer set for �2.
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ompletion lemma for the 
ase when � and the formulasDef (q) do not 
ontain negation as failure. To prove the lemma in full generality,apply this spe
ial 
ase to program �Z and the formulas Def (q)Z .Proof of the Lemma on Expli
it De�nitionsDenote the set of rules q  Def (q) for all q 2 Q by �. The assertion of the lemma
an be divided into two parts, and we will prove them separately.Claim 1: If Z is an answer set for � [� then Z nQ is an answer set for �.Consider �rst the 
ase when neither � nor � 
ontains negation as failure. Takean answer set Z for � [ � and a subset Z 0 of Z nQ. Lemma 8 
an be applied toprogram � and the subset (Z \ Q) [ Z 0 of Z, be
ause Z n ((Z \ Q) [ Z 0), as apart of Z n Q, does not 
ontain literals o

urring in the heads of the rules of �.Consequently (Z \Q) [ Z 0 j= �: (44)Sin
e Z is an answer set for � [�,(Z \Q) [ Z 0 j= � [� i� (Z \Q) [ Z 0 = Z i� Z 0 = Z nQ:Using (44), we 
on
lude:(Z \Q) [ Z 0 j= � i� Z 0 = Z nQ:Sin
e no element of Q o

urs in �, we 
an rewrite this asZ 0 j= � i� Z 0 = Z nQ:Sin
e Z 0 here is an arbitrary subset of Z nQ, we proved that Z nQ is an answer setfor �.To prove Claim 1 in the general 
ase, 
onsider an answer set Z for �[�. It is ananswer set for �Z [�Z also. By the spe
ial 
ase of Claim 1 proved above, Z nQ isan answer set for �Z . Sin
e no element of Q o

urs in �, �ZnQ = �Z (Lemma 9).It follows that Z nQ is an answer set for �ZnQ, and 
onsequently for �.Claim 2: If Z� is an answer set for � then there exists a unique answer set Z for� [� su
h that Z nQ = Z�.Consider �rst the 
ase when neither � nor � 
ontains negation as failure. LetZ� be an answer set for �. De�neZ0 = Z� [ fq 2 Q : Z� j= Def (q)g:We will show that Z0 is the only 
onsistent set Z of literals with the propertiesfrom Claim 2. Clearly Z0 nQ = Z�. We will 
he
k now that(i) Z0 satis�es � [�,(ii) no proper subset of Z0 satis�es � [�, and(iii) every 
onsistent set Z of literals that satis�es � [ � and has the propertyZ nQ = Z� is a superset of Z0.To show that Z0 satis�es �, observe that Z� satis�es � and no element ofQ o

ursin �. To show that Z0 satis�es �, assume that Z0 j= Def (q). Sin
e no element of
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hitzQ o

urs in Def (q), it follows that Z� j= Def (q), so that q 2 Z0. Assertion (i) isproved.It is 
onvenient to prove assertion (iii) next. Take a 
onsistent set Z of literalsthat satis�es � [ � and has the property Z n Q = Z�. Sin
e Z� is an answer setfor �, and � does not 
ontain elements of Q, Z� is disjoint from Q, so thatZ0 nQ = Z� nQ = Z� = Z nQ � Z: (45)Take any q 2 Z0\Q. Sin
e Z� is disjoint from Q, q belongs to the se
ond of the twosets whose union we denoted by Z0, so that Z� j= Def (q). Sin
e Z� = Z nQ andthe elements of Q do not o

ur in Def (q), it follows that Z j= Def (q). In view ofthe fa
t that Z satis�es �, we 
an 
on
lude that q 2 Z. Sin
e q here is an arbitraryelement of Z0 \Q, we proved that Z0 \Q � Z. In 
ombination with (45), this fa
tshows that Z is a superset of Z0.To prove assertion (ii), assume that a proper subset Z of Z0 satis�es �[�. Sin
ethe elements of Q do not o

ur in �, it follows that Z nQ satis�es �. On the otherhand, Z nQ is a subset of Z�. Sin
e Z� is an answer set for �, it follows that Z nQ
annot be a proper subset of Z�. Consequently Z nQ = Z�. Then, by assertion (iii),Z is a superset of Z0, whi
h is impossible, by the 
hoi
e of Z.To prove Claim 2 in the general 
ase, 
onsider an answer set Z� for �. It is ananswer set for �Z� also. By the spe
ial 
ase of Claim 2 proved above, there exists aunique answer set Z for �Z� [�Z� su
h that Z nQ = Z�. No element of Q o

ursin � or � in the s
ope of negation as failure. By Lemma 9 it follows that �Z� = �Zand �Z� = �Z for every Z su
h that Z n Q = Z�. Consequently, there exists aunique answer set Z for �Z [�Z su
h that Z nQ = Z�. It follows that there existsa unique answer set Z for � [� su
h that Z nQ = Z�.
6.3 Proof of Theorem 2Let 
 be a program with weight 
onstraints. Consider the subset � of its nonnestedtranslation [
℄nn 
onsisting of the rules whose heads are atoms from Q
. The rulesin
luded in � have the forms (26){(30); they \de�ne" the atoms in Q
. The rest of[
℄nn will be denoted by �; the rules of � have the forms (31) and (32). The unionof these two programs is [
℄nn: [
℄nn = � [�: (46)The idea of the proof of Theorem 2 is to transform � [ � into a program withthe same answer sets so that � will turn into [
℄nd and � will turn into a set ofexpli
it de�nitions in the sense of Se
tion 6.2, and then use the lemma on expli
itde�nitions.



Weight Constraints as Nested Expressions 27For every atom q 2 Q
, de�ne the formula Def (q) as follows:Def (qnot l) = not lDef (qw�S) =8>><>>:>; if w � 0,qw�S0 ; (
m; qw�wm�S0); if 0 < w � w1 + � � �+ wm,?; otherwiseDef (qw<S) =8>><>>:>; if w < 0,qw<S0 ; (
m; qw�wm<S0); if 0 � w < w1 + � � �+ wm,?; otherwiseLemma 10Program [
℄nn has the same answer sets as� [ fq $ Def (q) : q 2 Q
g:ProofFrom the de�nitions of [
℄nn and Q
 we 
on
lude that � 
onsists of the followingrules:� rule (26) for every atom of the form qw�S in Q
 su
h that w � 0;� rules (27) for every atom of the form qw�S 2 Q
 su
h that0 < w � w1 + � � �+ wm;� rule (28) for every atom of the form qw<S in Q
 su
h that w < 0;� rules (29) for every atom of the form qw<S in Q
 su
h that0 � w < w1 + � � �+ wm;� rule (30) for every atom of the form qnot l in Q
.Consequently � is strongly equivalent to fq  Def (q) : q 2 Q
g. Then, by (46),program [
℄nn has the same answer sets as � [ fq  Def (q) : q 2 Q
g. Theassertion to be proved follows by the 
ompletion lemma.Lemma 11Let S be f
1 = w1; : : : ; 
m = wmg. In the logi
 of here-and-there,[w � S℄$ 8>><>>:>; if w � 0;[w � S0℄; (
m; [w � wm � S0℄); if 0 < w � w1 + � � �+ wm,?; otherwise:[w < S℄$ 8>><>>:>; if w < 0;[w < S0℄; (
m; [w � wm < S0℄); if 0 � w < w1 + � � �+ wm,?; otherwise:
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hitzProofRe
all that [w � S℄ is an expression of the form (15), whi
h stands for a disjun
tionof 
onjun
tions (8). If w � 0 then the set after the : sign in (15) has the empty set asone of its elements, so that one of the disjun
tive terms of this formula is the empty
onjun
tion >. If w � w1+� � �+wm then set after the : sign in (15) is empty, so thatthe formula is the empty disjun
tion ?. Assume now that 0 < w1 + � � �+wm � w.Let I stand for f1; : : : ;mg and let I 0 be f1; : : : ;m� 1g. For any subset J of I , by�J we denote the sum Pi2J wi. Then[w � S℄ = ;J�I : �J�w � ,i2J 
i�$ ;J�I0 : �J�w � ,i2J 
i�; ;J�I : m2J;�J�w � ,i2J 
i�= [w � S0℄; ;J�I0 : �J+wm�w � ,i2J[fmg 
i�$ [w � S0℄; �
m; ;J�I0 : �J�w�wm � ,i2J 
i��= [w � S0℄; (
m; [(w � wm) � S0℄):The proof of the se
ond equivalen
e is similar.Lemma 12Program fq $ Def (q) : q 2 Q
g (47)is strongly equivalent tofqnot l $ not l : qnot l 2 Q
g[fqw�S $ [w � S℄ : qw�S 2 Q
g[fqw<S $ [w < S℄ : qw<S 2 Q
g: (48)ProofThe rules of (48) 
an be obtained from the rules of (47) by repla
ing Def (qw�S)with [w � S℄ for the atoms qw�S in Q
, and Def (qw<S) with [w < S℄ for the atomsqw<S in Q
. Consequently, it is suÆ
ient to show that, for every atom of the formqw�S in Q
, the equivalen
es Def (qw�S)$ [w � S℄ (49)are derivable in the logi
 of here-and-there both from (47) and from (48), andsimilarly for atoms of the form qw<S. The proofs for atoms of both kinds aresimilar, and we will only 
onsider qw�S. Let S be f
1 = w1; : : : ; 
m = wmg.The de�nition of Def (qw�S) and the statement of Lemma 11 show that the right-hand side of (49) is equivalent to the result of repla
ing qw�S0 in the left-hand side



Weight Constraints as Nested Expressions 29with [w � S0℄, and qw�wm�S0 with [w � wm � S0℄. Sin
e qw�S0 and qw�wm�S0belong to Q
, this observation implies the derivability of (49) from (48).The derivability of (49) from (47) will be proved by strong indu
tion onm. If w �0 or w > w1+ � � �+wm then, by the de�nition of Def (qw�S) and by Lemma 11, (49)is provable in the logi
 of here-and-there. Assume that 0 < w � w1 + � � � + wm.Then qw�S0 and qw�wm�S0 belong to Q
, and, by the indu
tion hypothesis, theequivalen
es Def (qw�S0)$ [w � S0℄and Def (qw�wm�S0)$ [w � wm � S0℄are derivable from (47). Consequently, the equivalen
esqw�S0 $ [w � S0℄and qw�wm�S0 $ [w � wm � S0℄are derivable from (47) as well. By Lemma 11, this implies the derivability of (49).Theorem 2For any program 
 with weight 
onstraints, Z 7! Z nQ
 is a 1{1 
orresponden
ebetween the answer sets for [
℄nn and the answer sets for 
.ProofFrom Lemmas 10 and 12 we see that [
℄nn has the same answer sets as the unionof � and (48). Furthermore, this union is strongly equivalent to the union of [
℄ndand (48). Indeed, � 
onsists of the rulesl not qnot l; [C1℄nn; : : : ; [Cn℄nn;? not qL0�S0 ; [C1℄nn; : : : ; [Cn℄nn;? qU0<S0 ; [C1℄nn; : : : ; [Cn℄nnfor every rule L0 � S0 � U0  C1; : : : ; Cnin 
 and every positive head element l of that rule; [
℄nd 
onsists of the rulesl not not l; [C1℄; : : : ; [Cn℄;?  not [L0 � S0; S0 � U0℄; [C1℄; : : : ; [Cn℄:It is easy to derive ea
h of these two programs from the other program and (48)in the logi
 of here-and-there. Consequently, [
℄nn has the same answer sets as theunion of [
℄nd and (48). By the 
ompletion lemma, it follows that [
℄nn has thesame answer sets as the union of [
℄nd and the programfqnot l  not l : qnot l 2 Q
g[fqw�S  [w � S℄ : qw�S 2 Q
g[fqw<S  [w < S℄ : qw<S 2 Q
g:The assertion of Theorem 2 follows now by the lemma on expli
it de�nitions.
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hitz7 Con
lusionThe results of this paper show that weight 
onstraints in the sense of (Niemel�a andSimons 2000) 
an be viewed as shorthand for nested expressions. Rules with weight
onstraints 
an be equivalently written as sets of nondisjun
tive rules. These rules
an be further made nonnested, without a signi�
ant in
rease in the size of theprogram, provided that auxiliary atoms are allowed. Moreover, when all weightsare integers from a �xed �nite set, this translation leads to a program of about thesame size as the original program with weight 
onstraints. These fa
ts, along withthe extension of the theory of tight programs proposed in (Erdem and Lifs
hitz2003), have led to the 
reation of the system 
models. The ideas of this paper 
anbe also used to prove the strong equivalen
e of programs with weight 
onstraints.A
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