
In Proceedings of the 25th International Conference on Machine Learning (ICML 08),
Helsinki, Finland,, July 2008.

Online Kernel Selectionfor BayesianReinforcementLearning

JosephReisinger JOERAII @CS.UTEXA S.EDU

Peter Stone PSTONE@CS.UTEXA S.EDU

Risto Miikkulainen RISTO@CS.UTEXA S.EDU

Departmentof ComputerSciences,TheUniversityof TexasatAustin, Austin,TX 78712

Abstract
Kernel-basedBayesianmethodsfor Reinforce-
ment Learning (RL) such as GaussianProcess
Temporal Difference (GPTD) are particularly
promising becausethey rigorously treat uncer-
tainty in the valuefunction andmake it easyto
specifyprior knowledge.However, thechoiceof
prior distribution signi�cantly affectstheempir-
ical performanceof the learningagent,and lit-
tle work hasbeendoneextendingexisting meth-
ods for prior model selectionto the online set-
ting. This paperdevelopsReplacing-KernelRL,
anonlinemodelselectionmethodfor GPTDus-
ing sequentialMonte-Carlomethods.Replacing-
Kernel RL is comparedto standardGPTD and
tile-codingonseveralRL domains,andis shown
to yield signi�cantly better asymptoticperfor-
mancefor many differentkernel families. Fur-
thermore,the resultingkernelscapturean intu-
itively usefulnotionof prior statecovariancethat
mayneverthelessbedif�cult tocapturemanually.

1. Intr oduction

Bayesianmethodsare a natural �t for Reinforcement
Learning (RL) becausethey representprior knowledge
compactlyandallow for rigoroustreatmentof valuefunc-
tion uncertainty. Modeling suchuncertaintyis important
becauseit offersa principledsolutionfor balancingexplo-
ration and exploitation in the environment. One particu-
larly elegantBayesianRL formulationis GaussianProcess
TemporalDifference(GPTD) (Engelet al., 2005). GPTD
is anef�cient adaptationof Gaussianprocesses(GPs)to the
problemof onlinevalue-functionestimation.In GPs,prior
knowledge in the form of value covarianceacrossstates
is representedcompactlyby a Mercerkernel (Rasmussen
& Williams, 2006),offering a conceptuallysimplemethod
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for biasinglearning.

An important open questionfor BayesianRL is how to
performmodelselectionef�ciently andonline. In GPTD,
modelselectiondeterminestheparticularform of theprior
covariancefunction andthe settings of any hyperparame-
ters. This papercontributestowardsansweringthis ques-
tion in two ways: (1) It demonstratesempirically the im-
portanceof modelselectionin BayesianRL; and(2) it out-
linesReplacing-KernelReinforcementLearning(RKRL), a
simpleandeffective sequentialMonte-Carloprocedurefor
selectingthemodelonline. RKRL notonly improveslearn-
ing in severaldomains,but doessoin a way thatcannotbe
matchedby any choiceof standardkernels.

Althoughconceptuallysimilar to methodscombiningevo-
lutionary algorithmsand RL (Whiteson& Stone,2006),
RKRL is novel for two reasons:(1) ThesequentialMonte-
Carlotechniqueemployedis simplerandadmitsaclearem-
pirical Bayesianinterpretation(Bishop, 2006), (2) Since
GPsarenonparametric,it is possibleto replacekernelson-
line during learningwithout discardingany previously ac-
quired knowledge, simply by maintaining the dictionary
of saved training examplesbetweenkernel swaps. This
online replacingproceduresigni�cantly improves perfor-
manceover previous methods,becauselearningdoesnot
needto startfrom scratchfor new kernels.

This paperis divided into seven main sections: Section
2 introducesGPTD,Section3 describesRKRL, Section4
details the experimentalsetupusing Mountain Car, Ship
SteeringandCaptureGo asexampledomains,andthelast
threesectionsgive results,futurework andconclusions.

2. GaussianProcessReinforcementLearning

In RL domainswith large or in�nite statespaces,func-
tion approximationbecomesnecessaryasit is impractical
or impossibleto storea tableof all statevalues(Sutton&
Barto,1998).GaussianProcesses(GPs)haveemergedasa
principledmethodfor solving regressionproblemsin Ma-
chineLearning(Rasmussen& Williams, 2006),andhave
recentlybeenextendedto performingfunctionapproxima-
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tion in RL aswell (Engelet al., 2005). In this section,we
brie�y review GPsandtheirapplicationto temporaldiffer-
encelearning.

GPsareaclassof statisticalgenerativemodelsfor Bayesian
nonparametricinference.Insteadof relyingona�x edfunc-
tionalformasin parametricmodel,GPsarede�neddirectly
in some(in�nite-dimensional)functionspace(Rasmussen
& Williams, 2006). Speci�cally, an indexed collectionof
randomvariablesV : X ! < over a commonprobabil-
ity spaceis a GP if the distribution of any �nite subsetof
V is Gaussian.Gaussianprocessesarecompletelyspeci-
�ed by prior meanandcovariancefunctions.In this paper,
the meanfunction is assumedto be identically zero and
theprior covariancefunction is speci�ed asa Mercerker-
nel k(�; �). Mechanistically, a GPis composedof thesetof
training dataanda prior covariancefunction (kernel) that
de�neshow to interpolatebetweenthosepoints.

Following theformulationof (Engel,2005),considerasta-
tistical generativemodelof theform

R(x) = H V(x) + N (x); (1)

where V is the unknown function to be estimated,N
is a noise model, H is a linear transformation,and R
is the observed regression function. Given a set of
data D = f (x i ; yi )gt

i =0 , the model reducesto a sys-
tem of linear equationsRt = H t Vt + N t , whereRt =
(R(x0); : : : ; R(x t ))> , Vt = (V (x0); : : : ; V (x t ))> , and
N t = (N (x0); : : : ; N (x t ))> .

Assumingthat V � N (0; K t ) is a zero-meanGP with

[K t ]i;j
def= k(x i ; x j ) for x i ; x j 2 D andN � N (0; � t ),

thentheGauss-Markov theoremgivestheposteriordistri-
butionof V conditionalon theobservedR:

V̂t (x) = k t (x)> � t ; (2)

Pt (x) = k(x; x) � k t (x)> C t k t (x); (3)

where

� t = H >
t (H t K t H >

t + � ) � 1r t � 1;

C t = H >
t (H t K t H >

t + � ) � 1H t ;

andk t (x) def= (k(x; x1); : : : ; k(x ; x t ))> . This closed-form
posteriorcan be usedto calculatethe predictedvalue of
V at somenew testpoint x � . In RL, the sequenceof ob-
served reward valuesare assumedto be relatedby some
(possiblystochastic)environmentdynamicsthat are cap-
turedthroughthematrixH .

In orderto adaptGPsto RL, thestandard Markov Decision
Process(MDP) framework needsto �rst be formalizedas
follows. Let X andU bethestateandactionspaces,respec-
tively. De�ne R : X ! < to betherewardfunctionandlet
p : X � U� X ! [0; 1] bethestatetransitionprobabilities.

A policy � : X � U ! [0; 1] is a mappingfrom statesto
actionselectionprobabilities.Thediscountedreturn for a
statex underpolicy � is de�ned as

D(x) =
1X

i =0


 i R(x i )jx0 = x;

wherex i +1 � p� (�jx i ), thepolicy-dependentstatetransi-
tion probabilitydistribution, and
 2 [0; 1] is thediscount
factor. Thegoalof RL is to computea valuefunctionthat
estimatesthediscountedrewardfor eachstateundera pol-
icy � , V (x) = E � [D (x)].

GPscanbe usedto model the latentvaluefunction given
a sequenceof observed rewardsandan appropriatenoise
model.Rewardis relatedto valueby

R(x) = V (x) � 
 V (x0) + N (x; x0);

wherex0 � p� (�jx ). Extendingthis model temporallyto
a seriesof statesx0; x1; : : : ; x t yields thesystemof equa-
tions Rt � 1 = H t Vt + N t , whereR andV arede�ned as
before,and

N t = (N (x0; x1); : : : ; N (x t � 1; x t ))> ;

H t =

2

6
6
6
4

1 � 
 0 : : : 0
0 1 � 
 : : : 0
...

...
0 0 : : : 1 � 


3

7
7
7
5

and N t � N (0; � t ). If the environmentdynamicsare
assumedto be deterministic,the covarianceof the state-
dependentnoisecanbemodeledas� t = � 2I . For stochas-
tic environments,the noisemodel � t = � 2H t +1 H >

t +1 is
moresuitable.See(Engel,2005)for a completederivation
for thesemodels.

Given H t , � t , and a sequenceof statesand reward val-
ues,theposteriormomentsV̂t andPt canbecomputedto
yield valuefunctionestimates.ThusGPs�t naturallyinto
the RL framework: Learningis straightforward anddoes
not requiresettingunintuitive parameterssuchas� or � ;
prior knowledgeof theproblemcanbebuilt in throughthe
covariancefunction; thefull distribution of theposterioris
available,makingit possibleto selectactionsin more com-
pelling ways,e.g.via interval estimation.Furthermore,the
valueestimatorV̂t andcovariancePt canbecomputedin-
crementallyonlineaseachnew stateactionpair is sampled,
withouthaving to inverta t � t matrixateachstep.For de-
tailsof thisprocedure,see(Engeletal., 2005).

Oneissuewith usingGPsfor RL is thatthesizeof K t , k(�),
H t andr t eachgrow linearlywith thenumberof statesvis-
ited, yielding a computationalcomplexity of O(jD j2) for
eachstep.Sinceit is notpracticalto remembereverysingle
experiencein online settings,the GP dictionarysizemust
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be limited in someway. To this end, Engel et al. derive
a kernelsparsi�cation procedurebasedon anapproximate
lineardependence(ALD) test.As thenumberof observed
trainingexamplestendsto in�nity , thenumberof examples
thatneedto besavedtendsto zero(Engelet al., 2005). A
matrixA t containsapproximationcoef�cients for theALD
test and a parameter� controlshow “novel” a particular
training examplemustbe beforeit is rememberedby the
GP, makingit possibleto tunehow compactandcomputa-
tionally ef�cient thevaluefunctionrepresentationis.

Finally, notethatGPTDcanbeextendedto thecasewhere
no environment modelis available,simply by de�ning the
covariancefunction over state-actionpairsk(x; u; x0; u0).
Thisprocedurewill betermedGP-SARSA in thispaper.

GPTDhasbeenshown to besuccessful,but in practiceper-
formancerelieson a goodchoiceof kernel. Thenext sec-
tion will focusonaparticularonlinemethodfor performing
suchkernelselection.

3. Online Model Selection

A commonrequirementin RL is that learningtake place
online, e.g. the learnermust maximize total reward ac-
crued.However, traditionalmodelselectiontechniquesap-
plied to GPs,suchascross-validation,or BayesianModel
Averaging,arenot designedto addressthis constraint.The
main contribution of this paperis to introduceReplacing-
Kernel ReinforcementLearning(RKRL), an online proce-
dure for model selectionin RL. In section3.1 an online
sequentialMonte-Carlomethoddevelopedandusedto im-
plementRKRL, asdescribedin section3.2.

3.1.SequentialMonte-Carlo Methods

Givena setof kernelsf k� (�; �)j� 2 Mg parameterizedby
a randomvariable� anda prior p(� ) over theseparame-
terizations,a fully Bayesianapproachto learninginvolves
integratingoverall possiblesettingsof � , yielding thepos-
teriordistribution

p(RjD) =
ZZ

p(RjV; D; � )p(V jD ; � )p(� )dVd� :

The integration over V given � is carriedout implicitly
when using GPs,however, the remainingintegral over �
is generallyintractablefor all but the most simple cases.
Insteadof integrating over all possiblemodel settings� ,
we canusethedatadistribution D to infer reasonableset-
tings for � via p(� jD ). Suchevidenceapproximationcan
is morecomputationallyef�cient andis an exampleof an
empiricalBayesapproach,wherelikelihoodinformationis
usedto guideprior selection(Bishop,2006).

Monte-Carlomethodscanbeusedto samplefrom p(� jD ),
however, suchmethodsassumethatthis distribution is sta-

Algorithm 1 SequentialMonteCarlo
Parameters: n, � , � , �

1: Draw f � (0)
i gn

i =1 � p(� )
2: for t = 0; 1; : : : do
3: Calculatef w( t )

i gn
i =1 from equation4.

4: Draw f ~�
( t +1)
i gn

i =1 by resamplingf (� ( t )
i ; w( t )

i )gn
i =1 .

5: � ( t +1)
i  ~�

( t +1)
i + (c0� 0; : : : ; ck � k )> whereck �

Bernoulli(� ) and� k � N (0; 1).
6: end for

tionary(Bishop,2006).In theRL case,stationarityimplies
thatwhenevaluating� , previousdataacquiredwhile eval-
uating � 0 cannotbe used. To avoid this inef�ciency, we
insteademploy a sequentialMonte-Carlo(SMC) method
adaptedfrom (Gordonetal., 1993)thatrelaxesthestation-
arity assumption.

SMC approximatesthe posterior distribution p(� jD ) at
time t empirically via a set of n samplesand weights
f (� ( t )

i ; w( t )
i )gn

i =1 where

wi
def=

p(Dj� ( t )
i )p(� ( t )

i )
P

m p(Dj� ( t )
m )p(� ( t )

m )
; (4)

where p(Dj� ( t )
i ) is the likelihood of � ( t )

i and p(� ( t )
i ) is

theprior. Inferenceproceedssequentiallywith samplesfor
time t + 1 drawn from theempiricaldistribution

p(� ( t +1) jD ) =
X

l

w( t )
l p(� ( t +1) j� ( t )

l ); (5)

wherep(� ( t +1) j� ( t ) ) is thetransitionkernel, de�ning how
the hyperparameterspaceshouldbe explored. In this pa-
per, theprior over modelsp(� ) is theuniform distribution
over [0; 1] for eachof thekernelhyperparameters(listedin
table1) andthe transitionkernelp(� ( t +1) j� ( t ) ) is de�ned

mechanisticallyas� ( t +1)  ~�
( t +1)

+ (c0� 0; : : : ; ck � k )>

whereck � Bernoulli(� ) and� k � N (0; 1). Pseudocode
for thisprocedureis givenin algorithm1.

3.2.Replacing-Kernel ReinforcementLearning

In Replacing-Kernel ReinforcementLearning (RKRL),
SMCis usedto selectgood kernelhyperparametersettings.
Ratherthancalculatingthe truemodellikelihoodp(Dj� i )
in equation4, RKRL insteadweightsmodelsbasedon their
relativepredictivelikelihood, ~p(Dj� i ), where

log ~p(Dj� i )
def= � � 1

X

t

r t ;

and (r 0; r 1; : : :) is the sequenceof rewards obtainedby
evaluatingthe hyperparametersetting� i for � episodes.
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Table1. Basickernelfunctionsandthecorrespondingextendedparameterizations.

KERNEL BASIC EXTENDED

NORM k(x ; x 0) = 1 � jj x � x 0jj 2

� k(x ; x 0) = 1 �
P

i wi (x i � x0
i )

2

GAUSSIAN k(x ; x 0) = exp
h

�jj x � x 0jj 2

� 2

i
k(x ; x 0) = exp

�
�

P
i wi (x i � x0

i )
2 �

POLYNOMIAL k(x ; x 0) = (hx ; x 0i + 1)d k(x ; x 0) = (
P

i wi x i x0
i + 1)d

TANH NORM k(x ; x 0) = tanh( vjj x � x 0jj 2 � c) k(x ; x 0) = tanh(
P

i wi (x i � x0
i )

2 � 1)
TANH DOT k(x ; x 0) = tanh( vhx ; x 0i � c) k(x ; x 0) = tanh(

P
i wi x i x0

i � 1)

The parameter� is introducedto control how strongly
modelsearchshouldfocuson hyperparametersettingsthat
yield highreward.Maximizingpredictiveability directly is
preferableasit is morecloselyrelatedto thegoalof learn-
ing thanmaximizing the�t to theobserveddata.In tabular
methodsthesetwo approachesindeedcoincidein thelimit
of largedata,howeverwhenusingfunctionapproximation,
they maydiffer.

WhenusingGPTD, the currentvaluefunction estimateis
formedfrom the combinationof the kernelparameteriza-
tion � determiningthe prior covariancefunction and the
dictionary ~D � D gatheredincrementallyfrom observing
statetransitions.In this paperwe considertwo variantsof
RKRL: StandardRKRL and Experience-PreservingRKRL

(EP-RKRL) thatdiffer basedon their treatmentof thesaved
experience~D. In StandardRKRL, ~D is discardedatthestart
of eachnew kernelevaluation(makingp(� jD ) stationary).
In contrast,in EP-RKRL eachkernelparameterizationsam-
ple � ( t ) inherits ~D1 from thesample� ( t � 1) thatgenerated
it in equation5.

RKRL naturallyspendsmoretime evaluatinghyperparam-
etersettingsthat correspondto areaswith high predictive
likelihood, i.e. maximizesonline reward. Eachsampling
stepincreasesinformationaboutthe predictive likelihood
in thesample(exploitation),while samplingfrom thetran-
sition kernelreducessuchinformation(exploration).

4. Experimental Setup

StandardRKRL and EP-RKRL are comparedagainst GP-
SARSA on threedomains.This sectiongivestheparameter
settings,kernelclassesanddomainsused.

4.1.Parameters

In all experiments,the TD discount factor was �x ed at

 = 1:0 and� -greedyactionselection wasemployedwith
� = 0:01. The GP-SARSA parametersfor prior noisevari-
ance(� ) and dictionary sparsity(� ) were � = 1:0 and

1For ef�ciency the suf�cient statistics~� and ~C for sparsi�ed
GP-SARSA are also inherited, thoughthey can be recalculated.
Thematrix of approximationcoef�cients A t is not recalculated,
althoughdoingsoshouldleadto bebetterperformancein general.

� = 0:001. For eachRKRL evaluation,GP-SARSA is run
for � episodesusingthespeci�edkernelparameterization.
The RKRL parametersweresetto n = 25, � = 0:01 and
� = 0:5. Performanceof RKRL is insensitive to changes
doubling� or � . Higher settingsof n improve the initial
performance,but reducethetotal numberof epochspossi-
ble givena �x ednumberof episodes.Thesettingof � sig-
ni�cantly impactsperformance,althoughthe main results
of this paperareinsensitive for 0:25 � � � 1:0. All ker-
nelsareextendedto functionsof boththestateandaction,
with actionstreatedasextrastatevariables.

4.2.Kernels

Although RKRL automatesthe choiceof kernel hyperpa-
rameters,there is still a needto choosea set of kernels
that representsthe searchspacefor RKRL. Generalker-
nelclassesarederivedfrom basicclassescommonlyfound
in the literature(table 1) by replacingthe standardinner
productsandnormswith weightedvariants(cf. automatic
relevancedetermination), yielding kernelclasseswith sig-
ni�cantly more hyperparameters.Settingthesehyperpa-
rametersis themodelselectiontask;asmorehyperparam-
etersareadded,the modelbecomesmore general,but the
correspondingdif�culty of inferring themodelparameters
increasesaswell.

In orderto give afair baselineGP-SARSA comparison,the
besthyperparametersettingfor eachbasickernelclasswas
derivedmanuallyfor eachdomainusinggrid search.Note
thatalthoughthey arecommon,thehyperbolictangentker-
nelsarenot positive semi-de�nite;however they still yield
goodperformancein practice(Smola& Scḧolkopf, 2004).

4.3.TestDomains

GP-SARSA, RKRL andEP-RKRL arecomparedacrossthree
domains: Mountain Car, Ship Steeringand CaptureGo.
Eachdomainhighlights a different aspectof complexity
found in RL problems: Mountain Car and Ship Steer-
ing have continuousstatespacesandthusrequirefunction
approximation,Ship Steeringalso has a large (discrete)
action space,and CaptureGo is stochasticwith a high-
dimensionalstatespace.
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4.3.1. MOUNTAIN CAR

In MountainCar, the learningagentmustdrive an under-
poweredcar up a steephill (Sutton& Barto, 1998). The
availableactionsarea 2 f� 1; 0; 1g, i.e.,brake,neutraland
accelerate.Thestatex t = (x t ; _x t ) 2 < 2 is comprisedof
thepositionandvelocity. Theenvironmentis deterministic
with stateevolutiongovernedby

x t +1 = x t + _x t +1

_x t +1 = _x t + 0:001at + � 0:0025cos(3x t )

where� 1:2 � x � 0:5 andj _xj � 0:07. Rewardis � 1 for
eachtimestepthecarhasnot passedthegoalat x = 0:5.
In all RKRL experimentswith MountainCar, � = 100(100
episodesper epoch)and eachepisodeis limited to 1000
stepsto reducecomputationtime.

4.3.2. SHIP STEERING

In Ship Steering, the learningagentmust properly orient
a sailboatto a speci�c headingand travel as fast as pos-
sible (White, 2007). Actions are two-dimensionalrudder
position(degrees)andthrust (Newtons),at = (r t ; Tt ) 2
[� 90; 90]� [� 1; 2]. Possible ruddersettingsarediscretized
at 3-degreeincrementsandthrustincrementsare0.5New-
tons,yielding 427 possibleactions. The stateis a 3-tuple
consistingof the heading,angularvelocity and velocity
x t = (� t ; _� t ; _x t ) 2 < 3. Stateevolution is describedby

_x t +1 = _x t +
1

250
(30Tt � 2_x t � 0:03_x t (5� t + r 2

t ))

_� t +1 = _� t +
_x t r t + _x t

1000
� t +1 = � t + 0:5( _� t +1 + _� t )

Reward at time stept is equalto _x t if j� t j < 5 andzero
otherwise. In all RKRL experimentswith Ship Steering,
� = 1. By comparingresultsin Ship Steeringto Moun-
tainCar, it is possibleto elucidatehow thelearner'sperfor-
mancedependson thesizeof the actionspace.

4.3.3. CAPTURE GO

Thethird domainusedin this paperis Capture Go, a sim-
pli�ed versionof Goplayedwherethe�rst playerto make a
capturewins.2 Thelearnerplaysagainsta�x edrandomop-
ponentona5� 5 board,andreceivesrewardof -1 for aloss
and+1 for a win. Theboardstatex t 2 f� 1; 0; 1g25 is en-
codedasa vectorwhere-1 entriescorrespondto opponent
pieces,0 entriescorrespondto blankterritoryand1 entries
correspondto theagent'spieces.Theagentis givenknowl-
edgeof afterstates, that is, knowledgeof how its moves
affect thestate.In all RKRL experimentsusingCaptureGo,

2http://www.usgo.org/teach/capturegame.
html

Table2. Asymptotic performanceon Mountain car. Bold num-
bersrepresentstatisticalsigni�cance.

KERNEL GP-SARSA RKRL EP-RKRL

POLYNOMIAL -67.6 � 0.3 -149� 5.5 -63.7 � 0.3
GAUSSIAN -230� 16 -521� 84 -66.9 � 0.9
TANH NORM -638� 72 -569� 41 -130� 8.7
TANH DOT -482� 37 -532� 113 -97.0 � 2.0

Table3. Asymptoticperformance(� 102) onShipSteering.

KERNEL GP-SARSA RKRL EP-RKRL

POLYNOMIAL 34.0 � 1.0 3.3 � 0.7 171� 241
GAUSSIAN 2.5 � 0.3 5.0 � 0.6 12.9 � 9.1
TANH NORM 2.1 � 0.8 4.5 � 0.7 662� 183
TANH DOT 2.9 � 0.6 3.0 � 0.8 19.5 � 15.3

Table4. Asymptoticperformance(% wins) onCaptureGo.

KERNEL GP-SARSA RKRL EP-RKRL

NORM 90.9 � 0.2 76.1 � 4.4 94.3 � 0.5
POLYNOMIAL 89.7 � 0.4 69.5 � 1.1 92.6 � 1.3
GAUSSIAN 90.3 � 0.5 78.3 � 0.7 93.3 � 0.1
TANH NORM 55.7 � 0.2 78.7 � 3.7 94.5 � 0.6
TANH DOT 62.4 � 2.8 70.5 � 1.5 89.1 � 1.1

� = 1000. This domainwaschosenbecauseit hasa high
dimensionalstatevectorandstochasticdynamics.

5. Results

GP-SARSA, RKRL andEP-RKRL wereappliedto threeRL
domains.Section5.1summarizesasymptoticperformance
in thethreedomains,Section5.2comparesasymptoticdic-
tionarysizes,Section5.3 evaluatesthe learnedkernelper-
formanceasastand-alonestatickernelandSection5.4ana-
lyzesthelearnedkernelhyperparametersettingsin Capture
Go.

5.1.Asymptotic Reward

Asymptoticperformanceisevaluatedacrossthreedomains:
MountainCar, ShipSteeringandCaptureGo. In eachdo-
main EP-RKRL signi�cantly outperformsboth GP-SARSA

andRKRL overmostkernelclasses.

5.1.1. MOUNTAIN CAR

In Mountain Car, learning trials are run for 125,000
episodesand asymptoticperformanceis measuredas the
averagereward over the last 100 episodes.EP-RKRL sig-
ni�cantly outperformsbothGP-SARSA andRKRL acrossall
kernelclassesasymptotically(table2). GP-SARSA perfor-
manceusing the POLYNOMIAL kernel reachesa peakat
� 51:6 after33 episodes,which is signi�cantly betterthan
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EP-RKRL (p < 10� 5). However, performancedegrades
signi�cantly with more episodes.This is a phenomenon
commonto neural-network basedfunction approximators
(Sutton& Barto,1998).

The Mountain Car problemhasbeenstudiedextensively
in RL literature. The best asymptoticresults from the
ReinforcementLearningLibrary standat � 53:92 (White,
2007). NEAT+Q, a similar method for combining TD
andevolutionaryalgorithms,achieves� 52:0 (Whiteson&
Stone,2006).However, in theformercase,differentvalues
for � and 
 areusedand in the latter case,the learneris
run for signi�cantly moreepisodes,makingdirectcompar-
isondif�cult. RunningMountainCarusingastandardtile-
codingfunctionapproximator(Sutton& Barto,1998)with
8 tilings andthesameRL parametersettingsyieldsasymp-
totic performanceof � 108:9, signi�cantly betterthanGP-
SARSA acrossall kernelsexceptPOLYNOMIAL, but signi�-
cantlyworsethanEP-RKRL underall kernelsexceptTANH

NORM.

Note that EP-RKRL signi�cantly outperformsRKRL be-
causeit discardslessexperienceover the courseof learn-
ing. Sincekernelscanonly describesmoothnessproper-
ties of the valuefunctions,the datapointsthemselvesbe-
comemoreimportantfor learning;hencediscardingthem
at eachmodel selectionstepsigni�cantly reducesperfor-
mance.Thiscontrastswith Whiteson'sNEAT+Qwork pre-
ciselybecauseneuralnetworksaremoreexpressive.

5.1.2. SHIP STEERING

In Ship Steering,each learner trains for 2500 episodes
(1000stepseach)andtheasymptoticperformanceis mea-
suredastheaveragerewardobtainedin thelast10episodes.
EP-RKRL signi�cantly outperformsGP-SARSA and RKRL

in all kernelclassesexceptGAUSSIAN (table3). In there-
mainingthreecases,however, EP-RKRL outperformsboth
methodsby severalordersof magnitude.Tile codingwith 8
tilings yieldsasymptoticperformanceof 0.17,signi�cantly
higherperformancethanGP-SARSA in all cases3 exceptfor
the POLYNOMIAL kernel class(p < 10� 9), but signi�-
cantlyworsethanEP-RKRL in all cases.

5.1.3. CAPTURE GO

In CaptureGo, eachlearnertrainsfor 3:75 � 106 episodes,
and asymptoticperformanceis measuredas the average
numberof winsover thelast1000episodes.EP-RKRL out-
performsGP-SARSA and RKRL acrossall kernel classes
(table 4). GP-SARSA 's averagereward peaksearly and
declinesunder the TANH DOT kernel, achieving a max-
imum of 78:7% wins after 10,000episodes,still signi�-
cantlylower thanEP-RKRL (p < 10� 6).

3Performancevaluesin table3 arescaledby a factorof 100.

Table5. Asymptoticdictionarysizefor MountainCar. Bold num-
bersindicatestatisticalsigni�cance.

KERNEL GP-SARSA RKRL EP-RKRL

POLYNOMIAL 21.6 � 0.4 10.3 � 0.5 13.6 � 0.2
GAUSSIAN 29.6 � 0.5 7.2 � 0.6 12.5 � 0.2
TANH NORM 2.5 � 0.1 8.5 � 0.8 12.6 � 0.2
TANH DOT 7.7 � 0.7 5.1 � 0.4 11.7 � 0.4

Table6. Asymptoticdictionarysizefor Shipsteering.

KERNEL GP-SARSA RKRL EP-RKRL

POLYNOMIAL 15.3 � 0.8 4.0 � 0.1 6.2 � 0.3
GAUSSIAN 12.3 � 0.5 15.5 � 0.3 13.7 � 0.1
TANH NORM 3.8 � 0.6 5.1 � 0.2 12.3 � 1.0
TANH DOT 7.7 � 0.8 3.2 � 0.1 5.3 � 0.2

Table7. Asymptoticdictionarysizefor CaptureGo.

KERNEL GP-SARSA RKRL EP-RKRL

NORM 28.5 � 0.2 5.9 � � 3.0 � �
POLYNOMIAL 147.1 � 3.3 25.2 � 1.4 40.4 � 1.4
GAUSSIAN 66.1 � 0.5 71.7 � 3.4 91.9 � 6.1
TANH NORM 62.0 � 1.1 19.6 � 0.4 17.5 � 0.7
TANH DOT 329.6 � 14.4 25.6 � 1.5 28.7 � 1.2

5.2.Dictionary Size

RKRL andGP-SARSA canbecomparedin termsof compu-
tationalcomplexity by measuringthe�nal dictionarysizes
j ~Dj of eachlearningagent.At eachdecisionpoint,thecom-
putationalcomplexity of GPTD is O(j ~Dj2), arising from
matrix-vectormultiplicationsandpartitionedmatrix inver-
sion (Engel, 2005). Furthermore,in practicethe O(j ~Dj)

costof computingk(x) def= (k(x; x1); : : : ; k(x ; x t ))> for
x i 2 ~D cancarry a high constantoverheadfor complex
kernels.Thus,keepingj ~Dj small is critical for onlineper-
formance.

Thedictionarysizesfor eachkernelandlearningalgorithm
pair is given in table5. In eight of the thirteencases,EP-
RKRL kernelsgeneratesigni�cantly smallerdictionariesfor
� = 0:001 thanGP-SARSA kernels,andlikewise in tenof
thethirteencasesRKRL generatessigni�cantly smallerdic-
tionaries.Thusin the majority of casesemploying model
selectionyields fasterlearningboth in termsof episodes
and in termsof computation. However, thesedictionary
sizesnever differ by more than a single order of magni-
tude,with the largestdifferencebeingbetweenRKRL and
GP-SARSA theTANH DOT kernelfor CaptureGo.

5.3.Generalization

How well a particularkernelhyperparametersettingfound
by EP-RKRL performsdependson what trainingexamples
it encountersduringlearning.Determiningto whatdegree
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classes,e.g.theMatérnkernels,thatadmitmany basicker-
nels as specialcases(Genton,2002). In particular, the
tradeoff betweenkernelclasscomplexity andperformance
shouldbeexplored.

Second,the learnedkernelparameterizationsacquiredun-
deronedictionarydonotperformwell underdifferentdic-
tionaries,indicatingthatthedictionariesthemselvescanbe
thoughtof ashyperparametersto beoptimized.Developing
sucha theory of nonparametricsparsi�cation in RL may
leadto signi�cantly bettervaluefunctionapproximations.

Third, it is possibleto derive a full kernel-replacingpro-
cedurewhereall covariancefunctionevaluationssharethe
sameaccumulatedlearning, updatedafter every �tness
evaluationof every individual. Suchan approachwould
further reducethe samplecomplexity of RKRL, and also
makespossibletheuseof BayesianModelAveraging tech-
niqueswithin asinglelearningagent,i.e.averagingoveran
ensembleof GPvaluefunctionsweightedby their predic-
tive likelihoods(Hastieetal., 2001).

Finally, there is a deepconnectionbetweenaction ker-
nelsandtheconceptof RelocatableAction Models(Lef�er
et al., 2007). It maybepossibleto castthe latter in terms
of state-independent prior covariancefunctions,yielding a
powerful framework for modelselection.

7. Conclusion

This paperdevelopedRKRL, a simpleonlineprocedurefor
improving the performanceof Gaussianprocesstemporal
differencelearningby automaticallyselectingtheprior co-
variancefunction. In severalempiricaltrials,RKRL yielded
signi�cantly higherasymptoticreward thanthebesthand-
picked parameterizationsfor common covariance func-
tions,evenin caseswherea largenumberof hyperparame-
tersmustbeadapted.Furthermore,the learnedcovariance
functionsexhibit highly structuredknowledgeof the task
that would have beendif�cult to build in a priori without
signi�cant knowledgeof thedomain. Overall theseinitial
resultsarepromising,andsuggestthat leveragingwork in
statisticalmodelselectionwill signi�cantly improveonline
learning.
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