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Abstract

In this paper, we derive a statistical delay guarantee of
the generalized Virtual Clock scheduling algorithm. We de-
fine the concept of anequivalentfluid and packet source
and prove a theorem that relates the departure time of a
packet in a fluid FCFS multiplexor to its departure time in
a packet multiplexor that uses generalized Virtual Clock al-
gorithm for scheduling packets. This theorem enables us
to use extant analyses of fluid FCFS multiplexors for pro-
viding statistical QoS guarantees in a network that employs
the generalized Virtual Clock algorithm. We utilize the ex-
tant analysis of FCFS fluid multiplexors serving two-state
on-off sources with exponentially distributed on and off du-
rations to evaluate the increase in utilization yielded by our
analysis technique. Our experiments demonstrate that for
one of the source models employed in the literature, our
technique can increase utilization by upto400% compared
to previously know statistical analysis methods.

1 Introduction

Integrated services networks are required to support a va-
riety of applications (e.g., audio and video conferencing,
multimedia information retrieval, ftp, telnet, WWW, etc.)
with a wide range of Quality of Service (QoS) requirements.
Whereas continuous media applications such as audio and
video conferencing require a network to provide QoS guar-
antees with respect to bandwidth, packet delay, and loss;
applications such as telnet and WWW require low packet
delay and loss. Throughput intensive applications like ftp,
on the other hand, require network resources to be allocated
such that the throughput is maximized. A network meets
these requirements primarily by appropriatelyscheduling
its resources.

To appropriately schedule network bandwidth, several
packet scheduling algorithms have been proposed in the lit-
erature [3, 4, 5, 7, 9, 11, 13, 14, 15, 21]. Furthermore,

to enable the network to provide bounds on end-to-end
delay as well as throughput guarantees to various flows,
several analyses of these algorithms have been carried out
[6, 8, 10, 13]. These techniques enable a network to pro-
vide deterministic bounds on QoS. Though these techniques
are appropriate when the packet sources can be well char-
acterized deterministically, they lead to underutilization of
resources when the sources have significant statistical vari-
ations [12]. Analysis techniques for packet scheduling al-
gorithms that enable a network to provide statistical guaran-
tees and, thus, achieve higher utilization of resources have
largely remained unexplored [1].

In this paper, we take a step towards addressing this
problem by deriving a statistical delay guarantee of the gen-
eralized Virtual Clock scheduling algorithm [10]. We first
model the sources as fluid processes and analyze the queu-
ing behaviour of a FCFS fluid multiplexor. We then de-
fine the concept of anequivalentfluid and packet source
and prove a theorem that relates the departure time of a
packet in a fluid FCFS multiplexor to its departure time in
a packet multiplexor that uses generalized Virtual Clock al-
gorithm for scheduling packets. This theorem enables us
to use extant analyses of fluid FCFS multiplexors for pro-
viding statistical QoS guarantees in a network that employs
the generalized Virtual Clock algorithm. We utilize the
analysis of FCFS fluid multiplexors serving two-state on-
off sources with exponentially distributed on and off dura-
tions presented in [2] to evaluate the increase in utilization
yielded by our analysis technique. Our experiments demon-
strate that for one of the source models employed in the lit-
erature, our technique can increase utilization by upto400%
compared to previously know statistical analysis methods.

The rest of the paper is organized as follows. In Sec-
tion 2, we derive the statistical delay guarantee of gener-
alized Virtual Clock algorithm. We present the results of
our experiments and related work in Sections 3 and 4, re-
spectively. Finally, Section 5 summarizes the results of this
paper.



2 Analysis of Generalized Virtual Clock

Several data and continuous media sources such as au-
dio and video have an intrinsic rate of traffic generation that
varies over time. Hence, they can be modeled as fluid pro-
cesses generating fluid at time varying rates. Let the rate
of fluid generation for sourcef at timet be bRf (t). To de-
termine delay and loss incurred by the fluid sources, con-
sider a multiplexor servingQ sources. Let the scheduling
algorithm at the multiplexor be FCFS and the stochastic be-
haviour of theQ sources be such that the queue length at
the multiplexor at any timet, denoted bycW (t), is given as:

P
�cW (t) > 


�
� G(
)

Let us assume that functionG(
) can be determined from
the statistical characterization of the fluid sources. Hence,
the delay and loss behaviour of the fluid sources is known.
Since in computer networks sources transmit data as pack-
ets, our objective is to use functionG(
) to determine QoS
guarantees in anequivalentpacket system. Clearly, this can
be achieved only if appropriate packet scheduling algorithm
is employed by the packet multiplexor. We choose general-
ized Virtual Clock (VC) as the packet scheduling algorithm.
To achieve our objective, we:

� Define the concept of equivalent fluid and packet ar-
rival processes (Section 2.1),

� Relate the departure time of a packet in the multi-
plexor employing the VC scheduling algorithm to the
departure time of the last bit of the packet in the FCFS
fluid multiplexor when the arrival processes at the
packet and fluid multiplexors are equivalent (Section
2.2), and

� Derive the QoS guarantees for sources in a general-
ized VC multiplexor using the relationship between
the fluid and packet system (Section 2.3).

In the following sections, we will use the following ter-
minology. We will refer to the sequence of packets transmit-
ted by a source to a destination as a flow. A flow is served
by a sequence of packet switches (routers). We will refer to
the output port of a switch as a server. Thejth packet of a
flow and its arrival time will be denoted bypjf andA(pjf ),
respectively.

2.1 Equivalent Fluid and Packet Processes

Consider a fluid sourcef generating fluid at ratebRf (t).
Then, a packet source can be considered equivalent to a fluid
source if it generates a packetexactlyat the time at which
the first bit of the packet would be generated in the fluid

source. This notion of equivalence is strong. Instead, we
consider a packet source to be equivalent to the fluid source
if it generates a packetno later thanthe time at which the
first bit of the packet would be generated in the fluid source.

To formalize this notion of equivalence, we define a rate
function for flow f , denoted byRf (t), based onexpected
arrival time of packets. The expected arrival time of a
packet is the time at which the first bit of the packet would
be generated in the fluid system. To formally define it, let
rjf be the rate at whichpjf is generated. Then, the expected

arrival time ofpjf , denoted byEAT (pjf ; r
j
f ), is defined as:

EAT (pjf ; r
j
f) = max

(
A(pjf ); EAT (p

j�1
f ; rj�1f ) +

lj�1f

rj�1f

)

whereEAT (p0f ; r
0
f ) +

l0f
r0
f

= 0. We defineRf (t) to be the

rate at whichpjf is generated in the time interval between its
expected arrival time and the time at which its last bit would
be generated in a fluid flow system. In a fluid flow system, if
the first bit ofpjf is generated at timeEAT (pjf ; r

j
f ), its last

bit would be generated at timeEAT (pjf ; r
j
f ) +

lj
f

rj
f

. Hence,

Rf (t) is formally defined as:

Rf (t) =

8>>><>>>:
rjf if 9j 3

�
EAT (pjf ; r

j
f ) < t

� EAT (pjf ; r
j
f ) +

lj
f

rj
f

�
0 otherwise

We define a packet source and fluid source to be equiva-
lent if bRf (t) = Rf (t). Observe thatRf (t) changes only
at discrete time instants and does not vary during interval

[EAT (pjf ; r
j
f ); EAT (p

j
f ; r

j
f )+

lj
f

rj
f

]. Hence,bRf (t) = Rf (t)

only if fluid source changes rates at discrete time instants.
We assume that this assumption is satisfied by the fluid
source.

An important aspect of this notion of equivalence is that
it only requires a packet of a flow to arrive no later than the
time its first bit is generated in the fluid source; a packet
may actually arrive much earlier than that. Thus, there
are infinitely many packet arrival processes that would be
considered equivalent to a fluid process. To illustrate this,
consider an example fluid source that has rate0:5pkt=s in
(1; 5], 1pkt=s in (5; 7], and0 elsewhere. Then, a packet
source would be equivalent to the fluid source as long as
packets 1,2,3, and 4 arrive by time 1,3,5, and 6, respectively.
Figure 1 illustrates two packet arrival sequences that satisfy
this assumption and thus are equivalent to the fluid source.

We now use this concept of equivalence to derive a new
delay guarantee of generalized Virtual Clock algorithm.
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Figure 1. Equivalence of Fluid and Packet Sources

2.2 Delay Guarantee of Generalized Virtual
Clock

The generalized Virtual Clock (VC) scheduling algo-
rithm, defined in [10], is a generalization of Virtual Clock
presented in [22]. This generalization is based on the obser-
vation that since several continuous media and data sources
generate data at time varying rates, a scheduling algorithm
should be able to allocate variable rate to the packets of a
flow. Specifically, it is defined as follows:

1. On arrival, packetpjf is stamped with virtual clock

value, denoted byV C(pjf ; r
j
f), computed as:

V C(pjf ; r
j
f ) = EAT (pjf ; r

j
f) +

ljf

rjf

whererjf is the rate assigned topjf .

2. Packets are serviced in the increasing order of the vir-
tual clock values.

Consider a VC server servingQ flows. It was shown
in [10] that if C is the capacity of the server andP

n2QRn(t) � C for all t, then the VC server guarantees

that the departure time of a packet, denoted byLV C(p
j
f ), is

given as:

LV C(p
j
f ) � V C(pjf ; r

j
f) +

lmax
C

(1)

where lmax is the maximum packet length served by a
server. Our concept ofequivalencebetween fluid and
packet sources allows another interpretation of this guar-
antee. Let the rate assigned to a packet be the rate at
which it is generated in the fluid system. Observe that whenP

n2QRn(t) � C then buffer does not build up in a FCFS
fluid server serving theequivalentQ fluid flows. Hence,
the last bit of a packet departs at the time at which it ar-
rives. Let bL(pjn) denote the time at which the last bit of

packetpjf departs in the fluid FCFS server. Then, since

the last bit of packet is generated at timeV C(pjf ; r
j
f ) =

EAT (pjf ; r
j
f) +

l
j

f

rj
f

, we conclude that:

LV C(p
j
f ) �

bL(pjf ) + lmax
C

Hence, the departure time of a packet in a VC server is at
most lmax

C more than its departure time (i.e., the departure
time of the last bit) in the FCFS fluid server serving equiv-
alent fluid flows.

The above delay guarantee of a VC server and the re-
lationship between the departure time of a packet in a VC
server and equivalent FCFS fluid server holds only whenP

n2QRn(t) � C for all t. When flows have significant
statistical variations in their rate, i.e.,Rn(t) varies signifi-
cantly over time, then ensuring that

P
n2QRn(t) � C may

lead to significant underutilization of resources. To achieve
higher utilization of resources, it is desirable to derive the
delay guarantee of a VC server when

P
n2QRn(t) > C.

We achieve this objective in Theorem 1 by relating the de-
parture time of packet in a VC server to its departure time
in a FCFS fluid flow server serving equivalent fluid flows
withoutputting any constraints on the rate functions.

In what follows, we will use the following terminology.
We will consider the arrival and departure time of a packet
in the fluid server to be the arrival and departure time of its
first and last bit, respectively.

Theorem 1 If the flows served by a VC server and a FCFS
fluid server are equivalent, then the departure time of packet
pjf in a VC server is given as:

LV C(p
j
f ) �

bL(pjf ) + lmax
C

Proof: Let W (t1; t2) andcW (t1; t2) denote the work done
by the VC server and FCFS fluid server, respectively, in



[t1; t2]. Also, letT (w) be the time taken to complete work
w. Now, consider packetpjf . Definet0; t1; andt2 as follows
(see Figure 2):

� t2 = LV C(p
j
f ).

� t0 andt1: Let t0 be the largest time instant less than
t2 in the busy period of the VC server in whichpjf
is served at which a packet with Virtual Clock value
greater than that ofpjf is scheduled. Lett1 be the
time at which such a packet finishes service. If such
a packet does not exist, sett0 andt1 to the beginning
of the busy period of the VC server.

Observe that packetpjf arrives only aftert0 in the VC
server. This can be observed by considering two cases:

� t0 is the beginning of the busy period: In this case it
is trivially true.

� t0 is not the beginning of the busy period: From the
definition of t0 we know that a packet with virtual
clock value greater than that ofpjf was scheduled at
t0. Since a VC server schedules packets in increas-
ing order of virtual clock values, we conclude thatpjf
could not have arrived byt0.

Hence,pjf arrives only aftert0 in the VC server. Since
the fluid and packet arrival processes are equivalent and a
packet can arrive only earlier in the packet system, we con-
clude thatpjf can arrive only aftert0 in the fluid system.

Hence,t0 < bL(pjf ). Therefore, we get:

t0 + T (cW (t+0 ; bL(pjf ))) � bL(pjf )
SinceT (w) � w

C , we get:

t0 +
cW (t+0 ; bL(pjf )))

C
� bL(pjf ) (2)

To determine the relationship betweenbL(pjf ) and

LV C(p
j
f ), our objective now is to relatecW (t+0 ;

bL(pjf ))
to variables in the VC server. To do so, we relatecW (t+0 ; bL(pjf ))) toW (t1; t2). Observe that:

� Packets served by the VC server in[t1; t2] are served
by the fluid server aftert0: First, observe that packets
served in[t1; t2] arrive only aftert0 in the VC server.
Consider two cases:

– t0 is the beginning of the busy period: The
claim holds trivially in this case.

– t0 is not the beginning of the busy period: In
this case, from the definition oft0 we know that
a packet with virtual clock value greater than

the virtual clock values of the packets served
in [t1; t2] was scheduled att0. Since a VC
server serves packets in increasing order of vir-
tual clock values, the packets served in[t1; t2]
could not have arrived byt0.

Hence, packets served in[t1; t2] in the VC server ar-
rive only aftert0 in the VC server. Since fluid and
packet processes are equivalent, a packet can arrive
only earlier in a VC server than in the fluid system.
Hence, we conclude that the packets served by the
VC server in[t1; t2] arrive only aftert0 in the fluid
server also and are consequently served aftert0.

� Packets served by the VC server in[t1; t2] are served
by the fluid server bybL(pjf ): In the fluid arrival pro-
cess, the last bit of a packet is generated at time equal
to the Virtual Clock value of the packet. Since the
fluid multiplexor is FCFS, we conclude that the pack-
ets depart the fluid server in the order of their Virtual
Clock values (packets with equal virtual clock values
depart simultaneously). Hence, all packets with Vir-
tual Clock value less than or equal to that ofpjf will

be served in the fluid server bybL(pjf ). Since all the
packets served in time interval[t1; t2] by VC server
have virtual clock value less than or equal to that of
pjf , we conclude that they will be served by the fluid

server bybL(pjf ).
Thus, we conclude that the packets served by the VC server
in [t1; t2] will be served by the fluid server in[t+0 ; bL(pjf )].
Therefore, we get:

W (t1; t2) � cW (t+0 ; bL(pjf )) (3)

Using (3) to substitute in (2), we get:

t0 +
W (t1; t2)

C
� bL(pjf )

Since the VC server is busy in[t1; t2], W (t1; t2) = (t2 �
t1)C. Hence,

t0 +
(t2 � t1)C

C
� bL(pjf )

t2 � bL(pjf ) + (t1 � t0)

Sincet2 = LV C(p
j
f ) andt1 � t0 �

lmax

C , we get:

LV C(p
j
f ) �

bL(pjf ) + lmax
C

Note that we have made no assumptions about the rate
functions in Theorem 1. The Theorem yields (1) when
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Figure 2. Timeline in the Virtual Clock server

P
n2QRn(t) � C but continues to hold even whenP
n2QRn(t) > C. Thus, it subsumes the previous the-

orems on Virtual Clock. Furthermore, to the best of our
knowledge, this is the only result that relates the departure
time of a packet in a fluid FCFS server to that in a packet
server.

The relationship between the fluid analysis and the
packet analysis only requiresRn(t) = bRn(t). As we had
observed earlier, there are infinitely many packet arrival
process that satisfy this assumption. Thus, the relationship
between fluid and packet analysis for a Virtual Clock server
holds for infinitely many realizations of a fluid process. This
weaker notion of equivalence is desirable in packet net-
works because due to variation in packet processing times
as well as granularity of timers at the host operating system,
packets may not be generatedexactlyat the time they are
required to be. Furthermore, this weaker notion of equiva-
lence provides protection from flows that misbehave either
intentionally or due to faulty hardware.

The above theorem can be misinterpreted as being the
same as Theorem 1 of [13] that relates the departure time of
a packet in a Packet-by-packet Generalized Processor Shar-
ing (PGPS) server to its departure time in a fluid General-
ized Processor Sharing (GPS) server. However, there are
several important differences. To elucidate the differences,
let us briefly review Theorem 1 of [13]. The theorem states
that if LPGPS (p

j
f ) is the departure time of packetpjf in a

PGPS server andLGPS (p
j
f ) is its departure time in a GPS

server under thesame arrival sequenceof packets, then:

LPGPS (p
j
f ) � LGPS(p

j
f ) +

lmax
C

(4)

There are two important aspects of (4).

� (4) is derived under the assumption that, in a GPS
server, fluid amount equivalent to the length of a
packet arrives exactly at the time instant at which the
packet arrives in the PGPS server. This is in con-
trast to our notion of equivalence between fluid and
packet sources in which the packet can arrive in the
packet system significantly before it starts arriving in
the fluid system.

� The fluid server uses the GPS scheduling algorithm.
This is in contrast to Theorem 1 where the fluid server
is a FCFS server.

We demonstrate the importance of these differences by
illustrating through an example that a result which is analo-
gous to (4) does not hold for Virtual Clock. LetLF�V C(p

j
f )

be the departure time of a packet in a fluid VC server when
fluid equivalent to the length of a packet arrives exactly at
the time at which the packet arrives. Then, a claim analo-
gous to (4) would be:

LV C(p
j
f ) � LF�V C(p

j
f ) +

lmax
C

(5)

The following example demonstrates that this claim is in-
correct.

Example 1 Consider a server with capacity3bits=s. Let
it serve three flows each with rate of1bit=s. Let the length
of packets transmitted by flows1 and3 be1 bit and that by
flow 2 be 2 bits. Let flows1 and2 send9 and 7 packets,
respectively, at time0. Let flow1 send an additional packet
at time7+, and flow3 infinite number of packets at time
723 . Now, consider the departure time ofp101 in fluid Virtual
Clock and Virtual Clock servers.

� Fluid Virtual Clock: The virtual clock values ofp72
andp101 are 14 and10, respectively. Hence, the fluid
Virtual Clock server will servicep101 beforep72. Con-
sequently,

LF�V C(p
10
1 ) = 7+ +

1

3
(6)

� Virtual Clock: p101 can not be scheduled untilp72 fin-
ishes at time723 . But at time723 , packets from flow3
arrive. The virtual clock values for flow3 packets are
given as:

V C(pk3; 1) = 7
2

3
+ k (7)

Hence, we conclude that virtual clock value of packet
p23 is less than virtual clock value ofp101 . Conse-
quently, packetsp13 andp23 will be served beforep101



is served. Hence, we get:

LV C(p
10
1 ) = 7

2

3
+

2

3
(8)

From (6) and (8) we conclude that (5) does not hold.

The example can be extended to demonstrate that the depar-
ture time in the packet system can be arbitrarily away from
the departure time in the fluid system. This example also
demonstrates that our concept of equivalence between fluid
and packet sources is central to the derivation of Theorem
1.

2.3 Determining QoS Guarantees for Flows

Our objective is to determine the QoS guarantees for
flows being served by a generalized VC server. As outlined
before, we achieve this objective by:

� Using fluid flow analysis of FCFS fluid flow server
serving equivalent flows to determine the QoS guar-
antees for the flows, and

� Utilizing Theorem 1 to determine the QoS guarantees
for the generalized VC server.

Consider a FCFS fluid flow server serving flows that are
equivalent to the flows in a generalized VC server. Let in-
finite buffer be available at the fluid server. Furthermore,
let the behaviour of flows be such thatP

�cW (t) > 

�
�

G(
). Let us assume that the functionG(
) is known. Now,
consider an equivalent VC server. Since the VC server will
have finite buffer in practice, let it serve only packets for
which

LV C(p
j
f ) � V C(pjf ; r

j
f ) + d+

lmax
C

(9)

whered depends on the available buffer space, denoted by
B, at the server (one possible relationship betweend andB
isB = C � d). Thus, in the VC server packets for which (9)
is not satisfied are dropped. Hence, the loss rate for a flow
is given by the probability of (9) not being satisfied. Our
objective now is to employ the fluid analysis and Theorem
1 to determine the loss rate.

Observe that in the fluid server the last bit of a packet
is generated at its virtual clock value. Hence, in the fluid
server: bL(pjf ) � V C(pjf ; r

j
f ) +

cW (t0)

C
(10)

wheret0 = V C(pjf ; r
j
f ). From Theorem 1 we know that

LV C(p
j
f ) �

bL(pjf ) + lmax
C

(11)

Using (10) and (11), we get:

LV C(p
j
f ) � V C(pjf ; r

j
f ) +

cW (t0)

C
+
lmax
C

(12)

From (12) and (9), we conclude that if we drop packetpjf

when it does not satisfy (9), thenbW (t0)
C > d. Thus, if we

assume that all the flows are independent and the state of the
queue observed by a flow is the same as the time average of
the queue, then the probability of loss of a packet, denoted
by q, can be approximated as :

q = P

 cW (t)

C
> d

!

SinceP
�cW (t) > 


�
� G(
), we get:

q = G(C � d) (13)

Thus, givend andG(
), the loss rate for a flow can be de-
termined using (13). Furthermore, a bound on the departure
time of packets is determined using (9).

Our objective now is to determine the maximum delay
incurred by packets at the VC server using (9). Recall that
Theorem 1 and consequently (9) holds for infinitely many
arrival processes. To determine the maximum packet delay
incurred by packets in the VC server, we need to constrain
the packet arrival process. Hence, we assume that the pack-
ets arrive at their expected arrival time. Thus,

V C(pjf ; r
j
f)�A(pjf ) = V C(pjf ; r

j
f)�EAT (pjf ; r

j
f ) =

ljf

rjf
(14)

Hence, using (9) and (14), we conclude that delay for packet
pjf , denoted bydjf , is given as:

djf �
ljf

rjf
+ d+

lmax
C

Hence, the maximum delay incurred by packets of flowf
is dmaxf = maxfdjfg where the maximum is over all the
packets of the flow. Thus, using the analysis of a fluid FCFS
server, we can determine the delay and loss guarantees for
a flow in a generalized VC server. Our objective now is to
extend this analysis to a network of servers.

We extend the above single server analysis to multiple
servers by employing the methodology in [20]. We assume
that all the servers in the network employ generalized Vir-
tual Clock as the packet scheduling algorithm. Furthermore,
we assume that the mechanisms required for allocating vari-
able rate in a VC server to the packets of a flow (such as the
fast reservation protocol in [16]) are available. Finally, we
assume that jitter controller as in [20] is employed ateach



server to reconstruct the traffic pattern of each flow at each
server on the path. Let there beK servers on the path of
flow f and ith server on the path be serveri. Also, let qi

anddmax;if be the packet loss probability and the maximum
packet delay at serveri determined using the single server
analysis. Then, as shown in [20], the maximum end-to-
end delay is

Pi=K
i=1 dmax;if and the packet loss probability

is
Pi=K

i=1 qi.
In the next section, we evaluate the increase in utilization

yielded by our analysis.

3 Experimental Evaluation

We determine the increase in utilization when a network
provides statistical guarantee to on/off sources with expo-
nentially distributed on and off periods. An on/off source
is a two state process that is either in an “on” state or in an
“off” state. It generates data at a constant rateR in the on
state and no data in the off state. The time spent by it in on
and off state are exponentially distributed. Thus, ifIon and
Ioff denote the average time spent by the source in on and
off state, respectively, then the source is completely charac-
terized by the tuple(Ion; Ioff ; R). We choose two specific
values for the tuple and term the resultant sources EXP1 and
EXP2:

� EXP1: For this source,Ion = 312ms, Ioff =
325ms, andR = 64Kb=s. This model has been con-
sidered appropriate for audio source [12].

� EXP2: For this source,Ion = 9:76ms, Ioff =
90ms, andR = 1Mb=s. This is one of the source
models used in [12] and may be appropriate for some
data sources.

In both the models, we assume that only complete packets
are generated, i.e., if the source would make a transition
to off state before a complete packet can be generated, no
packet is generated.

For ease of analysis, we consider networks that only
serve either EXP1 or EXP2 sources but not both. Further-
more, we assume that the load on each server on the path
of a flow is same, i.e, each server serves same number of
flows. In such a case, ifdmaxf andq are the maximum de-
lay and packet loss probability at a single server, then the
maximum end-to-end delay isKdmaxf and the packet loss
probability isKq. Thus, we can determine the end-to-end
delay and loss probability from the single server analysis.

To determine the loss probability and maximum delay
for a flow in a VC server, we require the functionG(
)
for a FCFS fluid server serving equivalent fluid flows. The
steady state distribution of queue length of a FCFS fluid
server when all the sources are identical on/off fluid sources
with exponentially distributed periods has been derived in

[2]. Thus, functionG(
) such thatP (cW (t) > 
) � G(
)

whent!1 is known. As argued in [18],P (cW (t) > 
) �
G(
) even whent is finite. Hence, we can determine the
delay and loss probability in the fluid FCFS server. Thus,
using the analysis presented in Section 2.3 we can use it to
determine the delay and loss probability in the VC server.

We now present our evaluation for EXP1 and EXP2
sources when the capacity of each of the servers in the net-
work is10Mb=s and the packet size is512 bits.

� EXP1: Figures 3(a), 3(b), and 3(c) plot the end-to-
end delay versus number of flows for1, 5, and10
server paths, respectively, for EXP1 flows. As Fig-
ure 3(a) demonstrates, the maximum delay for269
flows is13:8 ms when the desired loss probability is
10�6 and there is one server on the path. This illus-
trates that our analysis matches the performance of
the measurement based admission control algorithm
in [12] which accepts250 flows on an average. The
figures also show that the end-to-end delay increases
with increase in the number of servers. For example,
the delay increases to81:9ms for269 flows when the
number of servers increases to5.

To validate the analytical predictions, we simulated a
VC server serving269 EXP1 flows for1000 seconds.
In conformance with the predictions, no packet was
lost in the simulation.

� EXP2: Figures 4(a), 4(b), and 4(c) plot the end-to-
end delay versus number of flows for1, 5, and10
server paths, respectively, for EXP2 flows. As Fig-
ure 4(a) demonstrates, the maximum delay for79
flows is 41 ms when the desired loss probability is
10�6 and there is one server on the path. This illus-
trates that our analysis matches the performance of
the measurement based admission control algorithm
in [12] which accepts75 flows on an average. Also,
the maximum delay incurred by a packet was found
to be42ms through simulations in [12]. Thus, the an-
alytical predictions conform with simulation observa-
tions reported in the literature. The figures also show
that as in the case of EXP1, the end-to-end delay in-
creases with increase in the number of servers. For
example, the delay increases to221:7ms for79 flows
when the number of servers increases to5.

To validate the analytical predictions, we conducted
several simulations. In each simulation, a VC server
served fixed number of EXP2 flows. Each simula-
tion was conducted for1000 seconds and packets that
violated (9) were dropped. For a given number of
flows, the delay termd in (9) was determined from
Figure 4(a) for loss probability of10�3. Figure 5
plots the experimentally observed loss rates averaged
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Figure 3. EXP1 source: (a) 1 Server, (b) 5 Servers, and (c) 10 Servers
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Figure 4. EXP2 source: (a) 1 Server, (b) 5 Servers, and (c) 10 Servers

over all the flows for varying number of flows. Ob-
serve that the average loss rate is significantly below
10�3. Furthermore, we found that the loss rate for all
the flows was below10�3 (in fact the loss rates for all
the flows was significantly below10�3). Hence, we
conclude that the simulations confirm the analytical
predictions.

If the network were to provide deterministic guarantees,
then at most160EXP1 flows( 10Mbs

64Kb=s = 160) and10 EXP2

flows(10Mbs
1Mb=s = 10) could have been accepted regardless of

the maximum acceptable end-to-end delay and the number
of servers on the path. In contrast, from Figures 3(b) and
4(b) we conclude that our analysis allows the network to
accept269 EXP1 flows and79 flows when the number of
servers on the path is5, the desired loss probability is10�6,
and maximum end-to-end delay of81:9 ms and221:7 ms
is acceptable for EXP1 and EXP2 flows, respectively. This
demonstrates that our analysis enables a network to achieve
significantly higher utilization when statistical guarantees
are acceptable.

4 Related Work

Statistical guarantees of Generalized Processor Sharing
(GPS) when the sources haveexponentially bounded bursti-
nesshave been derived in [18, 19, 23]. Our approach is dif-
ferent from the approach taken in [19, 23]. Whereas [19, 23]
focus on analyzing the behaviour of a fluid GPS server, we

leverage off existing analysis for FCFS fluid servers and fo-
cus on determining the performance guarantees of an equiv-
alent packet system. In contrast to a VC server, extant anal-
ysis of fluid FCFS servers can not be employed for PGPS
server. Other differences between the guarantees of a PGPS
and a VC server have been discussed at length in Section
2.2.

An approach for providing statistical QoS guarantees to
flows in a VC server has also been presented in [17]. The
approach in [17] employs thedeterministicdelay guarantee
of a VC server to provide statistical guarantees as follows.
It assumes that packets that cause

P
n2QRn(t) to exceed

C are dropped. Hence, the packet loss probability, denoted
by q, is approximated as:

q = P

0@X
n2Q

Rn(t) > C

1A (15)

Since in a fluid server with zero buffer loss occurs when-
ever

P
n2QRn(t) exceedsC, we term this theZero Buffer

approach. The loss probabilityq is determined using the
probability distribution of the rate function ofeach flow.
The single server analysis is extended to multiple servers
in a manner analogous to ours. The key difference between
this and our approach is that whereas in this approach pack-
ets that cause

P
n2QRn(t) to exceedC are dropped, we

buffer packets that may lead to violation of this condition
and drop only packets that violate (9). Thus, our approach
utilizes additional buffer in servers and, hence, is termed
Finite Bufferapproach. The advantage of Finite Buffer ap-
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Figure 5. The loss rate for EXP2 sources determined through simulations

proach over Zero Buffer is that it provides additional flexi-
bility to a network and enables it to achieve higher utiliza-
tion when the maximum acceptable delay for flows is higher
than the minimum that can be guaranteed. To demonstrate
this, we determine the number of EXP1 and EXP2 flows
that can be admitted using the Zero Buffer approach.

The probabilitydistributionof the rate function for EXP1
and EXP2 sources is determined as follows. The probabil-
ity of being in on state, denoted bypon is pon = Ion

Ion+Ioff
,

and being in off state, denoted bypoff , is 1 � pon. Thus,
P (Rf(t) = R) = pon andP (Rf (t) = 0) = poff . Hence,
the distribution of the rate function of the EXP1 and EXP2
sources is known. Thus, the maximum number of EXP1
and EXP2 flows that can be admitted for a given packet loss
probability in Zero Buffer approach can be determined us-
ing (15) and its extension to the multiple server case. Fig-
ures 6(a) and 6(b) plot the number of flows admitted for
different number of servers on the path and different end-
to-end loss probability for EXP1 and EXP2 sources, respec-
tively. The figures demonstrate that251EXP1 and20EXP2
flows are admitted when the desired loss probability is10�6

and there is one server on the path. The number of admissi-
ble EXP1 and EXP2 flows decreases to246 and18, respec-
tively, when the number of servers increases to5.

Figures 3, 4, and 6 show that the achievable utilization
is always higher using the Finite Buffer approach for both
EXP1 and EXP2 sources. To observe the increase in utiliza-
tion, let the number of servers on the path and the desired
packet loss probability be5 and10�6, respectively. Then
the number of admissible EXP1 flows when the delay re-
quirement is82 ms is269 and246 in Finite Buffer and Zero
Buffer, respectively. Similarly, the number of admissible
EXP2 flows when the delay requirement is222 ms is 79
and18 in Finite Buffer and Zero Buffer, respectively. The
increase in utilization is higher in EXP2 than in EXP1 as
EXP2 source has higher peak to average ratio and, hence, is
more bursty. Thus, the additional flexibility provided by our

approach (Finite Buffer) enables a network to achieve sig-
nificantly higher utilization than the approach (Zero Buffer)
in [17].

5 Conclusions

In this paper, we derived a statistical delay guarantee of
the generalized Virtual Clock scheduling algorithm. We de-
fined the concept of anequivalentfluid and packet source
and proved a theorem that relates the departure time of a
packet in a fluid FCFS multiplexor to its departure time in
a packet multiplexor that uses generalized Virtual Clock al-
gorithm for scheduling packets. This theorem enables us
to use extant analyses of fluid FCFS multiplexors for pro-
viding statistical QoS guarantees in a network that employs
the generalized Virtual Clock algorithm. We utilized the
analysis of FCFS fluid multiplexors serving two state on-
off sources with exponentially distributed on and off dura-
tions presented in [2] to evaluate the increase in utilization
yielded by our analysis technique. Our experiments demon-
strate that for one of the source models employed in the lit-
erature, our technique can increase utilization by upto400%
compared to previously know statistical analysis methods.
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