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Introduction 

In this class Vikas Taliwal had presented the paper “A decomposition theory for 
Phylogenetic Networks and Incompatible Characters” by Gusfield et al. 

In this paper the authors have presented a polynomial time algorithm for 
reconstructing a phylogentic network with recombination but without homoplasy given a 
set of taxa represented by sequences of binary characters on that network. The paper 
arrives at the algorithm by providing proofs, by construction to some theorems. Only the 
main ideas of the theorems were discussed in class. 
 
Phylogenetic Networks Considered 
A phyogenetic network is a DAG with the leaves being labeled with sequences. Ordinary 
nodes are those internal nodes that have one incoming edge and recombination edges are 
those that have 2 incoming edges. Each Ordinary edge is labeled by a character and this 
is the character that changes along the edge. There is exactly one edge that will be labeled 
by a given character. 
Each recombination node will be labeled by one or more characters indicating the 
switching point to derive the child sequence from the parent sequence. 
This structure on the network forces each character to evolve without homoplacy along a 
maximal sub-tree on the network. 

 
 



In the above figure if we consider the parent of leaf ‘d’ which is recombination node, we 
observe that first two states of the sequence ‘d’ is obtained from the first two states of the 
left side and rest of the 3 states are obtained from the right. The ‘2’ on the parent of ‘d’ 
indicates this switching point for obtaining the recombined sequence. 
 
Blobbed Trees 
A maximal set of pair wise edge sharing recombination cycles in the Phylogenetic 
network form a Blob. Any two blobs in the network are disjoint in terms of edges and 
nodes. 
Contracting each blob to a single node yields a blob tree. Each edge in the blob tree 
corresponds to an edge in the original network and is called a tree edge. 

 
 
In the above figure two blobs are quashed into two nodes in the blobbed tree. 
 
Character incompatibilities 
Two characters i,j are said to be incompatible in a set of binary sequences if the 
subsequence ij contains all the four combinations 00, 01, 11, 10. Character 
incompatibility relationship is not transitive. 
 
Perfect Phylogeny Theorem: There is a phylogenetic tree without homoplasy that derives 
M (a set of leaf sequences) iff there are no incompatible pairs of characters in M. 
 
The possible events that explain character incompatibility: 

(1) reticulate evolution( Hybridization/horizontal gene transfer) 
(2) gene duplication and loss 

 
 



Incompatibility graph 
This is graph in which each character appears as a node and there is an undirected edge 
between two nodes if the two characters are pairwise incompatible. The incompatibility 
graph for a set of sequences M is denoted by G(M). 
All characters which appear in the same connected component of the incompatibility 
graph appear as edges within the same blob in the blob tree for the phylogenetic network. 
Hence two incompatible characters will remain in the same blob and we cannot put them 
in different blobs. We have perfect phylogeny if no edges appear in the incompatibility 
graph. 
 
Decomposition Theorem 
The decomposition theorem indicates the existence of the blob and the proof goes on and 
shows that we cannot break it up into more blobs. 
The network reconstructed will be the minimal network that can derive M. For example it 
is not possible to reconstruct the following network given the sequences. 
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The fundamental theorem also states that we cannot put 2 incompatible characters which 
appear in the same component of the incompatibility graph into different blobs in the 
blob tree for the phylogenetic network. 
 
 
 
Dominant Set, States and Sequences 
 
If we consider the character ‘1’(see figure in next page) the bipartition on the sequences 
that it induces is {acefg|bd} i.e sequences a,c,e,f,g have a ‘0’ in the character position ‘1’ 
and b,d have a ‘1’. Similarly the bipartition induced by character ‘2’ is {abcdg|ef}. 
 



 
 
If we look at the bipartitions of character ‘1’ and ‘2’ then we can see that acefg is the 
dominant class and bd is the dominated class in character ‘1’ with respect to character ‘ 
‘2’. Similarly abcdg is the dominant class and ef is the dominated class of character ‘2’ 
with respect to character ‘1’. 
The dominant & dominated class for a given character is the same with respect to all the 
characters of another given component. However different components may give 
different dominant/dominated class for the character. 
The dominant state of character ‘1’ with respect to component {1,3,4} is 0 because this is 
the state of the dominant class w.r.t {2,5} 
The dominant sequence for the component {1,3,4} w.r.t {2,5} is 010 considering the 
dominant states of 1,3 and 5. Similarly the dominant sequence of {2,5} is 00 considering 
the dominant states of 2 and 5 w.r.t {1,3,4}. 
 
Super-Characters 
A super-character for a component is the set of sub-sequences that appears in the 
sequences for that subset of characters in the component. The super-characters for 
{1,3,4} is 001( appears in sequence ‘a’), 101( appears in sequence ‘b’), 110( appears in 
sequence ‘d’) and 010( appears in sequence ‘c’, ‘e’, ‘f’, ‘g’). Similarly the super-
characters for {2,5} is 00( appears in sequence ‘a’, ‘b’, ‘c’, ‘d’), 10( appears in sequence 
‘g’), 11( appears in sequence ‘f’) and 01( appears in sequence ‘g’). 



The above information can be used to construct the following matrix. The columns have 
the super-characters and rows have the sequences. There is an entry in the i,j in the matrix 
if the sequence ‘i’ has super-character ‘j’ for a given component. 

 
 
 
The super character matrix B has no incompatible characters by construction. From this 
we can get the perfect phylogenetic network based on the super-characters. 
 
Constructing Blobbed Trees 
We can construct a perfect phylogenetic network deriving the sequences of the matrix B 
without any homoplasy.  
The resulting tree will have each edge labeled by one or more super characters. The 
nodes will correspond to the components of the Incompatibility graph. The edges incident 
on these nodes are the edges corresponding to the super characters of the component 
associated with the node. 
A sub-tree of this containing a node Vc that is obtained by removing an edge labeled with 
a super character associated to the component C has the leaves for the sequences in the 
super character matrix with the character C in state 0. Vc is said to appear on the 0 side of 
removed edge. 



 
 
This can be observed in the above figure by removing say edge 010.  
 
Fully Decomposed Phylogenetic Network Construction 
The fully decomposed phylogenetic network can then be obtained from the Blobbed 
Tree. Each node in this tree is inflated into a blob containing a node labeled by each 
super-character. The edges are labeled by the original characters.  

 



 
The complexity of the reconstruction is O(nm2) where n is the number of sequence and m 
is the number of characters. 
 
Optimality of Reconstruction: Not all the fully decomposed networks are optimal. The 
network is said to be optimal if it has minimum number of nodes among all possible 
phylogenetic networks for the sequences. 
The authors have derived various sufficient conditions for optimality. Simulation study 
shows that fully decomposed networks are likely to be optimal and deviations if any are 
small and a rarity. 
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