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Abstract

In this paper, wepresentthe�r st end-to-endfairnessanalysis
of a network of fair servers. We arguethat it is dif�cult to
extendexistingsingle-nodefairnessanalysisto anend-to-end
analysisof a network whereeachnodemay employ a dif-
ferentfair schedulingalgorithm. We thenpresenta two-step
approachfor end-to-endfairnessanalysisof heterogeneous
networks. First, we de�ne a classof schedulingalgorithms,
referredto astheFair Throughput(FT) class,andprove that
mostknown fair schedulingalgorithmsbelongto this class.
Second,wedevelopananalysismethodologyfor deriving the
end-to-endfairnessboundsfor a network of FT servers.Our
analysisis generalandcanbe appliedto heterogeneousnet-
workswheredifferentnodesemploy differentschedulingal-
gorithmsfrom theFT class.

1 Intr oduction

With the commercializationof the Internetand the advent
of real-timeandmission-criticalInternetapplications,it has
becomeimportant for network serviceproviders to export
rich servicesemanticsto users. Over the pastdecade,sev-
eralpacket schedulingalgorithmsthatallow networks to of-
fer suchrich servicesemanticshave beenproposed[4, 5, 9,
10, 14, 19, 23, 24]. Theseschedulingalgorithmsarbitrateac-
cessto thesharedlink bandwidthavailableat routersamong
�o ws.

Why Fair Scheduling? Fairnessof bandwidthallo-
cation amongcompeting�o ws is an importantpropertyof
packet schedulingalgorithms. A fair schedulingalgorithm
allows routers(1) to provide throughputguaranteesto back-
logged�o ws at shorttime-scales,independentof pastusage
of thelink bandwidthby the�o ws;and(2) to allocateidle link
capacityto competing�o wsin proportionto theirweights(or
reservedrates).

Thepropertyof providing throughputguaranteesat short
time-scalesindependentof the pastbandwidthusageby the

�
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�o w is importantfor two reasons.

1. In many applications,sourcesmaynotbeableto predict
precisely their bandwidthrequirementsat short time-
scales(consider, for instance,the problemof transmit-
ting variable bit-rate encodedlive video stream). To
supporttheseapplicationseffectively, a network should
allow �o ws to utilize occasionallymore than their re-
served bandwidthif suchover-usagedoesnot comeat
theexpenseof violating thebandwidthguaranteespro-
vided to other�o ws. Further, whena network allows a
�o w to utilizesuchidlebandwidth,it shouldnotpenalize
the�o w in thefuture. In networksthatpenalizesources
for usingidle bandwidth,applicationsmaypreferto use
constantbit-rate �o ws (with possibly�uctuating qual-
ity), insteadof allowing thenetwork to enforcearbitrary
penalties. Hence,to supportapplicationswith unpre-
dictable�uctuationsin bandwidthrequirements,it is es-
sentialthatnetworksutilize fair schedulingalgorithms.

2. It is in thebestinterestof a network to allow sourcesto
transmitdatain bursts;burstytransmissionsallow anet-
work to bene�t from statisticalmultiplexingof theavail-
ablenetwork bandwidthamongcompetingtraf�c. Once
again,if anetwork wereto penalizea �o w for usingidle
bandwidth,thenthe sourcewould have no incentive to
transmitburstsinto thenetwork; this, in turn,would re-
ducethe statisticalmultiplexing gainsand therebyre-
ducetheoverall utilization of network resources.Thus,
fair schedulingalgorithmsallow networks to achieve
highergainsdueto statisticalmultiplexing.

The propertyof fair schedulingalgorithmsof allocating
availablebandwidthto �o ws in proportionto their reserved
ratesis desirablefrom an economicperspective. Consider,
for instance,the casewhen a network provider chargesits
customersbasedon their reservedbandwidth.In sucha net-
work, if a user � paystwice asmuchasuser � , then � ex-
pectsthe network to allocatebandwidthin the ratio 2:1 to
users� and � ; any otherallocationwouldbeconsideredun-
fair. Fair schedulingalgorithmsallow anetwork to ensurethis
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proportionateallocationpropertyindependentof theamount
of availablebandwidth.

Why End­to­end Fairness Guarantees? Overthe
lastdecade,many fair schedulingalgorithmshave beenpro-
posed[4, 5, 10, 14]; the literaturecontainsanalysesthatde-
rive single-server fairnessguaranteesfor thesefair schedul-
ing algorithms. From an end-userperspective, though,the
notionof end-to-endfairnessis moremeaningful.Addition-
ally, from a network provider'sperspective,quanti�cationof
end-to-endfairnessguaranteesis necessaryfor offering ser-
vice level agreements(SLAs) to customers.

Deriving end-to-endfairnessguaranteesof fair queuing
networks is also important for evaluating the effectiveness
of core-statelessnetworks in providing fairnessguarantees.
Over the pastfew years,core-statelessnetworks have been
designedto provide end-to-endserviceguaranteeswithout
maintainingor using any per-�o w stateat the core routers
of a network [21]; this propertyimprovesthe scalabilityof
the core routers to large numberof �o ws and high-speed
links. Existing proposalsfor providing fairnessin core-
statelessnetworks only provide approximatefairnessin the
end-to-endthroughputachieved by �o ws over large time-
scales[6, 8, 18, 21]. To designandevaluatecore-stateless
networksthatprovidedeterministicend-to-endfairnessguar-
anteesat shorttime-scales,it is importantto �rst understand
anddeterminetheend-to-endfairnessguaranteesthatcanbe
providedby core-statefulnetworksthatemploy fair schedul-
ing algorithms.

Research Contrib utions In this paper, we presentan
end-to-endfairnessanalysisof a network of routers,each
employing a fair schedulingalgorithm. To the bestof our
knowledge,this is the�r st suchanalysisin theliterature.We
argue that it is dif�cult to extend existing single-nodefair-
nessanalysisto an end-to-endanalysisof a network where
eachnodemayemploy a differentfair schedulingalgorithm.
We thenpresenta two-stepapproachfor end-to-endfairness
analysisof heterogeneousnetworks. First, we de�ne a class
of schedulingalgorithms,referredto astheFair Throughput
(FT) class,andshow that mostknown fair schedulingalgo-
rithms belongto this class. Second,we developan analysis
methodologyfor deriving theend-to-endfairnessboundsfor
a network of FT servers. Our analysisis generalandcanbe
appliedto heterogeneousnetworkswheredifferentnodesem-
ploy differentschedulingalgorithmsfrom theFT class.

The rest of this paperis organizedas follows. In Sec-
tion 2, we formulatethe problemof end-to-endfairness.In
Section3, we discussthe challengesinvolved in extending
existing single-nodefairnessanalysesto anend-to-endanal-
ysis. In Section4, we de�ne theclassof FT algorithms.We
presentan end-to-endfairnessanalysisfor a network of FT
servers in Section5. We discussrelatedwork in Section6
andsummarizeourconclusionsin Section7.

2 Problem Form ulation

Considera �o w � that traversesa network pathof length � .
Let �
	 be the rate reserved for the �o w on all nodes. The
throughputreceivedby �o w � atserver � duringa time inter-
val � 
��
��
���� , denotedby � 	�� ��� 
�����
���� , is de�ned asthenumber
of bits of �o w � thatdepartserver � duringthetime interval

� 
��
��
���� . Also, a �o w � is saidto becontinuouslybacklogged
at server � in a time interval � 
�����
���� if, at all instanceswithin
this interval, thereis at leastonepacket belongingto �o w �

in theserverqueue.Throughoutthis paper, we usetheterms
node,server, andhopinterchangeably.

In any time interval duringwhich �o ws arebacklogged1,
an ideal fair server provides throughputto �o ws exactly in
proportionto their reserved rates. This idealizednotion of
fairness,however, is infeasibleto realizein a packetizedsys-
tem. Fair algorithmsfor packet scheduling,instead,guar-
anteean upperbound on the differencein the normalized
throughput(weightedby thereservedrate)receivedby �o ws
at a server in intervals during which they are continuously
backlogged[10]. Thisnotionof a fairnessguarantee2 is for-
mally de�ned asfollows:

De�nition 1 Theschedulingalgorithmat node� is saidto
provide a fairnessguaranteeif in any time interval � 


�
��


�
�

during which two �ows � and  are continuouslyback-
logged,thenumberof bitsof �ows � and  transmittedbythe
server, �

	�� ���

�����
��
� and �"!

� ���

�����
���� respectively, satisfy:
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(1)

where �
	 and �
! are the ratesreservedfor �ows � and  

respectively, and
(

��� )�	��
!,*

is theunfairnessmeasure—acon-
stant that dependson the schedulingalgorithm and traf�c
characteristicsat server� .

Dif ferentfair schedulingalgorithms[4, 5, 10, 14, 19] differ in
thevalueof

(

��� )�	��
!+*

, theunfairnessmeasure.Table1 liststhe

(

��� )�	��
!+*

valuesfor severalknown fair schedulingalgorithms.
In De�nition 2, we generalizetheabove de�nition to that

of end-to-endfairnessguarantee.Observe that the fairness
property is meaningfulonly across�o ws that sharea re-
source;thus,thenotionof end-to-endfairnessis de�ned only
across�o ws thatsharethesameend-to-endnetwork path.

1Fairnessin throughputallocationis usually de�ned only with respect
to �o ws that are backlogged. This is becausethe throughputof a non-
backlogged�o w maybeconstrainedby thesourcetraf�c ratherthanby the
allocationof link capacity.

2The literature also containsa different notion of fairness—namely,
worst-casefairness—inwhich a �o w is guaranteeda minimum throughput
at its reservedrate,irrespective of traf�c arrival in other�o ws [4]. This kind
of guaranteehasalsobeenreferredto asa throughputguarantee[11]. It can
be shown that a server that providesa fairnessguaranteeasgiven by Def-
inition 1, whenusedin conjunctionwith admissioncontrol, alsoprovides
a throughputguarantee.In this paper, we focuson the (stronger)notion of
fairnessprovidedby De�nition 1.

2



De�nition 2 A network is said to provide an end-to-end
fairnessguaranteeif in anytimeinterval � 
��
��
��-� duringwhich
two �ows, � and  , that traverse the samenetworkpath
of length � hops,are continuouslybacklogged at the �rst
server, thenumberofbitsof �ows � and  thatdepartthenet-
work, � 	�� ./� 
��0��
��0� and �"! � .1� 
��
��
��
� respectively, satisfy:

#

#

#

#

�"	�� . � 
 � ��
 � �

� 	 %

� ! � . � 
 � ��
 � �

�
!

#

#

#

#'& (3254�6

.7� )�	�� !,*

(2)

where
(

254�6

.7� )�	�� !,*

is a constantthatdependson theserverand
traf�c characteristicsat the different hopsin the end-to-end
networkpath.

In this paper, our objective is to computeanupperboundon
thenetwork unfairnessmeasure,

(

254�6

.7� )�	�� !+*

.
It mayseemtemptingto reasonthat,sincethethroughput

of a �o w is determinedby therateallocatedata“bottleneck”
server along its path, the end-to-endfairnessguaranteefor
two �o ws would be the sameasthe fairnessguaranteepro-
videdby thebottleneckserver. Unfortunately, sucha reason-
ing is incorrect. This is because,end-to-endthroughputre-
ceivedby a �o w at shorttime-scalesdependson thequeuing
delaysufferedby its packets. At short time-scales,individ-
ual packetsof �o ws mayencounterqueuingdelayat several
servers,even whenat large time-scales,a singlebottleneck
server may determinethe averagebandwidthallocatedto a
�o w. Therefore,theend-to-endfairnessguaranteeis not the
sameasthefairnessguaranteeprovidedby any singleserver.

Note that we have assumedthat �
	 , the ratereserved for

�o w � , is thesameat all routerson its path.Therearemany
waysto compute�

	 . For instance,�
	 couldbetheminimum

rateacceptableto theend-user, or it couldbe the ratedeter-
minedaccordingto themax-minfair rateallocationscheme—
sucha schemeallocatesto a �o w a rateat eachrouterthat is
no morethanthe fair rateallocatedto that �o w at its bottle-
neck router. The problemof determiningthe rate ��	 is or-
thogonalto theproblemof end-to-endfairnessanalysis,and
is outsidethescopeof thispaper.

3 End­to­end Fairness Anal ysis: Chal­
leng es

As mentionedearlier, designersof individual fair scheduling
algorithmsgenerallyprove fairnessbounds(

(

��� )�	��
!+*

) with
respectto throughputachieved by different �o ws only at a
singleserver [4, 14]; the literature,however, doesnot con-
tain analysesthat prove fairnessbounds(

(

254�6

.7� )�	��
!+*

) for the
end-to-endthroughputachievedby �o ws in a network of fair
servers. Therearetwo inherentdif�culties in extendingex-
istingsingle-serveranalysesto end-to-endnetwork analysis.

1. The literature containssingle-server fairnessanalyses
only for speci�c schedulingalgorithms[4, 5, 14]. In
a wide areanetwork, however, eachroutermayemploy
a differentschedulingalgorithm. Hence,anend-to-end

fairnessanalysisshouldbeapplicableto suchheteroge-
neousnetworks.

2. Most single-server analysesof fair schedulingalgo-
rithmspresentedin the literaturederive fairnessbounds
only overintervalsduringwhichtheconcerned�o wsare
simultaneouslyand continuouslybacklogged. Due to
the variability in the delayexperiencedby packetsat a
server, traf�c getsdistortedas it traversesthroughthe
network. Therefore,�o wsmaynotbesimultaneouslyor
continuouslybackloggedatall theserversalongthepath
andduringall time intervals,evenif they areat the�rst
server. Hence,it is not straightforwardto applyexisting
single-server analysesto determineboundson end-to-
endnetwork fairness.

We addresstheselimitations in two steps.First, we de�ne a
generalclassof Fair Throughput(FT) servers;we show that
mostof theknown fair schedulingalgorithmsbelongto this
class(Section4). Second,we develop an analysismethod-
ology for deriving end-to-endfairnessboundsfor a network
of FT servers,wheredifferentnodesmay employ different
schedulingalgorithmsfrom theFT class(Section5).

4 The Class of Fair Throughput
Servers

Recall that the fairnessguaranteein De�nition 1 is applica-
ble only to time intervals during which both �o ws arecon-
tinuouslybacklogged.As discussedin Section3, theremay
be time intervalsduringwhich oneor bothof the �o ws may
notbecontinuouslybackloggedatsubsequentservers.To fa-
cilitate fairnessanalysisduringsuchtime intervalsat subse-
quentservers,we de�ne the classof Fair Throughput(FT)
schedulingalgorithms. An algorithm in the FT classpro-
videsa strongernotionof theper-nodefairnessguarantee—
if a �o w  is continuouslybackloggedduring an interval,
thenthenormalizedthroughputreceivedby anyother�o w �

(whethercontinuouslybackloggedor notduringtheinterval)
doesnot exceedthenormalizedthroughputreceivedby �o w

 by morethanaboundedquantity. Weformalizethisnotion
below.

De�nition 3 Theschedulingalgorithm at node � belongs
to theclassof Fair Throughputservers if in anytimeinterval

� 

�

��

�

� duringwhich a �ow  is continuouslybacklogged,the
numberof bits transmittedby the serverfor any �ow � and
�ow  , �$	�� �

�
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where
:

���
!

� 	 is a constantthat dependson the serverand
traf�c characteristicsat node� .

From De�nition 1 andDe�nition 3, it is easyto observe
that all FT algorithmsalsoprovide fairnessguaranteeswith

(

��� )�	��
!+*+<>=@?5A

�

:

���
!

� 	
�

:

��� 	��
!3� .
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The de�nition of the class of FT scheduling algo-
rithms is fairly general,andmostwell-known fair schedul-
ing algorithms—suchas GeneralizedProcessorSharing
(GPS)[19], Self-clocked Fair Queuing(SCFQ)[10], Start-
timeFair Queuing(SFQ)[14], Worst-caseFair WeightedFair
Queuing(WF� Q) [4]— belongto this class. We derive the

:

��� ! � 	 valuesfor thesealgorithmsin AppendixA, andsum-
marizethemin Table1.

Weexpectthatany fair schedulingalgorithmthatprovides
per-nodefairnessguarantee(De�nition 1) can be shown to
belongto theFT class.This is because,duringsub-intervals
in which � is alsobacklogged,the differencein normalized
throughputreceived by �o ws � and  is bounded(due to
the fairnessguaranteeprovided by the fair schedulingalgo-
rithm). On theotherhand,duringsub-intervalsin which � is
not backlogged,its throughputis zero,which cannot exceed
the throughputreceivedby �o w  . A formal proof for this
assertion,however, is beyondthescopeof this paper.

5 End­to­end Anal ysis of FT Networks

Given a network of FT servers, our objective is to derive

an upper-bound on
#

#

#CBED�F GIH

6KJ

�

6ML�N

O

D

%

B+P

F G

H

6
J

�

6
L

N

O

P

#

#

#

, the differ-
encein normalizedthroughputreceived during any time in-
terval � 
��0��
���� by �o ws � and  that traversethe sameend-
to-endpathof � servers,assumingonly that the �o ws are
continuously-backloggedat the�rst server. In thefollowing,
we �rst presentthe methodologyfor conductingthe end-to-
endfairnessanalysis(Section5.1), andthenpresentthe for-
mal lemmas,theorem,andtheir proofs(Section5.2).

5.1 Anal ysis Methodology
As mentionedin Section3, oneof themainchallengesin ex-
tendingsingle-server fairnessanalysisto anend-to-endanal-
ysisis that�o wsmaynot remaincontinuouslyor evensimul-
taneouslybackloggedatsubsequentservers.Thequestionwe
would like to answeris: giventhat the�r st serverprovidesa
fairnessguaranteeto the two backlogged �ows, can we say
somethingsimilar aboutthe throughputreceivedat the sec-
ond, third, fourth, and so on, servers? If we canrelatethe
fairnessguaranteeprovidedataserver to thefairnessguaran-
teeprovidedat thepreviousserver, thenby usinga recursive
argument,we would beableto answertheabovequestionin
the af�rmati ve. In particular, we needto answerthe trans-
formedquestion:given

(

254�6

��� )�	��
!+*

, theboundon differencein

normalizedthroughputachievedat �

6RQ

serverby �ows � and
 , can we compute

(

254�6

��S
�

� )�	��
!+*

, the boundon differencein

their normalizedthroughputat the �
�

9UT

�

6RQ

server?
For simplicity of exposition,while discussingthemethod-

ology in this section,we assumezeropropagationlatencies
on thelinks connectingservers.For any time interval � 


�
��


�
�

at the �
�

9VT

�

6RQ

server, we considerthefollowing two cases:

W If noneof the �o ws arebackloggedat the time instants


 � and 
 � , thenthethroughputreceivedby thetwo �o ws
in theinterval � 
��
��
���� is thesameasthethroughputthey
receive at the previous server in this time interval (as-
sumingzeropropagationlatencies).This is because,no
packetsthatwerereceivedbefore
�� getservedin � 
��0��
��-�

(sincethereis nobacklogat 
�� ), andnopacketsreceived
during � 
��0��
��-� get served after 
C� (no backlogat 
C� ei-
ther).

Therefore,for suchtime intervals,thedifferencein nor-
malizedthroughputof thetwo �o ws at server �

9XT

has
thesameupperboundasthatfor server � .

W If eitheroneof the�o ws is backloggedatserver �

9;T

at

�� or 
�� , thenthenumberof packetsof that �o w served
during � 
��
��
���� atserver �

9YT

maybedifferentfrom those
served at server � . This is because,somepackets that
arebackloggedat 
�� maygetservedin � 
�����
��-� , andsome
packetsthat arrive from server � in � 
��
��
��-� may not get
servedandmayremainbackloggedat 
�� . Thethrough-
put of the �o w during � 
�����
��-� at server �

9ZT

is there-
fore determinednot only by its throughputat server � ,
but alsothebacklogsat server �

9[T

at times 

� and 


� .
It follows that to derive thefairnessguaranteeof server

�

9\T

duringsuchtime intervals,weadditionallyneedto
boundthe differencein the normalizedbacklogsof the
two �o ws,at both 
�� and 
�� .

Let us considera time instant 
C] , smaller than 
�� , at
which noneof the�o ws arebackloggedat server �

9UT

.
Thebacklogof either�o w at 
�� (or 
�� ) canbecomputed
asthenumberof packetsthatarrivein � 
C]5��
���� (or � 
^]5��
���� )
minusthenumberof packetsthatareservedin thesame
time interval. From the fairnessguaranteeof server � ,
we know that thedifferencein (normalized)numberof
packetsthatarrive at server �

9_T

in � 

]

��

�

� (or � 

]

��

�

� )
for thetwo �o wsis bounded.It followsthatto boundthe
differencein normalizedbacklogsat 


� (or 

� ) at server

�

9`T

, we needto boundthe differencein normalized
throughputduring � 
�]5��
���� (or � 
�]a��
���� ).

To computethedifferencein normalizedthroughputof
�o ws � and  atserver �

9>T

during � 
C]a��
���� (or � 
�]5��
��b� ),
we considerthefollowing two scenarios:

– Both�ows arebackloggedat 

� (or 


� ).

Lemma1 establishesa lower boundon the nor-
malized throughputduring � 


]
��


�
� of either �o w

(say, � ) in termsof the normalizedthroughputof
the other (�o w  ). The proof methodologyfor
this lemmais basedon the following two obser-
vations. Let 
�c/de� 
^]a��
���� be the last time instant
beforewhich � is non-backlogged(seeFigure1).

1. The throughputof �o w � in � 
�]a��

c

� at server
�

9fT

is thesameasits throughputin thesame
time interval at server � (sinceno backlogs
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Table 1: Unfairnessmeasuresfor someFT algorithms

t1 t2t0 t'

f backlogged

atleast one of the flows backlogged

Figure 1: Referencefor Lemma1

at either 
^] or 
Cc ). At server � , the through-
put of �o w � is lower boundedin termsof
the throughputof �o w  (dueto the fairness
guaranteeof server � ). Further, the through-
putof �o w  atserver �

9$T

during � 

]

��
�ct� (no
backlogat 


] ) cannotexceedthecorrespond-
ing throughputat server � .

2. Flow � is continuouslybackloggedin � 
�cK��
����

andDe�nition 3 canbeappliedto this interval
to establisha lower boundon throughputof
�o w � in termsof throughputof �o w  .

– Onlyoneof the�ows is backloggedat 
�� (or 
�� ).
As describedabove, Lemma1 canderive a lower
boundonthenormalizedthroughputduring � 


]
��


�
�

of the backlogged �o w (say, � ) in terms of the
throughputof theother(�o w  ).
To computethe reverserelation, that is, a lower
boundon throughputof �o w  , �rst observe that
during � 
^]5��
���� , the throughputof �o w  at server

�

9uT

is thesameasits throughputatserver � (since
no backlogsat either 


] or 

� ). At server � , the

throughputof �o w  is lowerboundedin termsof
thethroughputof �o w � (dueto thefairnessguar-
anteeof server � ). Further, thethroughputof �o w

� at server �

9[T

during � 

]

��

�

� (no backlogat 

] )

cannotexceedits throughputatserver � . Theseob-
servationsareusedin Lemma2 to computealower
boundonthethroughputof �o w  in termsof that
of �o w � .

Therefore,by using Lemma1 and Lemma2, we can
computeupperboundson the differencein normalized
throughputof the two �o ws during both � 
C]a��
���� and

� 
^]5��
���� . Thesumof thesetwo boundsthengivesacandi-

datevalueof
(

254�6

��S
�

� )�	��
!+*

, theupperboundon thediffer-
encein normalizedthroughputduring � 
�����
��-� . Lemma3
helpstightenthis value,basedon thefairnessguarantee
of theFT algorithmat server � .

5.2 Formal Anal ysis and Proofs
Using themethodologydescribedabove, we derive theend-
to-endfairnessguaranteeof a network of FT serversin The-
orem 1. For the remainderof the analysis,we remove the
simplisticassumption(madein Section5.1)of non-zerolink
propagationlatencies.We use v

���

C� to denotethe propaga-

tion latency experienced—onthelink connectingserver � and
�

9wT

—bythelastpacketof either�o w receivedatserver �

9wT

by time 
 .

Lemma 1 If �ow � is backloggedat server�

9[T

at time 


and if 
^] is a time instantsmallerthan 
 such that neither �

nor  is backloggedat 
�x

]

, andat leastoneis backloggedat

^] , then:

�
	�� ��S

�
�


^]���
C�

�0	 y

�"!
� ��S

�
�


^]���
C�

�
!

9{z

c

%

:

��S
�

� 	��
!

where
z

c

<

�
	�� �|�


^]

%

v
���


^]�����
�c

%

v
���


�c}����~0�
	

%

�"!
� ���


^]

%

v
���


^]�����

c

%

v
�•�



c

����~0�
! , and 

c

dU� 
^]5��
€� is the latesttime in-
stantat which � becomesbacklogged.

Proof: Sincepacketsarriveatserver �

9$T

in thesameorder
they aretransmittedatserver � , it follows thatthepacketsre-
ceivedatserver �

9•T

during � 
C]a��
�c‚� arethepacketstransmitted
from server � during � 
�]

%

v
�•�


^]
����
�c

%

v
�|�


�cƒ�^� .
Since � is not backloggedat 
Cc

x

and 
�x

]

, we have:
�

	�� ��S
�

�

^]���


c
�

<

�
	�� �•�


^]

%

v
���


^]
����

c

%

v
���



c

��� . Further, since
�o w  is not backloggedat 


x

]

, we have: �"!
� ��S

�
�


^]a��
�cƒ�

&

�"!
� ���


^]

%

v
���


^]0����
�c

%

v
���


�c}��� .
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Since
z

c

<

�$	�� � � 
 ]

%

v„� � 
 ] ����
�c

%

v…� � 
�c}����~0�0	

%

� ! � � � 
 ]

%

v ��� 
^]�����
�c

%

v ��� 
�c}����~0�
! . Then,wehave:

� 	�� ��S � � 
^]���
�cƒ�

� 	 y

�8! � ��S � � 
^]a��
�cƒ�

�
!

9fz

c (3)

Since�o w � is continuouslybackloggedduring � 
�cK��
€� , and
server �

9†T

belongsto the FT class,we have from De�ni-
tion 3:

� ! � ��S �

� 
�cK��
C�

��!

&

�$	�� ��S �

� 
�cR��
C�

� 	

9;:

��S � � 	�� ! (4)

From(3) and(4), we get:

�$	�� ��S �

� 
 ] ��
C�

� 	 y

� ! � ��S �

� 
 ] ��
C�

��!

9{z

c

%

:

��S � � 	�� !

Lemma 2 If �ow  is not backloggedat server�

9‡T

at time

 andif 
^] is a timeinstantsmallerthan 
 such that neither �

nor  is backloggedat 

x

]

, andat leastoneis backloggedat

^] , then:

�8!
� ��S

�
�


^]a��
C�

��!
y

�
	�� ��S

�
�


^]���
C�

�
	 %

z

where
z

<

�
	�� �|�


^]

%

v
�•�


^]0����


%

v
�•�


C����~��
	

%

�"!
� ���


^]

%

v…�
�



]

����


%

v„�
�


C����~��
! .

Proof: Sincepacketsarriveatserver �

9$T

in thesameorder
they aretransmittedatserver � , it follows thatthepacketsre-
ceivedatserver �

98T

during � 
�]a��
€� arethepacketstransmitted
from server � during � 


]

%

v
]

��


%

vˆ� .
Since  is not backloggedat 
 and 


x

]

, we have:
�"!

� ��S
�

�

^]a��
C�

<

�"!
� ���


^]

%

v‰]5��


%

vi� . Further, since �

is notbackloggedat 

x

]

, wehave: �
	�� ��S

�
�


^]���
C�

&

�
	�� �•�


^]

%

v‰]a��


%

vi� .
Since

z

<

�"	�� �
�



]

%

v
]

��


%

vi��~��
	

%

�
!

� �
�



]

%

v
]

��


%

vi��~0�
! , we have:

�8!
� ��S

�
�


^]a��
C�

�
	 y

�
	�� ��S

�
�


^]���
C�

�
!

%

z

Lemma 3 If during a time interval � 
�]a��
€� , the num-
bers of bits transmitted by a server for �ow � and

 satisfy (1) with unfairness measure �"c , and if
z

�

<

�
	�� �|�


^]5��
��-��~0�
	

%

�"!
� ���


^]a��
�����~0�
! , and
z

�

<

�
	�� ���


^]���
��
��~0�
	

%

�8!
� �a�


^]���
��
��~���! , where 
^]

&


��

&


��

&


 ,
then

%

�

c

&

z

�

%

z

�

&

�

c

Proof:
� 	�� ��� 
�����
����

� 	

<

� 	�� ��� 
^]���
����

� 	 %

� 	�� �•� 
^]a��
��-�

� 	

<

� ! � � � 
 ] ��
 � �

��!

9;z

�

%

� ! � � � 
 ] ��
 � �

��! %

z

�

<

�"! � ��� 
��
��
����

� !

9;z

�

%

z

�

Since the number of bits transmittedduring the interval
� 
��
��
���� shouldsatisfy(1) with unfairnessmeasure� c , it fol-
lows that:

%

�uc

&

z

�

%

z

�

&

�uc .

Theorem 1 If thethroughputobtainedby two �ows, � and
 , at the �r st nodein a networkof FT servers satis�es(1),
and if they share the sameend-to-endpath of � hops,then
duringanytimeinterval � 
��
��
��-� , theend-to-endthroughputof
the�ows are relatedas:

#

#

#

#

�
	�� .Š�


��0��
����

�
	

%

�"!
� .1�


��0��
����

��!

#

#

#

#

&>(

�
� )�	��

!+*

9

.

‹

Q
Œ

�

�

:

Q

� 	��
!

9;:

Q

�
!

� 	�� (5)

Proof: Theproof is by inductionon � , thenumberof hops.

BaseCase: �

<

T

. By assumption,thethroughputof thetwo
�o ws at the�rst nodesatis�es(1), which is thesameas
(5) for thebasecase( �

<

T

).

Induction Hypothesis: Assume(5) is true for all servers
T

�b•�•b•-��� .

Induction Step: We needto show that (5) holds at server
�

9ŽT

. Without loss of generality, assumethat
B

D�F •K•

J

H

6
J

�

6
L

N

O

D

y

B+P

F •K•

J

H

6
J

�

6
L

N

O

P

. It follows that to prove
(5), we only needto show that:

�$	�� ��S
�

�



�
��


�
�

�
	

&

�
!

� ��S
�

�



�
��


�
�

�
!

9

(

�
� )�	��

!+*

9

��S
�

‹

Q
Œ

�

�

:

Q

� 	��
!

9;:

Q

�
!

� 	�� (6)

Let 

]

&



� bethelargesttime instantsuchthatnoneof

the two �o ws arebackloggedat server �

9‘T

at 

x

]

(see
Figure2).

Differ encein normalized thr oughput during � 

]

��

�

� :

Considerthefollowing two casesat 
�� :
W If �o w � is backloggedat 


� (seeFigure2), then
from Lemma1, thereexists 
C’“d\� 


]
��


�
� , suchthat:

�
	�� ��S

�
�


^]a��
��-�

�
	 y

�8!
� ��S

�
�


^]a��
��b�

�
!

9fz

’

%

:

��S
�

� 	��
!

where
z

’

<

�
	�� �•�


^]

%

v
�•�


^]
����

’

%

v
���



’

����~0�
	

%

�"!
� ���


^]

%

v
���


^]�����

’

%

v
�•�



’

����~0��! .
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t1 t2t3 t4t0

f backlogged m backlogged

Figure 2: Referencefor proofof Theorem1

W If �o w � is not backloggedat 
�� , then from
Lemma2, we have:

�$	�� ��S �

� 
 ] ��
 � �

� 	 y

� ! � ��S �

� 
 ] ��
 � �

��!

9fz

�

y

�8! � ��S � � 
^]a��
��b�

� !

9fz

�

%

:

��S � � 	�� !

where
z

�

<

�
	�� �•�


^]

%

v
�•�


^]
����
��

%

v
���


�������~0�
	

%

�"!
� ���


^]

%

v
���


^]�����
��

%

v
�•�


��b����~0��! .

Therefore,in eithercase,thereexistssome
�c”d>� 

]

��

�

� ,
suchthat:

�
	�� ��S

�
�


^]���
��b�

�0	 y

�"!
� ��S

�
�


^]a��
��-�

�
!

9;z

c

%

:

��S
�

� 	��
! (7)

where
z

c

<

�$	�� �
�



]

%

v„�
�



]

����
�c

%

v…�
�


�c}����~0�0	

%

�"!
� ���


^]

%

v
���


^]0����
�c

%

v
���


�c}����~0��! .

Differ encein normalized thr oughput during � 
�]a��
���� :

Considerthefollowing two casesat 

� :

W If �o w  is backloggedat 

� (seeFigure2), then

from Lemma1, thereexists 
�•3d\� 

]

��

�

� , suchthat:

�"!
� ��S

�
�


^]5��
��
�

�
!

y

�
	�� ��S

�
�


^]a��
��
�

�0	 %

z

•

%

:

��S
�

�
!

� 	

where
z

•

<

�$	�� �
�



]

%

v„�
�



]

����
^•

%

v„�
�


^•�����~0�0	

%

�
!

� �
�



]

%

v„�
�



]

����
^•

%

v…�
�


^•0����~0�
! .

W If �o w  is not backloggedat 
C� , then from
Lemma2, we have:

�
!

� ��S
�

�



]
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�

��! y

�$	�� ��S
�

�



]
��


�
�

�
	

%

z

�

y

�
	�� ��S

�
�


^]a��
����

�
	 %

z

�

%

:

��S
�

�
!

� 	

where
z

�

<

�
	�� �•�


^]

%

v
�•�


^]
����
��

%

v
���


��0����~0�
	

%

�"!
� ���


^]

%

v
���


^]�����
��

%

v
�•�


��
����~0��! .

Therefore,in eithercase,thereexistssome
�c cidf� 

]

��

�

� ,
suchthat:

�
!

� ��S
�

�



]
��


�
�

�
!

y

�$	�� ��S
�

�



]
��


�
�

�
	 %

z

c c

%

:

��S
�

�
!

� 	 (8)

where
z

c c

<

� 	�� ��� 
^]

%

v ��� 
^]0����
�c c

%

v ��� 
�c c}����~0� 	

%

�"! � ��� 
^]

%

v ��� 
^]0����
�c c

%

v ��� 
�c cƒ����~���! .

Differ encein normalized thr oughput during � 
��0��
���� :

From(7) and(8), we get:

� 	�� ��S � � 
�����
��
�

� 	

<

� 	�� ��S � � 
^]���
����

� 	 %

� 	�� ��S � � 
^]���
��-�

� 	

&

�
!

� ��S
�
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]
��


�
�

�
!

9;z

c c

9f:

��S
�

�
!

� 	

%

�"!
� ��S

�
�


^]5��
��-�

�
!

%

z

c

9;:

��S
�

� 	��
!

Fromthe inductionhypothesisandLemma3, we know
that:

%

�

(

�
� )�	��

!+*

91–

�

Q
Œ

�

�

:

Q

� 	��
!

9“:

Q

�
!

� 	a���

&

z

c c

%

z

c

&

(

�
� )�	��

!+*

9f–

�

Q
Œ

�

�

:

Q

� 	��
!

9\:

Q

�
!

� 	
� . Therefore,weget:
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��0��
��0�

�0	

&

�"!
� ��S

�
�


��
��
����

�
!

9

(

�
� )�	��

!+*

9

��S
�

‹

Q
Œ

�

�

:

Q

� 	��
!

9;:

Q

�
!

� 	
�

Thus,theinductionstepis provedfor server �

9UT

.

Hence,thetheoremfollowsby mathematicalinduction.
Thefollowing corollaryfollows from De�nitions 1, 2, 3, and
Theorem1.

Corollar y 1 A network of FT servers provides an end-
to-end fairness guarantee with

(

254�6

.7� )�	��
!+*

<

(

�
� )�	��

!+*

9

–

�

Q
Œ

�

�

:

Q

� 	��
!

9;:

Q

�
!

� 	
� .

Corollary 1 statesthat the unfairnessmeasurefor a net-
work of servers is a linear function of the unfairnessmea-
suresof theindividualservers.An interestingpropertyof the
guaranteeis thatunlike end-to-endguaranteeson delay[13]
andthroughput[15], whichin addition,arelinearfunctionsof
link propagationlatencies,theboundon end-to-endfairness
in (5) is independentof link propagationlatencies.It follows
that if thenumberandtypesof serverson a typical pathin a
wide-areanetwork is similar to thosein a local-areanetwork,
thenthe end-to-endfairnessguaranteesof the two networks
wouldalsobesimilar.

It is importantto observe that the analysisof Theorem1
canbeusedto deriveend-to-endfairnessguaranteesevenfor
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�o wsthatarenotcontinuouslybackloggedat the�rst servers.
Theonly conditionthatneedsto besatis�edat the�rst server
is thatthedifferencein normalizedthroughputof �o w � and

 at the �rst server is bounded. This may be true even if
the �o ws are not continuouslybacklogged,for instancein
thecasewhenthedifferencein (normalized)numberof bits
thatarrive from therespective sourcesis bounded.To obtain
the end-to-endfairnessguaranteefor suchcases,

(

� � )�	�� !+*

is replacedin (5) by the boundon differencein normalized
throughputat the�rst server.

6 Related Work

A largenumberof fair schedulingalgorithmshave beenpro-
posedover the last decade,andthe literatureis abundantin
analysesthat establishthe fairnesspropertiesof thesealgo-
rithmsat a singleserver [4, 5, 10, 12, 14, 19, 22]. However,
theliteraturedoesnot containany end-to-endfairnessanaly-
sesfor anetwork of fair servers.

A large numberof powerful andgeneraltechniqueshave
also beendevelopedin the recentpastfor conductingend-
to-endanalysesof the network propertiesexportedby large
classesof schedulingalgorithms[1, 2, 3, 7, 13, 17, 20]. Un-
fortunately, mostof theseend-to-endanalysesarerestricted
to deriving guaranteeson absolutemetrics—suchas delay,
throughput,jitter—that are de�ned for a single �o w. Fair-
nessis a relativemetric, which is de�ned in relationto the
servicereceived by other �o ws. End-to-endanalysistech-
niquesof thepast—forinstancethosebasedon thede�nition
of servicecurves—havenot beendevelopedfor suchrelative
serviceguarantees.

7 Conc luding Remarks

Fairnessof bandwidthallocationamongcompeting�o ws is
animportantpropertyof packetschedulingalgorithms.A fair
schedulingalgorithmallows routers(1) to provide through-
put guaranteesto backlogged�o ws at short time-scales,in-
dependentof pastusageof the link bandwidthby the �o ws;
and (2) to allocateidle link capacityto competing�o ws in
proportionto their weights(or reservedrates).Althoughthe
single-server fairnesspropertiesof severalfair schedulingal-
gorithmsarewell-understood,theliteraturedoesnot contain
any end-to-endfairnessanalysisof a network of such fair
servers.

In this paper, we presentthe�r st end-to-endfairnessanal-
ysisof a network of fair servers.We �rst arguethat it is dif-
�cult to extend existing single-nodefairnessanalysisto an
end-to-endanalysisof a network whereeachnodemay em-
ploy a different fair schedulingalgorithm. We thenpresent
a two-stepapproachfor end-to-endfairnessanalysisof het-
erogeneousnetworks. First, we de�ne a classof scheduling
algorithms,referredto astheFair Throughput(FT) class,and
prove thatmostknown schedulingalgorithmsbelongto this
class. Second,we developan analysismethodologyfor de-

riving the end-to-endfairnessboundsfor a network of FT
servers. Our analysisis generalandcanbe appliedto het-
erogeneousnetworkswheredifferentnodesemploy different
schedulingalgorithmsfrom theFT class.
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A Algorithms in the FT Class

A.1 SCFQ [10]
Let ™ � 
�����
��
� be the differencein systemvirtual timesat 
��

and 
��

y


�� . Let ™ 	‰� 
�����
��
� bethedifferencein virtual timeof
�o w � at 
�� and 
�� .

Since �o w  is continuously backloggedthroughout
� 
 � ��
 � � , we havefrom Corollary š of [10]:

�8! � 
�����
��
�
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A.2 SFQ [14]
Let ™�� and ™5� , respectively, be thevirtual timesat 
�� and 
C� .
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A.3 WF � Q [4]
Accordingto Theorem

T

in [4], the work donefor a �o w �

ataWF� Q server, � 	 , is relatedin thefollowing waysto the
work donefor the �o w in a correspondingGPS[16] server,
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Giventwo �o ws � and  in aGPSserver, of which �o w  is
continuouslybackloggedduring a time interval � 
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