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Let C € R™*" A € R™*k and B € R¥*"_ Partition
(conformally)
Co,o0 Co,1 - | Con-1
Ci0 Ci1 Ci,Nn-1
c = . . o )
Cv-10 | Cv-11 | -+ | Cu—1,n—1
Aoyo Ao,1 Ao, x—1
Aip A - A k-1
A = ; ,
Apv—10 | Av—11 | -+ | AM—1,k-1
Bo,o Bo1 -+ | Bon-1
Bio Bi1 Bi,n-1
B = . .
Brx-10 | Bk-11 | -+ | Bk—1,n-1
K-1
Then Ci,j = szO Ai7 Bpﬂ'.
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@ If one partitions matrices C, A, and B into blocks,
@ and one makes sure the dimensions match up,

@ then blocked matrix-matrix multiplication proceeds exactly as
does a regular matrix-matrix multiplication

@ except that individual multiplications of scalars commute
while (in general) individual multiplications with matrix blocks
(submatrices) do not.
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Consider
-1 2 4 1
1 0] -1 -2
A= 2 -1 3 1
1 2 3 4

then

-2
-8
AB = 6
8

-2 2 =3
0 1 -1
» B= -2 -1 0 |’
4 0 1
-4 2
3 =5
0 —4
1 -1
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Corollary

Partition C' and B by columns and do not partition A. Then

C=(coler| - |enr) and B=(to|br]--[bus)

so that

(ele] - lewr) = C=AB=A(bo|by| | bur )
= ((Aby | Aby |- | Abyy ).
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By moving the loop indexed by j to the outside in the algorithm
for computing C' = AB + C' we observe that

forj=0,....n—1
fori=0,...,m—1
forp=0,....,k—1
Vi = CipPpi t+vig ¢ = Abjt+¢
endfor
endfor
endfor

or

forj=0,...,n—1
forp=0,...,k—1

fori=0,...,m—1
Yig = ipBpi t v pci= Abj + ¢
endfor
endfor
endfor
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Corollary

Partition C' and A by rows and do not partition B. Then
&, 74
F al
1 1
C= _ and A= :
T —T—
Cm—1 A—1
so that
c ad al' B
& al al'B
—T— =T —T—&~
C’ITL—]. a/m_]_ am_lB
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-1 2 4 -2 2
1 0 -1 0 1
2 -1 3 -2 -1
-2 2
(-1 2 4) 0 1
-2 -1
-2 2 —6 —4
= (1 0 —1) 0 1 = 0 3
-2 -1 -10 0
-2 2
(2 -1 3) 0 1
-2 -1
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In the algorithm for computing C = AB + C the loop indexed by 4
can be moved to the outside so that

fori=0,....,m—1
forj=0,...,n—1
forp=0,...,k—1

Vi 1= Qiplpg + Vg & = B+E
endfor
endfor
endfor
or
fori=0,...,m—1

forp=0,...,k—1
forj=0,...,n—1
Yij i= QipBpg + Viy pE =ad; B+&
endfor
endfor
endfor
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Corollary

Partition A and B by columns and rows, respectively, and do not
partition C. Then
bg
bi
A:(a0|a1|---|ak_1) and B = :
T
br—1
so that
bg
bi
C:AB:(a0|a1|-~|ak_1) :
b1
= aobg; + albf + -4 ak_lbg_l.

http://z.cs.utexas.edu/wiki/pla.wiki/



I
//
|
NN N

|
NN N
~—

+
//
o O O
|
— o N
N—— O N
o
/-~
| |
> N 00
| |
W =
~

I
//
|
= |
S OO

|
o w
~

http://z.cs.utexas.edu/wiki/pla.wiki/



In the algorithm for computing C' = AB + C the loop indexed by p
can be moved to the outside so that

forp=0,...,k—1
forj=0,...,n—1

fori=0,... m—1 _
Vij = QipBpj + Yy ¢ Ci=apby +C
endfor
endfor
endfor

or

forp=0,....,k—1
fori=0,....m—1
for j=0,...,n—1 ~
Yij i= CipBpg + Vi ¢ Ci=apby +C
endfor
endfor
endfor
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Partition C' into elements (scalars) and A and B by rows and
columns, respectively, and do not partition C. Then
70,0 0,1 Y0,n—1
1,0 V1,1 Y1,n—1
¢ = . . .
Ym—1,0 | Ym—1,1 ol Ym—1,n—1
ag
T
ai
= . (bo|bi|-|bn)
a/7n—1
at'bo adby |- | albn_s
atbo atby |- | aTton_y
Am—1bo | @h_1b1 | -+ | Gm_1ba1
As expected, ;. ; = al b;: the dot product of the ith row of A
with the jth row of B.
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In the algorithm for computing C' = AB + C the loop indexed by p
(which computes the dot product of the ith row of A with the jth
column of B) can be moved to the inside so that

for j=0,....n—1
fori=0,...,m—1
forp=0,...,k—1
Vi = QipPpj t+ Vi Vi = Gig bj + Vi
endfor
endfor
endfor

or

fori=0,....,m—1
forj=0,...,n—1
forp=0,...,k—1
Yig 1= QipPp t Vi ) =
endfor
endfor
endfor

—
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Summing it all up

for j =
for j=0,....n—1 or i =
fori=0,...,m—1 for p
Vi = GG bj iy —— Yig :
endfor endfc
endfor andfor
for j=0,...,n—1 endfor
cj = Ab] +cj
endfor far j =
forj=0,....,n—1 or p =
forp=0,...,k—1 for i -
¢ = Bpjap+c;  —> Vi
endfor endfc
endfor andfor
endfor
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