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Ph ylogen y Reconstruction
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Applications

� Big genome sequencing pro jects are pro ducing a lot of data,

but the data need to b e analyzed - and a ph ylogen y helps with

the analysis.

� Ev olutionary history relates all organisms and genes, and helps

us understand and predict:

{ in teractions b et w een genes (genetic net w orks)

{ drug design

{ predicting functions of genes

{ in
uenza v accine dev elopmen t

{ origins and spread of disease

{ origins and and migrations of h umans
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Ph ylogen y reconstruction as a statistical estimation problem

Initially ph ylogen y reconstruction w as based up on maxim um

parsimon y analyses of morphology , or simple distance-based

analyses of molecular sequences.

Ho w ev er, ph ylogen y reconstruction c hanged dramatically b eginning

in the 1960's with the in tro duction of sto c hastic mo dels of

ev olution (Juk es-Can tor, Kim ura 2-parameter, HKY, etc.).
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Mark o v mo dels of DNA sequence ev olution

A Juk es-Can tor mo del tree is a pair ( T ; � ) mo delling ho w a single

site ev olv es:

� T is a ro oted binary tree,

� � is a function mapping edges to real n um b ers, so that � ( e ) is

the exp ected n um b er of m utations of the site on edge e

Assumptions:

1. The state at the ro ot of T is dra wn from the uniform

distribution.

2. The n um b er of times the site c hanges on eac h edge ob eys a

P oisson distribution

3. If the state at the site c hanges, it c hanges with equal

probabilit y to the other states.
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Mo delling site v ariation

Almost all prop osed mo dels, and all mo dels in use, mak e the strong

assumption of i.i.d. site ev olution.

(The \rates-across-sites" assumption usually has the rates dra wn

from a distribution, and so it is still i.i.d. .)
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P erformance issues

� F or a biologist: how ac cur ate are the estimations of

ev olutionary history? (Mostly studied in sim ulation)

� F or a statistician:

{ Is the mo del identi�able?

{ Is a giv en ph ylogen y reconstruction metho d statistic al ly

c onsistent under the mo del?

{ How much data do es a giv en metho d need to reconstruct a

giv en mo del tree correctly with high probabilit y?

The �rst t w o questions w ere fairly w ell understo o d, but the last

question remained largely unansw ered un til the late 1990's.
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This talk

� Mathematical tec hniques for b ounding the sequence length

requiremen ts of ph ylogen y reconstruction metho ds.

� The �rst metho ds guaran teed to reconstruct the tree with high

probabilit y from \p olynomial" sequence lengths.

� More recen t metho ds with the same theory but b etter

p erformance in sim ulation (lo w er top ological error).
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W arm-up

Questions:

1. Giv en a coin and � > 0 , compute P r [ head ] exactly , with

probabilit y at least 1 � � of b eing correct.

2. Giv en a coin with P r [ head ] 6=

1
2

and � > 0, determine whether

P r [ head ] �

1
2

, with probabilit y at least 1 � � of b eing correct.

Solution: b oth ha v e simple solutions, but Question 1 needs an

in�nite n um b er of coin tosses, while Question 2 can b e done with a

�nite n um b er of coin tosses (the n um b er of coin tosses will dep end

up on b oth � and P r [ head ]).
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T ree Estimation

Questions:

1. Giv en sequences generated b y an unkno wn but �xed JC mo del

tree ( T ; � ) and � > 0, determine (unro oted) T and � exactly ,

with probabilit y at least 1 � � of b eing correct.

2. Giv en sequences generated b y an unkno wn but �xed JC mo del

tree ( T ; � ) and � > 0, determine (unro oted) T exactly , with

probabilit y at least 1 � � of b eing correct.

Solution: b oth ha v e solutions, but Question 1 needs in�nite

sequence length, while Question 2 can b e done with �nite sequence

length.

W e explore the p erformance of algorithms for Question 2 with

resp ect to running time and the amoun t of data they need.
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A brief history of mathematical ph ylogenetics

� 1960's and on: sto c hastic mo dels of ev olution, with i.i.d.

ev olution b et w een sites

� 1978: Maxim um P arsimon y and Maxim um Compatibilit y are

not statistically consisten t (F elsenstein)

� Mid-1990's and on:

{ Pro ofs of statistical consistency for basic metho ds (neigh b or

joining and maxim um lik eliho o d)

{ First mathematical analyses b ounding the sequence length

requiremen ts of di�eren t metho ds

{ The Short Quartet Metho ds (the �rst \fast con v erging"

metho ds) (Co-authors P eter Erdos, Laszlo Szek ely , and

Mik e Steel)

{ The Disk-Co v ering Metho ds: turning exp onen tially

con v erging metho ds in to fast con v erging metho ds
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2000 and since

� W ork at Berk eley (Mossel et al.) has lo ok ed at mo del

parameters for whic h logarithmic sequence length su�ces, and

has also lo ok ed at the problem of constructing forests rather

than trees

� Mik e Steel and Laszlo Szek ely: \teasing apart" t w o trees
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Outline

� Distance-based ph ylogen y reconstruction

� Sk etc hed pro of of statistical consistency and exp onen tial

con v ergence rate for a simple metho d

� The Dy adic Closure (Short Quartet) metho d, and a sk etc h of

the pro of of its p olynomial con v ergence

� The Disk-Co v ering metho d, and its prop erties
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Distance-based Ph ylogenetic Metho ds
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Additiv e matrices de�ne trees

Giv en an y additiv e matrix [ D

ij

] w e can construct the unr o ote d

v ersion of T in p olynomial time, along with the edge w eigh ts w ( e )

realizing [ D

ij

]. F urthermore, ( T ; w ) is unique up to no des of degree

t w o.
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F our P oin t Condition: [ D

ij

] is an additiv e matrix if and only if

for all i; j; k ; l , the median and maxim um of the three pairwise sums

are iden tical:
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The F our P oin t Metho d (FPM)

The F our P oin t Metho d can b e used to infer trees on quartets of

lea v es from a dissimilarit y matrix, [ D

ij

] (a matrix satisfying

D

ii

= 0 and D

ij

= D

j i

, but not necessarily satisfying the triangle

inequalit y).

Giv en the dissimilarit y matrix [ D

ij

] and four indices i; j; k ; l , the

FPM return the tree ij j k l suc h that

D

ij

+ D

k l

= min f D

ij

+ D

k l

; D

ik

+ D

j l

; D

il

+ D

j k

g :
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Naiv e Quartet Metho d (NQM)

Let [ D

ij

] b e a dissimilarit y matrix.

� F or eac h quartet i; j; k ; l , compute the subtree on i; j; k ; l using

the F our P oin t Metho d.

� If all the quartet trees are compatible, merge them in to a single

tree. Else return F ail .
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Error T olerance of NQM

Theorem: Let [ A

ij

] b e an n � n additiv e matrix for a tree ( T ; w )

and let f = min f w ( e ) g .

Let [ D

ij

] b e an n � n dissimilarit y matrix suc h that

L

1

( D ; A ) < f = 2.

Then N QM ( D ) = T .

Pro of: The smallest pairwise sum sta ys the smallest, and so the

F our P oin t Metho d mak es no mistak es on an y quartet tree.
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Statistical consistency

A ph ylogen y reconstruction metho d � is said to b e statistic al ly

c onsistent under the JC mo del if for all JC mo del trees ( T ; � ),

P r [�( S ) = T ] ! 1 as the sequence length k ! 1 .

Is NQM statistically consisten t under the JC mo del?
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Statistical consistency of distance-based metho ds

There are statistically consisten t tec hniques for estimating

Juk es-Can tor mo del distances, as w ell as for estimating distances

under other mo dels.
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Sequence length requiremen ts

Question: Let � b e a ph ylogen y reconstruction metho d, ( T ; � ) b e

a Juk es-Can tor mo del tree, and � > 0. F or what sequence length k

will P r [�( S ) = T ] > 1 � � , for S a set of sequences of length k

generated on ( T ; � )?

F actors a�ecting this:

� � ,

� f = min � ( e ),

� g = max � ( e ),

� n , the n um b er of lea v es in the tree, and

� �.
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JC

f ;g

con tains those JC mo del trees ( T ; � ) s.t. f � � ( e ) � g holds

for all edges e 2 E ( T ).

� is absolute fast-c onver ging (afc) for the JC mo del if, for all

p ositiv e f ; g ; " , there is a p olynomial p suc h that, for all ( T ; � ) in

the J C

f ;g

mo del, on set S of n sequences of length at least p ( n )

generated on T , w e ha v e

P r [�( S ) = T ] > 1 � ":
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SEQUENCE LENGTH
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Question: Is NQM afc? Are there an y afc metho ds?
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Theorem 1: Let ( T ; � ) 2 J C

f ;g

and � > 0 b e giv en. Then there is

a constan t C > 0 (that dep ends on � and f ), suc h that if the

sequence length is at least

C log ne

O (max �

ij

)

then, P r [ N QM ( d ) = T ] � 1 � � , where d is the JC distance matrix

computed on the sequences.

Pro of (sk etc h): The condition that is needed is

P r [ L

1

( d; � ) < f = 2] � 1 � � .

Commen ts:

� Since max �

ij

= O ( g � diam ( T )), and diam ( T ) � n � 1, w e sa y

that NQM is exp onential ly c onver ging.

� The same condition holds for neigh b or joining (NJ).
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Are there afc metho ds?

� T o date, none of the standard metho ds has b een sho wn to b e

afc for an y mo del.

� NJ's p erformance in sim ulation is greatly sup erior to NQM

(and almost all other distance metho ds), but it is not afc { a

matc hing lo w er b ound for a sp ecial case of JC mo del trees w as

pro v en a few y ears ago.

� The only kno wn upp er b ound on the sequence length

requiremen t of Maxim um Lik eliho o d is larger (Szek ely and

Steel).
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Problem with NQM

The problem with NQM (and other metho ds) is that every en try

D

ij

m ust b e su�cien tly w ell estimated (i.e. all D

ij

m ust satisfy

j D

ij

� �

ij

j < f = 2).

What if w e could iden tify the en tries in the input matrix [ D

ij

]

whic h ha v e su�cien tly small error? Could w e construct the tree

from that subset of the matrix?

Example: The \caterpillar tree" on lea v es lab elled 1 ; 2 ; : : : ; 7 can

b e constructed from 12 j 34, 23 j 45, 34 j 56, 45 j 67.

Conjectures: P erhaps (1) all trees can b e constructed from a

prop er subset of their quartet trees, and (2) that prop er subset

migh t b e more lik ely to b e accurately constructed from short

sequences, and (3) that prop er subset migh t b e relativ ely easy to

iden tify?
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Theorem 2 (W arno w, Moret, and St John 1999): Let

( T ; � ) 2 J C

f ;g

. De�ne

L

( q )

1

( D ; � ) = max fj D

i;j

� �

i;j

j : min f �

i;j

; D

i;j

g � q g :

F or ev ery �; � > 0, there exists a constan t C suc h that

if k � C log ne

O ( q )

then P r [ L

( q )

1

( D ; � ) < � ] > 1 � �:

where [ D

ij

] is the JC distance matrix obtained for a set of

sequences of length k generated on ( T ; � ).

This suggest that estimates of smal l distanc es ar e mor e ac cur ate

than estimates of lar ge distanc es.
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Some afc metho ds:

� The Short-Quartet metho ds [Erd• os, Steel, Szek ely , and

W arno w, ICALP 1997]

� An unnamed metho d [Cry an, Goldb erg and Goldb erg, F OCS

1998]

� Harmonic Greedy T riplets plus the F our P oin t Metho d [Csuros,

2002]

� D C M

N J

+ S QS , and other suc h \DCM-b o osted" metho ds

[W arno w, St. John, and Moret, SOD A 2001]

Commen t: The Short Quartet Metho ds ha v e the simplest theory

and b est con v ergence rate, but D C M + S QS has the b est empirical

p erformance.
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Simple idea for constructing a tree in J C

f ;g

giv en [ D

ij

]

� Guess q so that if D

ij

� q then j D

ij

� �

ij

j < f = 2

� F or all quartets i; j; k ; l suc h that all pairwise D -distances are at

most q , construct a quartet tree using the F our P oin t Metho d.

� Compute a tree (if it exists) whic h is consisten t with all the

quartet trees.

Issues:

� If q is to o large, then some en tries migh t ha v e to o m uc h error.

� If q is to o small, then there ma y b e insu�cien t co v erage to

reconstruct the tree.

� The subtree compatibilit y problem is NP-Complete.

Question: Ho w small can q b e, and still iden tify the tree?
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Short Quartets

Let [ �

ij

] b e the additiv e matrix for the binary tree ( T ; � ). Let e b e

an edge in T with subtrees U; V ; W ; and X o� e .

� The short quartets around e are obtained b y pic king a

nearest leaf in eac h of the four subtrees U; V ; W and X . (There

can b e more than one around an edge.)

� Q

shor t

( T ; � ) = f short quartet trees around an y edge of T g .

Theorem: (Erdos et al, 1997) Let ( T ; � ) and ( T

0

; w ) b e t w o

trees on the same leaf set. Supp ose Q

shor t

( T ; � ) � Q ( T

0

), where

Q ( T

0

) denotes the set of induced quartet trees of T

0

. Then T = T

0

.
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Ho w \big" are the short quartets?

Let ( T ; � ) 2 J C

f ;g

.

De�ne � - w idth ( T ) to b e max f �

ij

: i and j in a short quartet of T g .

Theorem (Erdos et al., 1999) :

F or all trees ( T ; � ) 2 J C

f ;g

; � -width(T) = O ( g log n ), where T has

n lea v es.
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Dy adic Closure

Dy adic Closure rules:

� Rule 1: ij j k l and j k j l m imply ij j k m , ij j l m and ik j l m .

� Rule 2: ij j k l and ij j l m imply ij j k m .

Giv en set X of trees on four-lea v es, rep eatedly apply Dy adic

Closure rules un til no additional trees are obtained. The result is

cl ( X ), the dyadic closur e of X .
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Computing a tree from its short quartet trees

Theorem 3 (Erdos et al, 1997): Let T b e a �xed edge-w eigh ted

tree, and let Q

shor t

( T ) denote the set of trees induced b y the short

quartets of T . Let Q ( T ) denote the set of four-leaf trees in T .

If Q

shor t

( T ) � X � Q ( T ) then cl ( X ) = Q ( T )

Corollary 1: T can b e reconstructed from Q

shor t

( T ) in

p olynomial time.
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The Dy adic Closure Metho d

Let Q

w

denote all the trees computed (using the F our P oin t

Metho d) on quartets with maxim um D -distance w . Construct trees

on all quartets using the F our P oin t Metho d.

Binary searc h on w 2 f D

ij

g (hoping to �nd a w suc h that

Q

shor t

( T ) � Q

w

� Q ( T ), so that cl ( Q

w

) = Q ( T )) as follo ws:

� Compute cl ( Q

w

).

{ If cl ( Q

w

) con tains t w o trees on some quartet, mark w as to o

big, and decrease w

{ If cl ( Q

w

) do esn't con tain a tree on some quartet, mark w as

to o small, and increase w

{ If cl ( Q

w

) is neither to o big nor to o small, then

cl ( Q

w

) = Q ( T

0

) for some tree T

0

, and w e can construct T

0

in p olynomial time.

37



Theorem 4 (Erdos et al.): Let ( T ; � ) 2 J C

f ;g

, and let d b e a

dissimilarit y matrix giv en as input to the Dy adic Closure Metho d.

Then the Dy adic Closure Metho d returns T if

L

( d � w idth ( T ))

1

( d; � ) <

f

2

where the d -width is the maxim um d -distance in a short quartet.
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Theorem 4 (Erdos et al, 1997): The Dy adic Closure Metho d is

O ( n

5

log n ) time and fast-con v erging for JC tree reconstruction.

F urthermore, p olylogarithmic length sequences su�ce for accuracy

with high probabilit y for random JC trees.

Sk etc h of pro of: The running time is easy . W e sho w that

� - w idth ( T ) = O ( g � log n ) for all trees, so that b y Theorem 2, the

Dy adic Closure Metho d is fast con v erging. Also, random trees ha v e

� - w idth ( T ) = O ( g � log log n ), so that b y Theorem 2, the Dy adic

Closure Metho d con v erges from p olylo garithmic length sequences on

random trees.
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The p erformance of the Dy adic Closure Metho d

� The Dy adic Closure Metho d has excellen t theory (with resp ect

to its sequence length requiremen t) but do es not p erform w ell

in practice: it only suc c e e ds in r eturning a tr e e if al l the short

quartets c an b e ac cur ately r e c onstructe d.

� By comparison, NJ is b etter in sim ulation on mo del trees that

lo ok biological (unless they are extremely large trees, and w e

sim ulated ev olution of short sequences).

� Ev en so, NJ is not afc.

These observ ations led us to dev elop a di�eren t kind of afc metho d,

with the ob jectiv e of obtaining an empirical impro v emen t while

main taining theory .
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afc metho d: DCM

NJ

+SQS (W arno w et al , SOD A 2001)
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Theorem (W arno w et al.) If � is exp onen tially con v erging

under JC, then D C M

�

+ S QS is absolute fast con v erging under JC.

Outline of pro of:

W e need to sho w that for all f ; g ; and � > 0, there is a p olynomial

p ( n ) suc h that for all mo del trees ( T ; � ) 2 J C

f ;g

on n lea v es, if w e

are giv en a dataset of sequences of sequence length k � p ( n ) then

� P r [ T 2 f T

w

: w 2 f D

ij

gg ] > 1 � �

� If T 2 f T

w

: w 2 f D

ij

gg , then P r [ S QS sel ects T ] > 1 � � .
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Commen ts:

� The same result holds under the General Mark o v mo del.

� The empirical p erformance is dramatic

� SQS can b e replaced b y other metho ds for selecting a \b est

tree" giv en a set of trees, with eviden tly b etter p erformance {

though without pro of of theoretical p erformance. F or example

- maxim um lik eliho o d can b e used. Surprisingly , maxim um

parsimon y has comparable p erformance to ML.
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Op en problems:

� New tec hniques need to b e dev elop ed to establish con v ergence

rates, as clearly the mathematical b ounds are lo ose for some

metho ds (at least on \random" trees). In particular, what is

the sequence length requiremen t for Maxim um Lik eliho o d?

� Wh y do Maxim um P arsimon y heuristics do so w ell?

Related w ork:

� Disk-Co v ering metho ds ha v e also b een dev elop ed to sp eed-up

heuristics for hard optimization problems in ph ylogenetics

(maxim um lik eliho o d and maxim um parsimon y , as w ell as

problems in gene order ph ylogen y), obtaining sp eed-ups of up

to sev eral orders of magnitude.

45



Thanks to:

Collab orators:

{ Theory: Mik e Steel, P eter Erdos, and Laszlo Szek ely (for

the short quartet metho ds), Katherine St. John and

Bernard Moret (for DCM+SQS), and Daniel Huson (for an

earlier v ersion of DCM).

{ Implemen tation: Usman Roshan, Lua y Nakhleh, and Jerry

Sun.

Sp onsors:

{ NSF

{ The Da vid and Lucile P ac k ard F oundation

{ The Institute for Cellular and Molecular Biology at

UT-Austin

{ The Program for Ev olutionary Dynamics at Harv ard

{ The Radcli�e Institute for Adv anced Study

46


