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Abstract

In this paperwe presenthe r stend-to-endairnessanalysis
of a network of fair seners. We arguethatit is dif cult to
extendexisting single-noddairnessanalysigo anend-to-end
analysisof a network where eachnodemay employ a dif-
ferentfair schedulingalgorithm. We thenpresenta two-step
approachfor end-to-endfairnessanalysisof heterogeneous
networks. First, we de ne a classof schedulingalgorithms,
referredto asthe Fair Throughput(FT) class,andprove that
mostknown fair schedulingalgorithmsbelongto this class.
Secondyve developananalysianethodologyfor deriving the
end-to-endairnessboundsfor anetwork of FT seners. Our
analysisis generalandcanbe appliedto heterogeneouset-
workswheredifferentnodesemploy differentschedulingal-
gorithmsfrom the FT class.

1 Introduction

With the commercializationof the Internetand the adwent
of real-timeandmission-criticallnternetapplicationst has
becomeimportant for network serviceprovidersto export
rich servicesemanticgo users. Over the pastdecade sev-
eral paclet schedulingalgorithmsthat allow networksto of-
fer suchrich servicesemanticshave beenproposed4, 5, 9,
10, 14, 19, 23, 24]. Theseschedulingalgorithmsarbitrateac-
cessto the sharedink bandwidthavailableat routersamong
O Ws.

Why Fair Scheduling? Fairnessof bandwidthallo-
cation amongcompeting o ws is an important property of
paclet schedulingalgorithms. A fair schedulingalgorithm
allows routers(1) to provide throughputguaranteeso back-
logged o ws at shorttime-scalesindependenof pastusage
of thelink bandwidthby the o ws;and(2) to allocateidle link
capacityto competingo wsin proportionto theirweights(or
resenedrates).

The propertyof providing throughputguaranteest short
time-scalesndependenbf the pastbandwidthusageby the
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o w is importantfor two reasons.

1. In mary applicationssourcesnaynotbeableto predict
preciselytheir bandwidthrequirementsat short time-
scales(consider for instance the problemof transmit-
ting variable bit-rate encodedlive video stream). To
supporttheseapplicationseffectively, a network should
allow o ws to utilize occasionallymore than their re-
sened bandwidthif suchoverusagedoesnot comeat
the expenseof violating the bandwidthguaranteegpro-
videdto other o ws. Further whena network allows a
o wto utilize suchidle bandwidthjt shouldnotpenalize
the o w in thefuture. In networksthatpenalizesources
for usingidle bandwidthapplicationamay preferto use
constanthit-rate o ws (with possibly uctuating qual-
ity), insteadof allowing the network to enforcearbitrary
penalties. Hence,to supportapplicationswith unpre-
dictable uctuationsin bandwidthrequirementsi is es-
sentialthatnetworksutilize fair schedulingalgorithms.

2. It isin the bestinterestof a network to allow sourcego
transmitdatain bursts;burstytransmissionallow a net-
work to bene t from statisticaimultiplexing of theavail-
ablenetwork bandwidthamongcompetingraf c. Once
again,if anetwork wereto penalizea o w for usingidle
bandwidth,thenthe sourcewould have no incentie to
transmitburstsinto the network; this, in turn, would re-
ducethe statisticalmultiplexing gainsand therebyre-
ducethe overall utilization of network resourcesThus,
fair schedulingalgorithmsallow networks to achieve
highergainsdueto statisticalmultiplexing.

The propertyof fair schedulingalgorithmsof allocating
available bandwidthto o ws in proportionto their resered
ratesis desirablefrom an economicperspectie. Considey
for instance,the casewhen a network provider chagesits
customerdasedon their resened bandwidth.In sucha net-
work, if auser paystwice asmuchasuser ,then ex-
pectsthe network to allocatebandwidthin the ratio 2:1 to
users and ; ary otherallocationwould be consideredin-
fair. Fair schedulingalgorithmsallow anetwork to ensurehis



proportionateallocationpropertyindependenof the amount
of availablebandwidth.

Why End-to-end Fairness Guarantees? Overthe
lastdecademary fair schedulingalgorithmshave beenpro-

posed[4, 5, 10, 14]; the literaturecontainsanalyseghatde-
rive single-serer fairnessguaranteesor thesefair schedul-
ing algorithms. From an end-usemerspectie, though, the
notion of end-to-endairnessis moremeaningful. Addition-

ally, from a network provider's perspectie, quanti cation of

end-to-endfairnessguaranteess necessaryor offering ser

vice level agreement§SLAS) to customers.

Deriving end-to-endfairnessguarantee®f fair queuing
networks is also importantfor evaluatingthe effectiveness
of core-statelessietworks in providing fairnessguarantees.
Over the pastfew years,core-statelesaetworks have been
designedto provide end-to-endservice guaranteesithout
maintainingor using ary per o w stateat the core routers
of a network [21]; this propertyimprovesthe scalability of
the core routersto large numberof o ws and high-speed
links. Existing proposalsfor providing fairnessin core-
statelessietworks only provide approximatefairnessin the
end-to-endthroughputachieved by o ws over large time-
scaleg[6, 8, 18, 21]. To designhand evaluatecore-stateless
networksthatprovide deterministicend-to-endairnesguar
anteesat shorttime-scalesit is importantto rst understand
anddeterminghe end-to-endairnessgguaranteethatcanbe
providedby core-statefuhetworksthatemploy fair schedul-
ing algorithms.

Research Contrib utions In this paperwe presentin
end-to-endfairnessanalysisof a network of routers, each
employing a fair schedulingalgorithm. To the bestof our
knowledge thisis the r stsuchanalysisn theliterature.We
arguethatit is dif cult to extend existing single-nodefair-
nessanalysisto an end-to-endanalysisof a network where
eachnodemay employ a differentfair schedulingalgorithm.
We thenpresenia two-stepapproachor end-to-endairness
analysisof heterogeneousetworks. First, we de ne aclass
of schedulingalgorithms,referredto asthe Fair Throughput
(FT) class,andshav that mostknown fair schedulingalgo-
rithms belongto this class. Secondwe develop an analysis
methodologyfor deriving the end-to-endairnessboundsfor
a network of FT seners. Our analysisis generalandcanbe
appliedto heterogeneousetworkswheredifferentnodesem-
ploy differentschedulingalgorithmsfrom the FT class.

The rest of this paperis organizedas follows. In Sec-
tion 2, we formulatethe problemof end-to-endfairness.In
Section3, we discussthe challengesnvolvedin extending
existing single-noddairnessanalysedo anend-to-endanal-
ysis. In Section4, we de ne the classof FT algorithms.We
presentan end-to-endfairnessanalysisfor a network of FT
senersin Section5. We discussrelatedwork in Section6
andsummarizeour conclusionsn Section?.

2 Problem Formulation

Considera ow thattraversesa network pathof length
Let betheratereseredfor the ow on all nodes. The
throughputrecevedby ow atsener duringatimeinter-
val , denotedby , is de ned asthenumber
of bitsof ow thatdepartsener duringthetime interval
. Also,a ow is saidto be continuoushbadlogged

atsener in atimeinterval if, atall instanceswithin
this intenval, thereis at leastone paclet belongingto ow
in the sener queue.Throughoutthis paper we usetheterms
node,sener, andhopinterchangeably

In ary time interval duringwhich o ws arebacklogged,
an ideal fair sener providesthroughputto o ws exactly in
proportionto their resered rates. This idealizednotion of
fairnesshowever, is infeasibleto realizein a pacletizedsys-
tem. Fair algorithmsfor paclet scheduling,instead,guar
anteean upper bound on the differencein the normalized
throughputweightedby thereseredrate)recevedby o ws
at a sener in intervals during which they are continuously
backlogged10]. Thisnotionof afairnessguarantee? is for-
mally de ned asfollows:

De nition 1 Thesdedulingalgorithmat node is saidto
provide a fairnessguaranteeif in any time interval
during which two ows and  are continuouslybad-
logged,thenumbermnfbitsof ows and transmittecbythe
server and respectivelysatisfy:

1)

whee and  aretheratesreservedor ows and
respectivelyand is the unfairnessmeasue—acon-
stant that dependson the scheduling algorithm and traf ¢
characteristicsat server .

Differentfair schedulingalgorithmg[4, 5, 10, 14, 19] differin
thevalueof , theunfairnessneasureTablel liststhe
valuesfor severalknown fair schedulingalgorithms.
In De nition 2, we generalize¢he above de nition to that
of end-to-endfairnessguarantee.Obsenre that the fairness
property is meaningfulonly across o ws that sharea re-
sourcethus,thenotionof end-to-endairnesss de ned only
acrosso wsthatsharethe sameend-to-endchetwork path.

LFairnessin throughputallocationis usually de ned only with respect
to ows that are backlogged. This is becausethe throughputof a non-
backloggedo w may be constrainedy the sourcetrafc ratherthanby the
allocationof link capacity

2The literature also containsa different notion of fairness—namely
worst-casdairness—inwhich a o w is guarantee minimum throughput
atits reseredrate,irrespectie of trafc arrival in other o ws[4]. Thiskind
of guarantedasalsobeenreferredto asa throughpuiguarantegll]. It can
be shawvn that a sener that provides a fairnessguarantees given by Def-
inition 1, whenusedin conjunctionwith admissioncontrol, also provides
a throughputguaranteeln this paper we focuson the (stronger)notion of
fairnessprovidedby De nition 1.



De nition 2 A networkis said to provide an end-to-end
fairnessguarantedif in anytimeinterval duringwhich

two ows, and , thattraverse the samenetworkpath
of length  hops, are continuouslybadlogged at the rst
serverthenumberofbitsof ows and thatdepartthenet-
work, and respectivelysatisfy:
)
whele is a constanthat depend®n the serverand

traf c characteristicsat the different hopsin the end-to-end
networkpath.

In this paper our objective is to computean upperboundon
the network unfairnesameasure, .

It may seemtemptingto reasorthat, sincethe throughput
of a o w is determinecy therateallocatedat a“bottleneck”
sener alongits path, the end-to-endfairnessguaranteeor
two o ws would be the sameasthe fairnessguaranteero-
vided by the bottlenecksener. Unfortunately sucha reason-
ing is incorrect. This is becauseend-to-endhroughputre-
ceivedby a o w atshorttime-scaleslependon the queuing
delaysufferedby its paclets. At shorttime-scalesjndivid-
ual pacletsof o ws mayencounteiqueuingdelayat several
seners, even when at large time-scalesa single bottleneck
sener may determinethe averagebandwidthallocatedto a

o w. Therefore the end-to-endairnessguaranteés not the
sameasthefairnesgguarante@rovidedby ary singlesener.

Note thatwe have assumedhat , therateresered for

ow ,isthesameatall routersonits path. Therearemary
waysto compute . Forinstance, couldbetheminimum
rateacceptabldo the end-useror it could be the rate deter
minedaccordingo themax-mirfair rateallocationscheme—
sucha schemaallocatego a o w arateateachrouterthatis
no morethanthe fair rateallocatedto that o w atits bottle-
neckrouter The problemof determiningtherate is or-
thogonalto the problemof end-to-endairnessanalysis,and
is outsidethe scopeof this paper

3 End-to-end Fairness Analysis: Chal-
leng es

As mentionecearlier, designer®f individual fair scheduling
algorithmsgenerallyprove fairnessbounds( ) with
respectto throughputachieved by different o ws only at a
single sener [4, 14]; the literature, however, doesnot con-
tain analyseghat prove fairnessbounds( ) for the
end-to-endhroughputachievedby o wsin anetwork of fair
seners. Therearetwo inherentdif culties in extendingex-
isting single-serer analysedo end-to-enchetwork analysis.

1. The literature containssingle-serer fairnessanalyses
only for speci ¢ schedulingalgorithms[4, 5, 14]. In
awide areanetwork, hawever, eachroutermay employ
a differentschedulingalgorithm. Hence,an end-to-end

fairnessanalysisshouldbe applicableto suchheteroge-
neousnetworks.

2. Most single-serer analysesof fair schedulingalgo-
rithmspresentedn theliteraturederive fairnessbounds
only overintervalsduringwhichtheconcernedo wsare
simultaneouslyand continuouslybacklogged. Due to
the variability in the delay experiencedby pacletsat a
sener, trafc getsdistortedasit traversesthroughthe
network. Therefore,o ws maynotbesimultaneouslypr
continuouslybackloggedtall thesenersalongthe path
andduringall time intenvals,evenif they areatthe rst
sener. Hence,it is not straightforwardto apply existing
single-serer analyseso determineboundson end-to-
endnetwork fairness.

We addresgheselimitationsin two steps.First, we de ne a
generalclassof Fair Throughput(FT) seners;we shav that
mostof the known fair schedulingalgorithmsbelongto this
class(Section4). Secondwe develop an analysismethod-
ology for deriving end-to-endairnessboundsfor a network
of FT seners, wheredifferentnodesmay employ different
schedulingalgorithmsfrom the FT class(Section5).

4 The Class of Throughput
Servers

Fair

Recallthatthe fairnessguaranteén De nition 1 is applica-
ble only to time intervals during which both o ws are con-
tinuouslybacklogged.As discussedn Section3, theremay
be time intervals during which one or both of the o ws may
notbe continuoushbackloggedt subsequergeners.To fa-
cilitate fairnessanalysisduring suchtime intervals at subse-
quentseners, we de ne the classof Fair Throughput(FT)
schedulingalgorithms. An algorithmin the FT classpro-
videsa strongemotion of the pernodefairnessgguarantee—
if a ow is continuouslybackloggedduring an interval,
thenthe normalizedthroughputrecevedby anyother o w
(whethercontinuouslybackloggedr notduringtheinterval)
doesnot exceedthe normalizedthroughputrecevedby ow

by morethanaboundedjuantity We formalizethis notion
below.

De nition 3 Thesdedulingalgorithm at node belongs
to theclassof Fair Throughputservesif in anytimeinterval
duringwhicha ow iscontinuoushbadlogged,the
numberof bits transmittedby the serverfor any ow and
ow and respectivelysatisfy:

whee is a constantthat dependson the serverand
traf c characteristicsat node .

From De nition 1 andDe nition 3, it is easyto obsene
thatall FT algorithmsalso provide fairnessguaranteesvith



The de nition of the class of FT scheduling algo-
rithms is fairly general,and mostwell-known fair schedul-
ing algorithms—suchas Generalized ProcessorSharing
(GPS)[19], Self-clocled Fair Queuing(SCFQ)[10], Start-
time Fair Queuing(SFQ)[14], Worst-casd-air WeightedFair
Queuing(WF Q) [4]— belongto this class. We derive the

valuesfor thesealgorithmsin AppendixA, andsum-
marizethemin Tablel.

We expectthatary fair schedulingalgorithmthatprovides
pernodefairnessguarantegDe nition 1) canbe showvn to
belongto the FT class.This is becauseduring sub-intenals
in which is alsobackloggedthe differencein normalized
throughputrecevedby ows and is bounded(due to
the fairnessguarantegrovided by the fair schedulingalgo-
rithm). Onthe otherhand,during sub-intenalsin which is
not backloggedits throughpuis zero,which cannot exceed
the throughputrecevedby ow . A formal proof for this
assertionhowever, is beyondthe scopeof this paper

5 End-to-end Analysis of FT Networks

Given a network of FT seners, our objective is to derive
an upperbound on , the differ-

encein normalizedthroughputreceived during ary time in-
tenal by ows and thattraversethe sameend-
to-endpathof  seners,assumingonly thatthe o ws are
continuously-backloggedtthe rst sener. In thefollowing,
we rst presenthe methodologyfor conductingthe end-to-
endfairnessanalysis(Section5.1), andthenpresenthe for-
mallemmastheoremandtheir proofs(Section5.2).

5.1 Analysis Methodology

As mentionedn Section3, oneof themainchallengesn ex-
tendingsingle-serer fairnessanalysisto anend-to-endanal-
ysisis that o0 ws maynotremaincontinuouslyor evensimul-
taneoushbackloggedtsubsequergeners. Thequestionve
would like to answeiis: giventhatthe r stserverprovidesa
fairnessguaranteeto the two badlogged ows, canwe say
somethingsimilar aboutthe throughputreceivedat the sec-
ond, third, fourth, and so on, serves? If we canrelatethe
fairnesguarante@rovidedatasenerto thefairnesgyuaran-
teeprovidedat the previoussener, thenby usinga recursve
argument,we would be ableto answerthe above questionin
the afrmative. In particular we needto answerthe trans-
formedquestion:given , theboundon differencein

normalizedthroughputachievedat  serverby ows and
, canwe compute , the boundon differencein

their normalizeahroughputat the server?

For simplicity of exposition,while discussinghe method-
ology in this section,we assumezero propagationatencies
onthelinks connectingseners. For ary time interval
atthe sener, we considerthefollowing two cases:

If noneof the o ws arebackloggedat thetime instants

and , thenthethroughputrecevvedby thetwo o ws
in theinterval is the sameasthethroughputhey
receve at the previous sener in this time interval (as-
sumingzeropropagatioratencies).This is becauseno
pacletsthatwererecevedbefore getsenedin
(sincethereis nobacklogat ), andnopacletsreceied

during getsenedafter (no backlogat ei-
ther).

Therefore for suchtime intervals,the differencein nor-
malizedthroughputof thetwo o ws atsener has

thesameupperboundasthatfor sener .

If eitheroneof the o wsis backloggedatsener at
or ,thenthe numberof pacletsof that o w sened
during atsener maybedifferentfrom those
sened at sener . This is becausesomepacletsthat
arebackloggedit maygetsenedin , andsome
pacletsthat arrive from sener in may not get
senedandmayremainbackloggecat . Thethrough-
put of the o w during at sener is there-
fore determinechot only by its throughputat sener
but alsothe backlogsat sener attimes and
It follows thatto derive the fairnessguaranteef sener
duringsuchtime intervals,we additionallyneedto
boundthe differencein the normalizedbacklogsof the
two ows,atboth and

Let us considera time instant , smallerthan , at
which noneof the o ws arebackloggedat sener
Thebacklogof eitherow at  (or ) canbecomputed
asthenumberof pacletsthatarrivein (or )
minusthe numberof pacletsthataresenedin thesame
time interval. From the fairnessguaranteef sener
we know thatthe differencein (normalized)numberof
pacletsthatarrive at sener in (or )
for thetwo o wsis boundedit followsthatto boundthe
differencein normalizedbacklogsat (or ) atsener

, we needto boundthe differencein normalized
throughputduring (or ).

To computethe differencein normalizedthroughputof
ows and atsener during (or ),
we considerthe following two scenarios:

— Both ows arebadloggedat (or ).

Lemmal establishes lower boundon the nor-
malized throughputduring of either ow
(say ) in termsof the normalizedthroughputof
the other(ow ). The proof methodologyfor
this lemmais basedon the following two obser
vations. Let be the last time instant
beforewhich is non-backloggedseeFigurel).

1. Thethroughputof ow in at sener
is thesameasits throughpuin thesame
time interval at sener  (since no backlogs



FT algorithm
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SCFQ

SFQ

WF Q - —

Table 1: Unfairnesameasure$or someFT algorithms

f backlogged

atleast one of the flows backlogged

~L41 1

Figure 1: Referencdor Lemmal

ateither or ). At sener , thethrough-
put of ow is lower boundedin terms of
thethroughputof ow  (dueto thefairness
guaranteef sener ). Further the through-

putof ow atsener during (no
backlogat ) cannotexceedthe correspond-
ing throughputatsener .

2. Flow is continuouslybackloggedn

andDe nition 3 canbeappliedto thisinterval
to establisha lower bound on throughputof
ow intermsof throughpubof ow

— Onlyoneofthe ows is bakloggedat (or ).

As describedaborve, Lemmal canderive a lower
boundonthenormalizedhroughputuring

of the badklogged ow (say ) in termsof the
throughpuof theother(ow ).

To computethe reverserelation, that is, a lower
boundon throughputof ow , rst obsenre that
during , thethroughputof ow  atsener
is thesamaeasits throughputatsener (since
no backlogsat either or ). At sener , the
throughpuiof ow  islowerboundedn termsof
thethroughputof ow (dueto thefairnesgguar
anteeof sener ). Further thethroughputof ow
atsener during (nobacklogat )
cannotexceedits throughputatsener . Theseob-
senationsareusedn Lemma2 to computealower
boundonthethroughpubf ow in termsof that
of ow

Therefore,by usingLemmal and Lemma2, we can
computeupperboundson the differencein normalized
throughputof the two o ws during both

and
. Thesumof thesewo boundgsthengivesa candi-

datevalueof , theupperboundon thediffer-
encein normalizedthroughputduring . Lemma3
helpstightenthis value,basedon the fairnesgguarantee
of theFT algorithmatsener .

5.2 Formal Analysis and Proofs

Using the methodologydescribedabove, we derive the end-
to-endfairnesgyuarante®f a network of FT senersin The-
orem 1. For the remainderof the analysis,we remove the
simplisticassumptior{madein Section5.1) of non-zerdink
propagatioriatencies.We use to denotethe propaga:
tion lateng experienced—ortthelink connectingsener and
—bythelastpacletof either o w recevedatsener
by time .

Lemma 1 If ow isbadkloggedat server attime

andif is atimeinstantsmallerthan sud that neither

nor isbadkloggedat ,andatleastoneis badkloggedat
, then:

whee

, and is the latesttimein-

stantatwhich become®adlogged.

Proof: Sincepacletsarriveatsener in thesameorder
they aretransmittedatsener , it followsthatthe pacletsre-
ceivedatsener during arethepacletstransmitted
from sener during .
Since is not backloggedat and , we have:
. Furthersince

, we have:

ow is notbackloggedat



Since
. Then,we have:
®3)
Sinceow s continuouslybackloggediuring ,and
sener belongsto the FT class,we have from De ni-
tion 3:
(4)
From(3) and(4), we get:
|
Lemma 2 If ow isnotbadloggedatserver attime
andif isatimeinstantsmallerthan sud thatneither
nor isbadloggedat ,andatleastoneis badkloggedat
, then:
whee

Proof: Sincepacletsarriveatsener in thesameorder
they aretransmittedatsener , it followsthatthe pacletsre-
ceivedatsener during arethepacletstransmitted
from sener during .

Since is not backloggedat and , we have:
Further since
is notbackloggedat , wehave:
Since
, we have:

|

Lemma 3 If during a time interval , the num-
bers of bits transmitted by a server for ow and
satisfy (1) with unfairness measue , and if

, and
, wheee ,
then

Proof:

Since the number of bits transmittedduring the intenal

shouldsatisfy(1) with unfairnesameasure , it fol-
lows that: . ]
Theorem 1 If thethroughputobtainedbytwo ows, and

, at the r st nodein a networkof FT serves satis es (1),
andif they shae the sameend-to-endpathof  hops,then
during anytimeinterval , theend-to-endhroughputof
the ows arerelatedas:

(®)

Proof: Theproofis by inductionon , thenumberof hops.

BaseCase: . By assumptionthethroughpubf thetwo
o wsatthe rst nodesatis es(1), whichis thesameas
(5) for thebasecasg( ).

Induction Hypothesis: Assume(5) is true for all seners

Induction Step: We needto shav that (5) holds at sener

Without loss of generality assumethat
. It follows thatto prove
(5), we only needto show that:

(6)
Let bethelargesttime instantsuchthatnoneof
thetwo o ws arebackloggedat sener at (see
Figure?2).

Differ encein normalized thr oughput during

Considerthefollowing two casesat

If ow is backloggedat
from Lemmal, thereexists

(seeFigure?2), then
, suchthat:

where



f backlogged
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—
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Figure 2: Referencdor proofof Theoreml

If ow s not backloggedat , then from
Lemma2, we have:
where
Therefore,jn eithercase thereexists some ,
suchthat:
(7)

where

Differ encein normalized thr oughput during
Considerthefollowing two casesat

If ow isbackloggedat (seeFigure?2),then
from Lemmal, thereexists , suchthat:
where
If ow is not backloggedat , then from
Lemma2, we have:
where
Thereforejn eithercase thereexistssome ,
suchthat:
(8)

where

Differ encein normalized thr oughput during
From(7) and(8), we get:

Fromthe inductionhypothesisandLemma3, we know
that:

. Thereforewe get:

Thus,theinductionstepis provedfor sener

Hence thetheorentfollows by mathematicainduction. W
Thefollowing corollaryfollows from De nitions 1, 2, 3, and
Theoreml.

Corollary 1 A network of FT serves provides an end-
to-end fairness guarantee with

Corollary 1 statesthat the unfairnessmeasureor a net-
work of senersis a linear function of the unfairnessmea-
suresof theindividual seners. An interestingoropertyof the
guaranteés that unlike end-to-endyuaranteesn delay[13]
andthroughpu{15], whichin addition,arelinearfunctionsof
link propagationatenciesthe boundon end-to-endairness
in (5) is independentf link propagatioriatencieslt follows
thatif the numberandtypesof senerson atypical pathin a
wide-areanetwork is similarto thosein alocal-areanetwork,
thenthe end-to-endairnessguaranteesf the two networks
would alsobesimilar.

It is importantto obsene that the analysisof Theoreml
canbeusedto derive end-to-endairnesgyuaranteesvenfor



0 wsthatarenotcontinuouslybackloggedtthe rst seners.
Theonly conditionthatneedgo besatis edatthe rst sener
is thatthe differencein normalizecthroughputof ow and
at the rst seneris bounded. This may be true even if

the o ws are not continuouslybacklogged,for instancein
the casewhenthe differencein (normalized)numberof bits
thatarrive from therespectie sourcess bounded.To obtain
the end-to-endfairnessguaranteefor suchcases,

is replacedin (5) by the boundon differencein normalized
throughputatthe rst sener.

6 Related Work

A large numberof fair schedulingalgorithmshave beenpro-
posedover the last decadeandthe literatureis abundantin
analyseghat establishthe fairnesspropertiesof thesealgo-
rithmsat a singlesener[4, 5, 10, 12, 14, 19, 22]. However,
theliteraturedoesnot containary end-to-endairnessanaly-
sesfor anetwork of fair seners.

A large numberof powerful andgenerattechniqueshave
also beendevelopedin the recentpastfor conductingend-
to-endanalysef the network propertiesexportedby large
classe®f schedulingalgorithms[1, 2, 3,7, 13, 17, 20]. Un-
fortunately mostof theseend-to-endanalysesarerestricted
to deriving guarantee®n absolutemetrics—suchas delay
throughput,jitter—that are de ned for a single ow. Fair-
nessis a relative metric, which is de ned in relationto the
servicereceved by other o ws. End-to-endanalysistech-
niguesof the past—forinstancehosebasedn the de nition
of servicecurves—hae not beendevelopedfor suchrelative
serviceguarantees.

7 Concluding Remarks

Fairnessof bandwidthallocationamongcompeting o ws is
animportantpropertyof pacletschedulingalgorithms.A fair
schedulingalgorithmallows routers(1) to provide through-
put guaranteeso backloggedo ws at shorttime-scalesjn-
dependenbf pastusageof the link bandwidthby the o ws;
and (2) to allocateidle link capacityto competing o ws in
proportionto their weights(or resenedrates). Althoughthe
single-sererfairnespropertieof severalfair schedulingal-
gorithmsarewell-understoodthe literaturedoesnot contain
ary end-to-endfairnessanalysisof a network of suchfair
seners.

In this paperwe presenthe r stend-to-endairnessanal-
ysis of a network of fair seners. We rst arguethatit is dif-
cult to extend existing single-nodefairnessanalysisto an
end-to-endanalysisof a network whereeachnodemay em-
ploy a differentfair schedulingalgorithm. We then present
a two-stepapproachor end-to-endfairnessanalysisof het-
erogeneousetworks. First, we de ne a classof scheduling
algorithms referredto asthe Fair Throughput(FT) classand
prove that mostknown schedulingalgorithmsbelongto this
class. Secondwe develop an analysismethodologyfor de-

riving the end-to-endfairnessboundsfor a network of FT
seners. Our analysisis generaland can be appliedto het-
erogeneousetworkswheredifferentnodesemploy different
schedulingalgorithmsfrom the FT class.
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A Algorithms in the FT Class
A.1 SCFQ [10]
Let be the differencein systemvirtual times at
and . Let bethedifferencen virtual time of
ow at and

Since ow is continuously backloggedthroughout

, we havefrom Corollary of [10]:

— 9)

Considerow . Break into sub-intenalsbelongingto
two sets: , thesetof sub-intenalsduringwhich is contin-
uouslybackloggedand , the setof sub-intenals during
which is notbackloggedFromDe nition |, thedifferential
servicelagfunctionfor ow , ,isde nedas:

wherewe use De nition
of [10], we know that
time. Therefore,

and of [10]. FromLemma
is a non-decreasindunction of

(10)

From Theorem of [10], we know that —
Thereforewe get:

— (11)
From(9) and(11) we get:
Thereforefor an SCFQsen\er, —
A2 SFQ [14]
Let and |, respectiely, bethevirtual timesat and
Sinceow isbackloggedhroughout , wehavefrom

Lemma of [14]:
(12)



FromLemma of [14], we havefor ow
(13)
From(12) and(13)we get:

Therefore for an SFQsener, —_—

A3 WF Q [4]

Accordingto Theorem in [4], the work donefor a ow
ataWF Qsener, ,isrelatedin thefollowing waysto the
work donefor the o w in a correspondindsPS[16] sener,

(14)
— (19

Giventwo ows and inaGPSsener,of which ow is
continuouslybackloggedduring a time interval (and
ow isnotnecessarilypacklogged)we havethefollowing:

Using(14) and(15), we get:

Therefore,

Thereforefor aWF Q sener:
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