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The propositional logic of here-and-there, denoted by HT, is the superintu-
itionistic logic characterized by linearly ordered Kripke frames with two worlds
(the �here� world and the �there� world). It was introduced by Arend Heyting
[Heyting, 1930] as a tool for proving the independence of the law of the ex-
cluded middle. Recent interest in HT is related to its role in the theory of logic
programming [Lifschitz et al., 2001].

Toshio Umezawa [Umezawa, 1959] observed that the axiom schema

F ∨ (F → G) ∨ ¬G (1)

is sound in HT, and Tsutomu Hosoi [Hosoi, 1966] proved that HT can be ax-
iomatized by adding this axiom schema to intuitionistic logic. Hosoi's proof
consists of two parts: he gives another, more complicated axiomatization of
HT, and then shows that its additional axiom schemas are intuitionistically
derivable from (1).

We outline here a direct proof of the completeness of this axiomatization,
which is similar to the well-known completeness proof for classical propositional
logic due to László Kalmár [Kalmár, 1936].

Propositional Kripke models with two worlds will be represented by pairs
〈I, J〉 of sets of atoms such that I ⊆ J : the set of atoms that are true �here�,
and the set of atoms that are true �there�.

For any such pair 〈I, J〉, let MIJ be the set

I ∪ {¬¬p | p ∈ J} ∪ {¬p | p ∈ σ \ J} ∪ {p→ q | p, q ∈ J \ I}.

Lemma. For any formula F and any pair 〈I, J〉,

(i) if 〈I, J〉 |= F then F is intuitionistically derivable from MIJ ;

(ii) if 〈I, J〉 6|= F but 〈J, J〉 |= F then for every atom q in J \ I, F ↔ q is
intuitionistically derivable from MIJ ;

(iii) if 〈J, J〉 6|= F then ¬F is intuitionistically derivable from MIJ .
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Hosoi's Theorem. If F is satis�ed in every linearly ordered model with two
worlds then F is intuitionistically derivable from (1).

To prove the theorem, note that the disjunction of the formulas∧
F∈MIJ

F

over all pairs 〈I, J〉 is intuitionistically derivable from (1). (Apply distributiv-
ity to the conjunction of formulas (1) for all literals F,G.) The theorem is
immediate from this fact and part (i) of the lemma.
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