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Abstract and loss; applications such as telnet and WWW require
low packet delay and loss. Throughput intensive applica-
We design a class of Fair Airport algorithms that com- tions like ftp, on the other hand, require network resources
bines Start-time Fair Queuing with a non-work conserving to be allocated such that the throughput is maximized. A
algorithm in Rate Controlled Service Discipline (RCSD) network meets these requirements primarily by appropri-
class. We derive fairness and deadline guarantees for FAatelyschedulingts resources.
servers and demonstrate that by appropriately choosing an  An examination of application and network require-
algorithm from RCSD class, algorithms that either allocate ments in [9] revealed that a suitable packet scheduling al-
only rate or achieve separation of rate and delay alloca- gorithm for integrated services network should: (1) achieve
tion and are fair over Fluctuation Constrained variable rate Jow average as well as maximum delay for low through-
servers can be designed. This method leads to the desigiput applications (e.g., interactive audio, telnet, etc.); (2)
of the first fair algorithm that achieves separation of rate be fair over variable rate servers; and (3) be computation-
and delay allocation. We also show that the FA class con- ally efficient. To meet these requirements, Start-time Fair
tains algorithms with different implementation complex- Queuing (SFQ) was developed in [9]. Though SFQ meets
ity and performance guarantees and thus enables tradeoffghese requirements, the maximum delay of packets in SFQ
between the two. Furthermore, since FA contains algo- depends on the maximum packet length of all the flows
rithms that are fair over variable rate servers, they can beat a server. Consequently, if SFQ is employed to provide
employed for achieving hierarchical link sharing. Finally, a priori bounds on packet delay of flows, the maximum
we demonstrate that the FA algorithms can be generalizedpacket length and the number of flows at a server would
to achieve other objectives such as prioritized fair alloca- have to be estimated. This estimate may be large and hence

tion of residual bandwidth. the bounds on packet delay may be large. Hence, in net-
working environments where one of the main objective of
1 Introduction a scheduling algorithm is to provide pre-specified bounds

on packet delay, it may be desirable to employ:

Integrated services networks are required to support a va-

riety of applications (e.g., audio and video conferencing, ¢ Scheduling algorithms that allocate only rate and have
multimedia information retrieval, ftp, telnet, WWW, etc.) delay guarantee similar to Weighted Fair Queuing
with a wide range of Quality of Service (QoS) require- (WFQ): Several fair algorithms that have delay guar-
ments. Whereas continuous media applications such as au- ~ antee similar to WFQ are known (for example, WFQ
dio and video conferencing require a network to provide [6, 13], FFQ [15], SPFQ [14], Wi [3], WF'Q+
QoS guarantees with respect to bandwidth, packet delay, ~ [2], Leap Forward Virtual Clock [16], etc.). Most of
these algorithms are either unfair over variable rate
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requirement for achieving fairness over variable rate Service Queue (ASQ) (see Figure 1). Once a packet passes
servers are desirable. through the rate regulator, it joins a Guaranteed Service
) ] . . Queue (GSQ) if it has not been serviced by ASQ by then.

¢ Scheduling algorithms that achieve separation of raté The server is work conserving and services packets from

and delay allocation: The algorithms that have de- gjther GSQ or ASQ but gives priority to GSQ. The schedul-

lay guarantee similar to WFQ provide low delay to jng aigorithms for GSQ and ASQ may be different.

low throughput flows .t?y reserving higher rate; this In the class of FA scheduling algorithm we employ SFQ

may result |n'to low ut|I|zat|9n of networ'k resources. ¢ ASQ and leave the GSQ scheduling algorithm unspec-

Hence, algorithms that achieve separation of rate andgieq. However, GSQ scheduler is required to guarantee a

delay allocation and provide lower maximum delay pqnq on the departure time of a packet based on its ex-

to tpackets gf a'flog}/ Wit_?rcl)ut inhcreafsing :he .r&te retshert- pected arrival time. Let; be the the rate assigned to flow
vaton are gesirable. 1nough uniair aigonthms that - p} the j** packet of flowf, % the length ofp} and
achieve separation of rate and delay allocation are "’ */ ; ) P )
known, fair algorithms that achieve the same objec- (7;) the arrival time ofy;. Then the expected arrival
tive are not. timep}, denoted byE AT (p}, r¢), is defined as:

Thus, efficient algorithms that either allocate only rate or ' ' ' -t
achieve separation of rate and delay allocation and are fair EAT (p}, r¢) = max {A(p‘}), BAT(p} ™ rp) + f—}
over variable rate servers are not known. To address this "
limitation, we design a class of Fair Airport (FA) algo- 0 1)
rithms. An algorithm in FA class combines SFQ with a WhereZAT (p},ry) + ;- = 0. The class of FA scheduling
non-work conserving algorithmin Rate Controlled Service algorithms is defined as follows:

Discipline (RCSD) class [7, 18]. We derive fairness and

deadline guarantees for FA servers and demonstrate that 1. On arrival, a packet of a flow joins the rate regulator
by appropriately choosing an algorithm from RCSD class, for the flow and ASQ.

algorithms that either allocate only rate or achieve sepa- '

ration of rate and delay allocation and are fair over Fluc- 2. The departure time of packp; from the rate con-
tuation Constrained variable rate servers can be designed.  troller, Lz (p‘j;), is given as:

This method leads to the design of tfirst fair algorithm

that achieves separation of rate apd delay.allocatipn. We FATERC (p‘;’rf) —¢< Lpe (p‘;) < EATEC (P‘jc, rr)
also show that the FA class contains algorithms with dif- 2)
ferent implementation complexity and performance guar-
antees and thus enables tradeoffs between the two. Fur-
thermore, since FA contains algorithms that are fair over
variable rate servers, they can be employed for achieving
hierarchical link sharing [9]. Finally, the FA algorithms
can be generalized to achieve other objectives such as pri-
oritized fair allocation of residual bandwidth.

whereEATRC (p), ry) is the expected arrival time of

packetp‘jc computed at the rate controller ands a
positive constant that facilitates efficient implementa-
tion of the rate regulatorsE AT (p}, r;) is com-
puted using only the subsequence of packets of flow
f that were serviced through GSQ priorgijo Hence,

The rest of the paper is structured as follows. We if pfc(]) is the packet prior tg; that was served via
present the design of FA algorithms in Section 2 and sum- GSQ, then using (1) we get:
marize their properties in Section 3. Two instantiations of , ,
FA algorithms are presented in Section 4 and salient fea- EATRC (p, ry) = max{A(p}),
tures of the FA algorithms are summarized in Section 5. ' 106)
Finally, Section 6 summarizes the results of the paper. EATEC (pi(f), re) 4 J;_f} A3)

2 Design of Fair Airport Scheduling Al-

gorithms 3. The ASQ scheduler is SFQ which is defined as fol-

lows:

The class of Fair Airport (FA) scheduling algorithms is

inspired by and derives its name from the class of Air- ,

port scheduling algorithms proposed in [5]. In an Air- S(p}), computed as:

port scheduling algorithm, every packet of a flow on ar- -
o

rival joins a rate regulator for the flow and an Auxiliary S(p}) = max{v(A(p})), F(} ")} (4)

(& On arrival, a packqtj} is stamped with start tag



(b)

(©

Rate Regulator

Guaranteed Service Queue
_

Auxilary Service Queue
_—

GSQ
Server

Server

ASQ
Server

Figure 1 : Fair Airport Scheduler

whereu(t) is the server virtual time anﬂ’(p‘})
is the finish tag of packet}. F(p}) is defined
as: .
. N
F(p‘jf):S(p‘})Jr; (5)

WhereF(p?) = 0 andr; is the rate of flowf.

Initially the server virtual time is 0. During a
busy period, the server virtual time at tinig
v(t), is defined to be equal to the start tag of the
packet in service at time At the end of a busy
period,u(t) is set to the maximum of finish tag
assigned to any packets that have been serviced
by then.

Packets are serviced in the increasing order of
the start tags; ties are broken arbitrarily.

4. The GSQ scheduler is not specified. Any scheduling

algor
that t

ithm can be employed as long as it guarantees
he departure time of paclggl in GSQ, denoted

by LGSQ (p‘;C ), is:

Lasq(phrs) < BATQ(ph,rs) + 55 (6)

where EATYSQ(p} ry) is the expected arrival time

J
Ofpf

computed at the GSQ.

5. A packet is removed from the rate regulator when it
starts service in the ASQ.

6. A packet that joins GSQ is dequeued from ASQ only

after

it has been serviced by the GSQ server. On re-

moval of such a packet, the start tag of the next packet
of that flow in the ASQ (if such a packet exists) is set
to the start tag of the packet being removed.

. The server gives priority to GSQ over ASQ. However,

it does not preempt the transmission of a packet from

ASQ.

In the next section, we determine the implementation com-
plexity and present the fairness and deadline guarantee of
the FA algorithms.

3 Properties of Fair Airport

The properties of the class of Fair Airport algorithms are
as follows:

¢ Implementation complexity: To determine the im-
plementation complexity of a Fair Airport algorithm,
consider the complexity of rate regulator and the
scheduling algorithms for GSQ and ASQ:

— Rate regulator: If a packet is to be made eligi-
ble in GSQ by time, then as per (2), it can be
made eligible in the intervdt — ¢, ¢]. Sincee is
non-zero, the rate regulators for all the flows can
be implemented by a single calendar queue with
the clock tick value of. The per packet com-
plexity of calendar queue, and hence rate regu-
lator, isO(1). Observe that if was0, then im-
plementing rate regulator for all the flows would
require a priority queue of eligible times of the
first packets of the flows which would increase
the rate regulator complexity 0 (log@).

— GSQ and ASQ scheduling algorithms: SFQ re-
quires only the packets at the head of each
flow queue to be sorted. Hence, it can be im-
plemented by using a priority queue consist-
ing only of the packets that are at the head of
each flow queue. Consequently, the per packet
computational complexity i€)(log@) for the
ASQ scheduling algorithm. The complexity
of the GSQ scheduler, on the other hand, de-
pends on the the choice of the algorithm. If
the GSQ scheduler is a static priority scheduler,



then its complexity would b& (1) per packet
and hence the aggregate complexity would be
O(log@®). If the GSQ scheduler is a dynamic
priority scheduler that employs a priority queue
consisting only of the packets that are at the
head of each flow queue, then its complexity
would beO(log@) and the aggregate complex-
ity would continue to be)(logQ). An impor-
tant point to observe is that if GSQ scheduler
employs a priority queue, then even though there
are two priority queues, every packet is not in-
serted into the priority queue of both SFQ and
GSQ servers. Ifi packets of a flow arrive in the
flows busy period, a total of at most+ 1 inser-
tions occur in either of the priority queues. This
is because: (1) every packet that is inserted into
the priority queue of the GSQ server is served
by it, and (2) due to rule 6 of the algorithm #f
packets of a flow are inserted into SFQ priority
gueue during the flows busy period, then at least
k — 1 packets are served by SFQ server. Conse-
guently, at most + 1 insertions occur.

Hence, if the GSQ scheduler per packet complexity is
eitherO(1) or O(logQ), the per packet complexity of
Fair Airport algorithms i€ (log@).

Observe that it is possible that the expected arrival
time (at the rate regulator) of all the packets that are

at the head of each flow queue may be same. Conse-

quently,@ packets may join the GSQ during a single
packet transmission time. Hence, in the worst-case,
0(() computation may have to be performed in a sin-
gle packet transmission time. This worst-case com-
plexity can be reduced t©(/og®@) by implementing
the rate regulators and the GSQ and ASQ scheduling
algorithms using a single augmented red-black tree
data structure [1, 4, 12].

Fairness Guarantee Theorem 1 presented in Ap-
pendix A demonstrates that if the GSQ scheduler en-
sures (6), then in any interv@l;, ¢2] in which both
flows f andm are continuously backlogged:

We(t,ta W (ti, to per
| f( ) _ ( ) | < 2( f )
7°f 'm 7°f 'm
+(BF + B + 2€ (1)

wherelV; (t1,t,) denotes the service received by flow
fin [ty 8] and g7e® = max{ﬁ?}. This fairness
guarantee will hold over variable rate servers also if
the GSQ scheduler ensures that (6) holds when the
server rate varies. The proof of the fairness guarantee
depends on the property of SFQ that it does not em-
ploy the length of a packet for determining its priority.

Hence, SFQ is central to the design of Fair Airport al-
gorithms.

e Deadline Guarantee A FA server provides two
types of deadline guarantees:

— Delay guarantee: Theorem 2 presented in Ap-
pendix A demonstrates that the delay guarantee
of a FA server is given as:

Lra(p}) < BEATW, r))+ 55 (8)

This guarantee is employed to determine bounds

on various QoS guarantees for a flow [8].

Delay-cum-throughput guarantee: Theorem 3
presented in Appendix A demonstrates that the
delay-cum-throughput guarantee of a FA server
is given as:

LFA(p‘jc) < maX{LFA(P‘Z;_l)aA(P‘;)}+

L 9)

Ty

+ 3 +e

where[7*** is the maximum packet length of
flow f. This guarantee is employed to improve
upon the performance bounds determined from
delay guarantee when the actual service received
by a flow is better than that guaranteed by the
server [10].

The end-to-end delay and delay-cum-throughput
guarantee of a network of servers are derived in [8]
and [10], respectively.

4 Two Instantiations of Fair Airport

In this section, we instantiate the GSQ scheduler to Virtual
Clock and Delay EDD to demonstrate that FA algorithms
can achieve the delay guarantee of WFQ as well as separa-
tion of rate and delay allocation, respectively.

To demonstrate that Virtual Clock and Delay EDD as
GSQ schedulers satisfy (6), we need to characterize the
behaviour of servers. To ensure that the fairness as well
as delay guarantee of FA servers hold over variable rate
servers, we characterize the server as a Fluctuation Con-
strained (FC) server. A FC server has two parameters; av-
erage rate” (bits/s) and burstines§ (') (s). Intuitively,
in a FC server the time taken to serve packets of aggregate
lengthw in a busy period, can exceed the time taken in an
equivalent constant rate server by at mist). Formally,

Definition 1 A server is a Fluctuation Constrained (FC)
server with parametexg’, §(C)), if the time taken to serve



packets of aggregate lengthin a busy period, denoted by
T(w), satisfies:

w
<=+
< Z+3(C)

Virtual Clock and Delay EDD and their delay guarantee
when the servers are FC are as follows:

T(w) (10)

e Virtual Clock: It stamps packet, on its arrival with

its virtual clock value, denoted WC(})‘}, r¢), which
is defined as:

. . 1
VC(p),rs) = EAT(p),ry) + if (11)

It schedules packets in increasing order of virtual
clock values. Theorem 4 presented in Appendix A
demonstrates that if Q is the set of flows served by
a FC Virtual Clock server with paramete§’, §(C))
andZnEQ r, < C, then the departure time of packet

p} atthe server, denoted km/c(p‘j}), is given as:
[ l
f mae S(C
rf + C + ( )
(12)
Thus, Virtual Clock satisfies (6) witl¥} = by

rs
Imaz

2= + §(C'). Hence, using (8) we conclude thatthe 5
departure time of packet in the FA server is given as:

Lve(p}) < BATC(W,rp) +

and the server is &', §(C')) Fluctuation Constrained
Delay EDD server, then the departure time of packet

7}, denoted byLppp (1)), is:

] j Inae
Lepp () < EATY 9 (py) +d; + =55 +6(C)
, (16)
Thus, Delay EDD satisfies (6) with, = d; + lze=

J(C'). Hence, using (8) we conclude that the departure
time of packet in the FA server is given as:

lmax

C +4(C) (A7)

Lea(py) < BAT(p),rp)+ds+

Sinced; can be chosen to be less th%n equal to

iif, or more than%, separation of rate and delay al-
location in FA with Delay EDD as the GSQ scheduler
is achieved.

Due to high computational complexity, it may not
be feasible to employ (15) as the schedulability test.
Hence, conditions stronger than (15) that have lower
computational complexity have been developed in
[19]. The delay guarantee holds under the stronger
conditions as well. The computational complexity of
the stronger conditions 8(%).

Salient Features of Fair Airport

Some of the salient features of the class of Fair Airport

J
Lealr) < EAT( rp) 4 L4222 45(0) (13)

7°f C .
This is the same delay guarantee as WFQ when
J(C) = 0. Since the admission control equation re-
quires only checking that aggregate bandwidth does
not exceed the capacity, we conclude that a FA al-
gorithm with Virtual Clock as the GSQ scheduler
achieves the delay guarantee of WFQ witfl) com-
plexity admission control algorithm.

e Delay EDD: It stamps pack@§ on its arrival with its
deadline, denoted b@(p‘j;), which is defined as:

D(p}) = EAT(p}) + d (14)
whered; is the deadline of flows and, = I;. It
schedules packets in increasing order of deadlines.
Theorem 12 in [10] demonstrates thatjfis the set

of flows serviced by the server and

o g

neq

ln

<t
C

(15)

algorithms are:

As demonstrated in Section 4, it contains algorithms
that have the delay guarantee of WFQ as well as those
that achieve separation of rate and delay allocation.

As demonstrated in Section 4, Virtual Clock and De-
lay EDD ensure (6) when the server is Fluctuation
Constrained. Hence, FA contains scheduling algo-
rithms that are fair over variable rate servers.

Scheduling algorithms in FA that achieve fairness
over variable rate servers meet a key requirement of
hierarchical fair schedulers and can be employed to
support hierarchical link sharing [10]. Furthermore,
as Lemma 1 demonstrates, the throughput guaranteed
to a flow by a FC FA server can be modeled as a FC
server. Hence, analysis in [10] can be used to provide
guarantees to flows when a link bandwidth is hierar-
chically shared using a FA algorithm.

It contains algorithms with different implementation
complexity and performance guarantees. For exam-
ple, a static priority GSQ scheduler is more efficient
than a Delay EDD scheduler. However, whereas the
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Figure 2: Generalization of Fair Airport ASQ scheduler
to achieve prioritized fair allocation of residual bandwidth

6

former can support only predetermined set of delay
vectors, the latter can support any [17].

The concept of Fair Airport algorithmis general. The

rate controller can be generalized as in [7] to enforce
different traffic constraints. It can be shown that the
generalized FA class continues to remain fair.

The FA algorithms can be generalized to achieve pri-
oritized fair allocation of residual bandwidth which
may be desirable to support high throughput flows in
max-min fair networks [11]. To achieve this objective,
let the set of flows served by a server be partitioned
into various priority classes. Then, FA is generalized
by changing the ASQ scheduler to an algorithm that
provides non-preemptive static priority to the flows of
higher priority classes and schedules packets belong-

[1]

(2]

[3]

[4]

[5]

the design of thdirst fair algorithm that achieves separa-
tion of rate and delay allocation. We also demonstrated that
the FA class contains algorithms with different implemen-
tation complexity and performance guarantees and thus en-
ables tradeoffs between the two. Furthermore, they can be
employed for achieving hierarchical link sharing. Finally,
we demonstrated that the FA algorithms can be generalized
to achieve other objectives such as prioritized fair alloca-
tion of residual bandwidth.
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A Proofs of Properties of Fair Airport

Scheduling Algorithm

In the following sections we establish the fairness and
deadline guarantee of Fair Airport algorithm.

S. Suri, G. Varghese, and G. Chandramenon. Leap

time of the first packet that is served via GSQ in the interval
[t1,t-], denoted by, is:

lmax
EATYS9(p,rp) < p (19)
Let packet? be such that:
EATYSQ(p} rp) + B} <tz (20)
ln
ty < BEATY?(p},ry) + = + gt (21)

Since flowf is backlogged, pack@t;} exists. Further-
more, since GSQ scheduler guarantees that packefll
depart byE AT 9 (p'}, 7¢) + 7, from (20) we conclude
that packep? is guaranteed to be served by timeHence,
W9ty 1) > Spzo " PR Since flow is continu-
ously backlogged n[m, to],

ln

EATGSQ(pf’rf) + L = EATGSQ(pT’rf) +
rt

k=m-—n— 1lm+k n
fe +-L (22)
rs rs
Hence, from (21) we get:
k=m-—n m+k
ts S EATGSQ(])T rf)‘i‘ k=0 f n-l-l (23)
rs

ty = BT — EATSQ(p vy) < WfGSQ(tl,tz) (24)



Using (19) and’} ! < 17°*", we get

lmax
(tz —t1) = (B +¢) — frf < W/t 15) (25)
Hence the lemma follows. [ |

Lemma 2 If the GSQ scheduler ensures (6), then for any
interval[t,, t5] in which the flow is backlogged throughout

the interval:

WfGSQ(tl,tz) <rp(ta —t1) + (BP +€) + 17" (26)

Proof: Let packetp‘jc refer to thej'” packet of flow f

serviced by GSQ. Since GSQ scheduler ensures that packet

v departs byEAT5Q(p) ry) + #}. Hence, the first

packet to be serviced withit, ¢-], p7', must be such that:

EATSQ(p} re) + B > 1y (27)

Since the rate regulator ensures that at all timhe ex-
pected arrival time of the packets in GSQ is at ntoste,
we know that last packet that is servedin, ¢»], denoted
by p’, is such that:

EATC (p},rp) <ta+e (28)

From the definition of expected arrival time, we know:

k=m—-n—1 ym+k
l
EATYQ(p} rp)=BATSQ(p7 1) > !

k=0 r‘f
(29)
ln
= EATOSQ(p,rs) = EATS Q0 rp) + L >
rs
k=m-n lm-l-k
! (30)
k=0 r‘f
Using the bounds on EAT“9(p? r;) and
EATSQ(p}, rf), we get:
n k=m—n jm+k
lf lf
(ta—t1) + e+ 67 + L > (31)
r'f k=0 r‘f

Sincey "= " (PR > W9t 1),

r(ta=t) +rp (B7 +6) 177 > WfGSQ(tl’tz) (32)

Theorem 1 If GSQ scheduler ensure (6), then for any in-
tervallt;, t»] such that flows andm are backlogged dur-
ing the entire interval, the difference in the service received
by two flows is given as:

- ¢ [mnar [maz
| Wf(tlatZ) _ W, (tl’ 2) |§ 2( ! + m_)
Ty Tm rt T'm
H(BP + B + 2 (33)

Proof: To derive a bound of{“?(,,1,) observe that

¢ Since a packet is removed from the ASQ only when it
has been service either through ASQ or GSQ, when-
ever aflow is backlogged in the system, itis also back-
logged in the ASQ.

e Whenever a packet is serviced from the GSQ, the start
tag of the next packet in the ASQ is set to the start tag
of the packet. Hence Lemma 1 and 2 in [9] continue
to hold.

Since the flow is backlogged inin the interyal, ¢»], from
Lemmas 1 and 2 of [9], we conclude:

Tf(vz—tl)—l}nax S W;‘SQ(tl,tz) S rf(vz—vl)—i—l}”ax

(34)
wherev, = v(ty) andvy = v(t1). The theorem follows
from (34) and Lemmas 1 and 2. |

A.2 Deadline Guarantee

Theorems 2 and 3 establish the delay and delay-cum-
throughput guarantee of a FA server.

Theorem 2 The departure time of pack@tj, in a FA
server, denoted b¥r 4 (p‘j;), is given as:

Lra(p}) < BAT (), vr) + +8 (35)

Proof: Consider packqt‘j}. It may be served through ASQ
or GSQ. Let us consider the two cases:

. Packetp‘j; is serviced through GSQ: Since GSQ en-
sures (6):

EATESQ(p) rp) + +7] (36)
It has been shown in [8] that:
EATS9(p) rp) = EATRC (9, 7s)  (37)

when the rate controller satisfies (2). Since
EATHC (pjC ,rp) < EAT(p‘} ,7¢), from (36) and (37)
we conclude that (35) holds for paclgét.



o Packet pJ; is serviced through ASQ: Packqij Define rate function of flowf, denoted byR(¢), as
starts service from ASQ at time only if ¢ <

EATRC (p),, ry). Hence, packet, departs by + 3. re i 353 (A(P‘}) < t) A
Since EATRC(pf,rf) < EAT(pf,rf), we con- Re(t) = (VC(p‘}_l,rf) <t< VC(p‘},rf))
clude that (35) holds for packpj. 0  otherwise

- (44)

Theorem 4 proves the delay guarantee of a FC Virtual

: Clock server.
Theorem 3 In a FA server the departure time of packet

P} is given as: Theorem 4 If @ is the set of flows served by a FC VC
server with parameterg”, 6(C)) and ), .o Ra(t) < C

for all ¢, then the departure time of paclqﬁét at the server,
denoted byLy ¢ (p}), is given as:

max

Lra(py) < max{Lpa(p)™ "), A} + L—+ 5] + ¢

(38)
0] — ; i lmax
whereLpa(p}) = 0. Lveuh) € VO ry) + 252 16(0) (49
Proof: Lett be the time at which pack@§ becomes the

first flow f packet to be scheduled, i.e., Proof: It is easily observed from (43), i.e., the defini-

1 , tion of virtual clock value and (44) that the cumulative
t = max{Lpa( ‘3‘ ), Alpy)} (39) length of all flown packets that arrive in intervél,, ¢-]
Then, since the last packet to be scheduled through GSQ2nd have virtual clock value no greater thiandenoted by
could have a maximum packet lengthpf” and expected AP, (t1,13), is given as:

time at the rate controller of at most- ¢, using (2) we ta
conclude: AP, (t1,12) g/ R, (t)dt
t1

max

EATRC(p‘}) <t+4+e+ /

(40) Consider packqlzj served in the busy period beginning at
timeto. Lett, = VC(p}, ry) and lett; be the largest time

packe,pj; may be served through the GSQ or ASQ. Let the !€ss thart; at which a packet that has virtual clock value

packet be served through GSQ. Using (37) we get: greater thar, is scheduled in the busy period. If such a
packet does not exist, set = ¢;. Then, since packets

are served in the increasing order of virtual clock values,

all the packets scheduled in the inter¢al, Lv ¢ (p})] ar-

rive in the interval(t, ¢»] and have virtual clock value at

Since GSQ server guarantees tlﬁt will depart by ~ mostts. Hence, the agg;eggte length of pafkets scheduled

EATGSQ(pp + 3l in the interval(t1, Lvc (p})] 1S, eq AP (1T, 12). Cpn- .
sequently, the aggregate length of packets served in the in-

lmax

EATGSQ(p‘j;) <t+e+

(41)

; ; ; terval[ty, Lvc(p))] is at most s+, co AP (1T, 12).
J GSQ(,J J 1 Lvelp; neqQ 1
Lra(py) < EAT™"%(py) + 0y (42) Since the server is FC, we get:
Using (41) and then (39) to substitute foryields (38). lnaw + ZHEQ (T 12)
Since a packet can be served from ASQ only earlier thanit Lve (7)) <t + 5 +4(C)
is guaranteed to depart from GSQ, the theorem folldlls. ta
i 2oneq Ba(t)dt
. < i+ C + C +4(0)
B Delay Guarantee of FC Virtual Clock Clts—t11) 1
Servers < 2Ly maw
< it +TE 0
The Virtual Clock scheduling algorithm stamps packet < gy 4 RO Imaz +6(C)
p‘} on its arrival with its virtual clock value, denoted by - ¢
VC(p},rs), which is defined as: Sincet, = VC(p}, r;), the theorem follows. u

We observe that this proof method can also be employed
i i l‘} to derive the delay guarantee of generalized Virtual Clock
VC(py,rp) = EAT (py,rg) + o (43)  scheduling algorithm, presented in [8], for FC servers.



