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Abstract

Virtual classesare class-valued attributes of objects. Like virtual
methods, virtual classes are defined in an object’s classnayche
redefined within subclasses. They resemble inner claseésh are
also defined within a class, but virtual classes are accessaugh
objectinstancesnot as static components of a class. When used
as types, virtual classes depend upon object identity — eheh
ject instance introduces a new family of virtual class typés-
tual classes support large-scale program compositiomigeés,
including higher-order hierarchies and family polymosgghi The
original definition of virtual classes in®BrA left open the question
of static type safety, since some type errors were not caugfiit

runtime. Later the languages Caesar and gbeta have usedea mor

strict static analysis in order to ensure static type safétyvever,

the existence of a sound, statically typed model for virtlatses
has been a long-standing open question. This paper presgirts
tual class calculusic, that captures the essence of virtual classes in
these full-fledged programming languages. The key coritabsi

of the paper are a formalization of the dynamic and staticasem
tics of vcand a proof of the soundnesswvat

1. Introduction

Virtual classesare class-valued attributes of objects. They are anal-
ogous to virtuaimethodsin traditional object-oriented languages:
they follow the same rules of definition, overriding and refece.

In particular, virtual classes are defined within an obgectass.
They can be overriden and extended in subclasses, and thag-ar
cessed relative to an object instance, using the traditrondel of
late binding. This last characteristic is the key to virtakdsses:

it introduces a dependence between static types and dyriamic
stances, because dynamic instances contain classes thas ac
types. As a result, the actual, dynamic value of a virtuas<ls
not known at compile time, but it is known to be a particulass
which is accessible as a specific attribute of a given obpsud,
some of its features may be statically known whereas others a
not.

When an object is passed as an argument to a method, thd virtua
classes within this argument are also accessible to theaaeth
Hence, the method can declare variables and create instasiceg
the virtual classes of its arguments. This enables the tefini
and use of higher-order hiarchies [9, 25], or hierarchieslagses
that can manipulated, extended and passed as a unit. Thalform

parameter used to access such a hierarchy must be immutable;

in general a virtual class only specifies a well-defined typen
accessed via an immutable expression, which rules out dgnam
references and anonymous values.

Virtual classes from different instances are not compatibhis
distinction enables family polymorphism [8], in which fdias of
types are defined that interact together but are distingdistom
the classes of other instances.
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Virtual classes support arbitrary nesting and a form of mixi
based inheritance [3]. The root of a (possibly deeply) rekter-
archy can be extended with a set of nested classes which atitom
ically redefine the corresponding classes in the originai ab all
levels.

Virtual classes were introduced in the late seventies in the
programming language BA, but documented only several years
later [18]. Methods and classes are unifiedpatiernsin BETA.
Patterns can be virtual such that redefinition of methodseasx-
pressed, but the unification of methods and classes gaviorike
notion of redefinition of classes, i.e., to virtual clasdester lan-
guages, including Caesar [20, 21] and gbeta [7, 8, 9] hawwndrt
the concept of virtual classes while remaining essentélhsistent
with the informally specified model in Bra [19]. For example,
they have lifted restrictions in BrA that prevented virtual patterns
(classes) from inheriting other virtual patterns (clags®s in this
sense the design of virtual classes has only recently beigrdfs
veloped.

Unfortunately, the BTA language definition and implementa-
tion allowed some potentially unsafe programs, while itisgrrun-
time checks to ensure type safety. Caesar and gbeta hangestro
type systems and more well-defined semantics. However tjipes
systems have never been proven sound. This situation thesas-
portant question of whether there exists a sound, typersafiel
of virtual classes.

This paper provides an answer to this question by preseating
formal semantics and type system for virtual classes ancdbdem
strating the soundness of the system. This calculus is afoiteeof
the semantics of Caesar and gbeta and would presumably e at t
core of every language supporting family polymorphism [B% a
incremental specification of class hierarchies [9]. Thereagh to
static analysis taken in this paper was pioneered &1 made
strict and complete in gbeta, and adapted and clarified astan-e
sion to Java in Caesar. The claim that virtual classes aszénily
not type-safe should now be laid to rest.

The primary contributions of this paper are:

e Development ofic, a statically typed virtual class calculus. We
present a natural (big-step) semantics with support fdgass
ment. The formal semantics can support introduction ofiairt
classes into mainstream object-oriented languages.

e Proof of the soundness of the type systeive use a proof
technique that was developed for natural semantics of tBbjec
oriented languages [6]. The subject reduction theoremreasu
preservation of types under reduction: an expression esiiac
a value of the correct type, or a null pointer error, but never
dynamic type error. No results are proven about computsition
that do not terminate.

1The proofs are given in the appendix as a convenience foewevs who
want to check details; the proofs are not part of the subomsiself and
will be provided in a separate technical report.
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¢ We strengthen the traditional approach to soundness imatatu
semantics by proving aoveragelemma, which ensures that
the rules cover all cases, including error situations. Térisma

plays a role analogous to the progress lemma for a small-step

semantics [26]: it ensures that evaluation does not gek stsic
a result of a missing case in the dynamic semantics.

2. Overview of Virtual Classes

Virtual classes are illustrated by a set of examples usirigfarmal
syntax in the style of Featherweight Java [15] or Class&J&0].
The distinguishing characteristics ed include the following:

¢ Class definitions can be nested to define virtual classes.

¢ Aninstance of a nested class can refer teitslosing objecby
the special keyworadut.

e Objects contain mutablariablesand immutabldields Fields
are distinguished from variables by the keywdield. Fields
must all be initialized by constructor arguments.

e Types are described by paths to an enclosing object that can

refer to outer objects and fields, and a class name.

e The types of arguments and return type of a method can use

virtual classes from other arguments.

These concepts are illustrated in the examples given bélow.
formal syntax forvc is defined in Section 3. The main difference
between the informal and formal syntax is that the formakayn
unifies classes and methods into a single syntactic and $ieman
construct. This unification highlights the uniform treatrhef vir-
tual classes and (virtual) methods.

2.1 Higher-Order Hierarchies

Virtual classes provide an elegant solution to¢eensibility prob-
lem[5, 17]: how to easily extend a data abstraction with both new
representations and new operations. This problem is alewikn
as theexpression problerbhecause a canonical example is the rep-
resentation of the abstract syntax of expressions [33, BJL,V8e
present a solution to a simplified version of a standardizedlpm
definition [13].

In Figure 1, the clasBase contains two virtual classes: a
general clas€xp representing numeric expressions and subclass
Lit representing numeric literals. Virtual classes can betraridy
nested. All classes inc are virtual classes. Top-level classes are
virtual by means of an implicit root class containing all 4epel
declarations. The methotkstLit is explained below.

A familyis a collection of virtual classes that depend upon each
other. For example, the clasdesp andLit are a family that exists
within classBase. A family can be extended by subclassing the

class Base { // contains two virtual classes
class Exp {}
class Lit extends Exp {

int value;

}

Lit zero; /I a mutable variable

out.Exp TestLit() {
out.Lit |;
| = new out.Lit();
|.value = 3;
I
}
}

Figure 1. Defining virtual classes for expressions.

class WithNeg extends Base {
class Neg extends Exp {
Neg(out.Exp e) { this.e =¢; }
field out.Exp e;

out.Exp TestNeg() {
new out.Neg(TestLit());
}

}

Figure 2. Adding a class for negation expressions.

class WithEval extends Base {

class Exp {
int eval() { 0; }

class Lit {
int eval() { value; }

%nt TestEval() {
out. TestLit (). eval ();

Figure 3. Adding an evaluation method on expressions.

class NegAndEval extends WithNeg, WithEval {
class Neg {
Neg(out.Exp €) { this.e =¢; }
int eval() { —e.eval(); }

int TestNegAndEval() {
out. TestNeg().eval ();
}

}

Figure 4. Combining the negation class and evaluation method.

class in which it is defined. For example, Figure 2 extends the
family to include a classleg representing negation expressions.

Every virtual class has aenclosing objectto which the class
can refer explicitly via the keywordut. In Figure 2, clasdNeg
contains dield of type out.Exp. The typeout.Exp is a reference
to the classExp which is defined in the enclosing object Nég.
In general the typeut.A in classB is a reference to the sibling
of B. Because of subclassing and late binding, the dynamic value
of out may not be an instance d¥ithNeg; it may an instance of
a class that extend&ithNeg. Theout keyword can be repeated to
access enclosing objects of the enclosing object.

The test functions in Figures 1 and 2 create a test instance of
each class. The objects are created by accessing a virasal it
or Neg) in the enclosing object. The return type of the methods
is out.Exp rather thanExp because activation records are treated
as separate objects whose enclosing object is the objetdinon
ing the method, hence a property of the object containing the
method must be accessed wiat, whereas method parameters are
accessed viaghis. We will describe the encoding of methods in
more detail in the next section. A test can be run by invoking
new WithNeg(). TestNeg().

Redefinition of a virtual class occurs when it is declared and
it is also defined in the outer class’s superclass. In Figuiexg

2005/8/8



class Test {
int Test(out.WithNeg €2, out.NegAndEval e4) {

this .e2 = €2; this.e4 = e4;
n = buildNeg(e2, n); // OK
/I n.eval (); —— Static error
ed.zero = new e4.Lit(); // OK
/I n2 = buildNeg(e4, e2.zero)—— Static error
n2 = buildNeg(e4, e4.zero); /I OK
n2.eval (); // OK

}
ne.Neg buildNeg(out.out.WithNeg ne, ne.Exp ex) {
new ne.Neg(ex);

field out.WithNeg e2
field out.NegAndEval e4
e2.Exp n

e4.Exp n2

}
new Test(new NegAndEval(), new NegAndEval())

Figure 5. Example of family polymorphism

andLit are redefined to include awval method,; it is a redefinition
because the familyVithEval extendsBase and they both define
Exp andLit. All superclasses imcarevirtual superclassebecause
redefinition of a class that is used as superclass affectghtdasses
as well, so that the entire family is redefined.

The static pathof a class definition is the lexical address of a
class definition defined by the list of names of lexically esaig
class definitions. The static paths of the class definitiof$dure 3
areWithEval, WithEval.Exp andWithEval.Lit. Static paths never
appear in programs, because virtual classes are alwayssacce
through an object instance, not a class. However, they afilus
for refering specific class definitions.

Note that references to classes are “late bound” just likdhme
ods: wherBase. TestLit is called fromWithEval. TestEval the ref-
erences td.it are interpreted a@/ithEval.Lit, notBase.Lit.

A virtual class can have multiple superclasses, as in the-defi
ition of NegAndEval in Figure 4, which composed/ithNeg and
WithEval and adds the missing implementation of evaluation for
negation expressions.

Hierarchies are not only first-class values, they can alsmbe
posed as a consequence of composing the enclosing classeThe
mantics of this composition is that nested virtual classescam-
posed, continuing recursively into nested classes. Théngim-
enon was introduced gwopagating combinatiorn [7] and later
referred to asleep mixin compositiof85].

The superclasses of virtual classes are combinedirearized
to merge the multiple definitions that specify the supesdgasof
a virtual class. For example, the cld¢sgAndEval.Neg implicitly
extends clas®VithNeg.Neg. Its also extends botBase.Exp and
WithEval.Exp.

This behavior is a form of mixin-based inheritance [3] inttha
new class bodies are inserted into an existing inheritaierarchy.
For example, althoughVithNeg.Neg hasExp as a declared su-
perclass, after linearization it h&¥ithEval.Exp as its immediate
superclass.

2.2 Path-based Types

The example in Fig. 5 illustrates path-based types and ygmoily-
morphism. The argument types in the previous examples hade h
the form C or out.C, whereout can be repeated multiple times.

has type=2.Exp, meaning that only instances Bkp whose enclos-
ing object is identical to the value @2 may be assigned to. In
general, a type consists of a path that specifies how to aacests-
ject, together with a class name. To ensure that this is deflhed,
the path must only contaiout and/or immutable fields, but not
variables. Hence, type compatibility depends on objecttitie but
types do not depend on values in any other way. More spedtyfical
the type system makes sure that two types are only compditible
they are known to have identical enclosing objects.

Although the resulting types may resemble Java packags/cla
names, they are very different because classes play theofole
packages. And as we have seen above, the "package™ can be
subclassed.

2.3 Family Polymorphism

A family objectis an object that provides access to a class family. A
family object may be the enclosing object for an expresdioi jt
may also be a method argument or the value of a field. As a provid
of classes, and hence types, it enables type parametenzati
classes and methods. In this sense virtual classes aredétat
parameterized types, but due to the dynamic choice of faohijgct

it enables a new kind of subtype polymorphism known as family
polymorphism [8].

Family objects can also be used to create new objects, even
though the classes in the family object are not known at clempi
time. To achieve the same effect in a main-stream langu&ee i
Java, a factory method [11] must be used. However, the typing
relation between related classes is then lost, whereasily fatoject
testifies to the interrelatedness of its nested family elsss

In Fig. 5,e2 ande4 inside Test are used as family objects. The
constructor call in the last line of the example shows henis
polymorphically initialized with a subtype of its staticpiys. The
fact that the fiel@2 of classTest is declared to be asut.WithNeg,
but the constructor is actually called with an argument qfety
NegAndEval, illustrates that an entire class hierarchy can be a first
class value subject to subtype polymorphism via its famidject,
and the classes in this hierarchy are usable for both typith a
object creation.

The assignments and calls in the body of Test constructor
illustrate the expressiveness of the type system. For elearap
though thebuildNeg method is not aware of theval method intro-
duced byWithEval, it is possible to assign the resulti@ and call
eval on the returned value. This is an important special casenof fa
ily polymorphism where the types of arguments or the retype t
of a method depend on other arguments. The example also shows
few cases that are rejected by the type checker because thag w
potentially lead to a type error at runtime.

3. Syntax

The formal syntax o¥chas been designed to make the presentation
of the semantics as simple as possible, hence the formadsynt
deviates from the informal syntax used in the examples inna fe
points that will be described in this section.

3.1 Notational Conventions

Our formal definitions use a number of syntactic conventidrizar
above a metavariable denotes a lgsstands foip,, ..., p,, for some
natural numbek > 0. If & = 0 then the list is empty. The length

of p is |p|. The same notation is used for lists whose elements are
separated by dots or commas, efg.fz.---.fr = f. A list may

also be represented by a combination of list barred and vedbar
variables’f.f stands foff;. - - - .f.f, wheref denotes the last item

Types can also be named via fields, which are immutable object of the list. Finally, we adopt the common use®f to represent a

instances that may contain virtual classes. The variafiteFig. 5

list of pairsT; fy - - - Ty, f, rather than a pair of lists. An empty list

2005/8/8



Grammar of vc

CL .= classCextendsC{ KCL; Tf; T }
K = TCThH{er
T :=  pathC
path = spinef
spine = this.out
e := null | e;e | path | pathv |
pathv=e | newpathC(e)
Identifiers

class names C

field names f

variable names v

members m = fuv
(C, f, andv are pairwise disjoint)

Figure 6. Syntax of virtual class calculug

Metavariable
staticpaths p == C

Class table
CT(p) = CT(p, Clyoot)

CL; = classC extendsC { ... }
CT(C,CL) = CL;

CL; = classC extendsC { KCL; ... }
CT(C.p,CL) = CT(p,CL)

All members
Membersgnil,) = nil, nil

Membergp) = TF, T

v
CT(p) = classC extendsC { KCL; T ;T v}
./\/lember$p 5) _ T” F, T ?, T/,, 7 T/ -
Constructor
CT(p) = classC extendsC { KCL; T ;T v}
Constr(p) = K

Figure 7. Auxiliary definitions

is writtennily, where the metavariableidentifies the kind of items
that the list should contain. The subscripiay be omitted if it is
clear from context. Sometimes we use the notdalfipio create a list
with a single elementt. Meta-variables corresponding to syntactic
categories are written with a different font, e.g., the metdable
path corresponds to the syntactic categpagh Finally, in function
definitions with overlapping branches the first matchingeces
used.

3.2 Formal Syntax ofvc

The formal syntax ofic is defined in Figure 6. A class definition
CL consist of a name, the namés of class definitions being ex-
tended, a constructdt, a list of nested class definitior&L, decla-
rations T f of immutable fields, and declaratiord 7 of mutable
variables. A constructoK consists of a return typ€, the defini-
tion name followed by formal paramete®s f, and an expression

e. The constructor parameters must be identical to the fidltiseo
class definition, including all the fields of all class defuniis being
extended. The constructor has a return type because it tam re
something different from the new object, which enables tieod-
ing of methods as classes.

The keywordfield from the informal syntax is not needed,
because field and variable names are separate in the forntaksy
and use different metavariables—for fields andv for variables.
Field and variable names must be unique within the program in
order to simplify the semantics of class composition. Clesses
are unique in that two definitions of the same class name must
have a common superclass. We will later discuss the imfbicst
and possible relaxations of this restriction. Note, howeet any
program in which the names are reused can always be rewtdtten
a program with unique names.

Expressions include standard forms for the current objeahy
of the enclosing objects vigine, access to fields of the current or
an enclosing object vipath access and assignment of variables,
path.v, andpath .v = e, and the null valuenull. Method calls and
object construction are unified in the expressiew path.C(e).

Types in the syntax ofc have the fornpath.C. A path has the
form this.out.f. Thus a type allows a clags to be identified by
navigating to any enclosing object and then traversinggigdind
the object which contain§.

Primitive types likebool andint are omitted; they just add
complexity to the formalism without adding value.

3.3 Translating Informal Notation to vc

The translation of the informal language to the formal symtbvc

is straightforward. As in Java, constructors in the inforlaaguage
do not specify a return type or return value, but these must be
specified inve. Similarly, in the informal syntax a class definition
with no superclasses may omit teetendsclause. In the formal
syntax it must be present, but the list of superclasses camipgy.
The assignments of the constructor arguments is omittethen t
formal syntax; instead, the name of the constructor argtsrene
matched against the names of the fields. For a class defifiition
the informal syntax, the constructor return type is alwaysC and
the return expression of a constructor is alwtyis. Constructors
are required invc, while the informal syntax assumes a default
constructor if no constructor is given.

vc unifies methods and classes into a single definition cortstruc
This technique originated in Simula, where classes werg@lgim
functions that returned the current activation recordidactivation
records are first-class values that are accesséhifyThus a class
is simply a definition that returrikis, while a method is a definition
that returns any other value.

In the informal notation we omithis unless the resulting ex-
pression is emptyc has no implicit scoping rules, hence all access
to fields, variables, and classes must be disambiguated &ym@n-
priatespine.

Method definitions in the informal language correspond &ssl
declarations invc, where the constructor represents the method
body. More formally, the translation is as follows:

TCTH{T7 e} = classCextends{ Knilc;TF; Tv}
whereK = T C(T f) { g }. Method calls are translated by prefixing
them with the keyworahew.

In our informal language we used more general expressions
where the calculus only allows pathsm, new e.C(€), ande.v =
e’. The general forms are translated into the calculus by tewri
ing e.m asnew this.C’(e) whereC’ is a new local class with a
field T f whereT is the type ofe, and whose constructor returns
this.f.m. The translation is legal because the member is accessed
through the new field. The other two construatew e.C(e), and
e.v = ¢’) are handled similarly. The consequence of this is that the
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Lroot > II 1 || Crool || Il

t1— [ troot || NegAndEval || zero : null 1

t2— [ troot || NegAndEval || zero : t5 1

13— [ troot || Test || €2:c1ed:tan:an2:e6 1
tar— [ ¢1 | Neg|e:null T

ts — [ 2 || Lit] value:0 1

ts— [ t2||Neg|le:ts 1

Figure 9. Dynamic Heap after executing the example in Figure 5

formal treatment need not take types inside temporary thjeto
account. This is a significant simplification, and handlipgets in
temporaries does not produce useful extra insight.

3.4 Auxiliary Definitions

Figure 7 gives some auxiliary definitions.static pathp is a list of
class name§.

The functionCT looks up a class definition in the program.
We assume the existence of a globally available progtam,.:,
which would otherwise embellish many relations and fumio
In order to deal with the nesting hierarchy of classgg, is a
partial function from static paths to class definitio@3: finds the
corresponding class definition for each class name in the sta
path while following the lexical nesting structure of theogram.
When applied to one argumer@T looks up static paths in the
main program. For example, the class definitigninside Base in
Figure 1 is referred to by the static pdhse.Lit.

A static path that identifies a valid class is callediain. The set
of mixins is equivalent to the static pathgor which CT (p) # L.

4.2 Mixin Computation

The Mix function computes the behavior, or mixin list, of an
object. in the heapH. It does so by first computing the mixins
of the enclosing object. All definitions df and its superclasses
are assembled into this mixin list. The root object has ordingle
element, namely the empty static path.

The Assembldunction computes the mixin list for a cla€sel-
ative to an enclosing mixin ligi. It calls Defsto collect all the de-
finitions of C located in any of the class bodies specifiecpbyhe
notation used in the definition @efsmeans list comprehension as
for example in Haskell. If the resulting list of mixins is etyghen
the class is not defined andssemblaeturns_L. The result is a list
of static paths that identifies all definitions©@tontained in the list
of enclosing mixins.

As an example, let us consider the computatioo\dik(H, ¢4)
in the program in Fig. 1-4 and the sample heap in Fig. 9. We
assume we have already computed the mixirplist the enclosing
object.1, which is Base WithEval WithNeg NegAndEval. Then
Defqp, Neg) = WithNeg.Neg NegAndEval.Neg.

The complete mixin list must also include the mixins of
all the ancestors of these classes. To do .desemblemaps
&Expand over this list of static paths, and linearizes the result.
In applications of map we implicity assume that the func-
tion that is mapped over the list is curriedxpand assem-
bles each of the superclasses ©f linearizes the result, and
appends the class itself to the resulting list. In our exampl
map &xpandp) (WithNeg.Neg NegAndEval.Neg) = p'p’,
wherep’ = Base.Exp WithEval.Exp WithNeg.Neg andp”’ =
NegAndEval.Neg.

Linearization is a technique with which an inheritance grap
sorted topologically, such that method calls can be disatalong

Since there is a one-to-one correspondence between a naixin ( the sort order. The functiofinearizelinearizes a list of mixin lists,

static path) and its class definition, the term mixin is alsecu
informally to refer to the body of the corresponding clasie.,
the part of a class declaration between the curly brackets. }.

The functionMemberscollects all field and variable declara-
tions found in a list of mixing. The functionConstr(p) returns the
constructor ofCT (p) given a static path.

4. Operational Semantics

The operational semantics is defined in big-step style. dhadl
definition is shown in Figure 8. Both the operational sentandind
the type system have also been implemented in Haskell.

4.1 Objects and the Heap

As in most object-oriented languages, an objecvéncombines
state and behavior. ABbject is a tuple containing a pointer to its
enclosing object, a class namg€, and a list of fields and variables
with their values.

i.e., it produces a single mixin list which contains the samieins
as those in the operands, in an order which is controlled by th
operands.finearizeis defined in terms of a binary linearization
function, £in2. This function is an extension of the C3 linearization
algorithm [1, 7] which has been used in gbeta and Caesar for
several years. The linearization algorithm has been dedignch
that the ordering of mixins in a virtual class can be congall
by the programmer of a subclass, in a similar spirit as when th
programmer of a subclass can decide to override a methodyin an
mainstream object-oriented programming language, se@].[1,

Lin2 produces the same results as C3 linearization in every case
where C3 linearization succeeds—this result follows atlyifrom
the fact that the definition of C3 is just the four topmost saise
the definition ofin2. The cases where C3 linearization fails are
exactly the cases covered by the bottommost clause in thetaefi
of £in2, i.e., the cases where the two operands contradict each
other with respect to the ordering of shared mixins (inteiij this
means that they disagree about which mixin should be the more

The fields and variables are the state of the object; fields are SPecific one); in these casedin2 resolves the conflict by letting

immutable while variables can be updated. The heap is stdnaa
mapH from addresses to objects. The top-level root object has
the special address.. An example heap can be found in Fig. 9.
The behavior of the object is determined by the enclosingaibj
¢ and the clas€. The enclosing object specifies the environment
containing the class from whichwas created: an objectwith en-
closing object’ and classC must have been created by evaluating
an expression equivalent tew.'.C(...).
An object’'s behavior is defined by a list of mixins, or class
bodies; these class bodies contain the declarations thatisible
as members of the object. e these declarations all define virtual

the rightmost operand decide the outcome.

The final result of computingUix(H, ¢4) would be the mixin
list Base.Exp WithEval.Exp WithNeg.Neg NegAndEval.Neg

Itis easy to check thafin2 is a total function on lists of mixins,
and that the set of mixins in the result is equal to the union of
the sets of mixins in the two operands. For soundness, omrly th
set of mixins is relevant whereas the ordering makes nordiffee,
and hence this generalization of C3 enhances the flexilaliy
expressive power of the language without affecting typetgaf

4.3 Evaluation Rules and Error Handling

classes, but any number of them may act as methods of thetobjec The evaluation relatior, H,. ~ r,H’ reduces an expression, a

The list of mixins of an object can be computed from the classea
and the enclosing object.

heap, and a current object to a value or an error and a new heap.
The current object plays the role of the environment.
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Objects and the Heap

Address = natural numbers L
Object={[ . ||C|f:val v:val 1} [ .. 1
Heap = Address « Object H
Value = Addressu {null } val

Evaluation rules:
~: e x Heap x Address — ValueU {TypeErr, NullErr} x Heap

Y H(¢, path) = val

null, H null,H _—
e ’ (R1) path,H, ¢t ~» val,H

(R3)
e,H, s~ val, H’
e, H, i~ val H”

= (R2)

path,H, s~/ H
H(')(v) = val
path.v,H, ¢ ~» val,H

e;e H, i~ val (R4)

path,H, s~/ H e,H, s~ val, H’
H ()(v) # L H” = H'[./ — H'(\/)[v > val]]
path.v = e, H, 1 ~» val, H”

(R5)

path,H,Lf\,)L/7H H=H;
ei,Hi,t ~ val;, Hiy1 fori e {1|§|}

H =Hg, p = AssembleMix(H’, "), C)
Member§p) =TFT v [f] = |vall
J"isnewinH"  Constr(ps) = T C(-){e’;}
H =H[/ — L[ /|| C|f:val v:null T]

e H" "~ val,H

R6
new path.C(€), H, ¢ ~» val, H"” (R6)

Enclosing object

Encl(C ¢ = |l..-. 1)="1
Evaluation functions:
YH(¢,this) =

JH(e, spine.out) = Encl(H({J H(c, spine)))

I H(¢, path.f) = val whereH({ H(:, path))(f) = val’

U H(¢, path.f) = NullErr  where | H(¢, path) = null

U H(¢, path.f) = TypeErr whereH({ H(¢, path))(f) = L
U H(¢,spine.out) = TypeErr where | H(¢, spine) = troo

Error handling :
path,H, ¢~ null, H

path.v,H, ¢ ~» NullErr, H
path.v = e, H, ¢ ~ NullErr, H
new path.C(€), H, ¢t ~ NullErr,H

(ER1)

path,H, ¢~ ¢/ H H()(v) = L
path.v,H, ¢ ~ TypeErr,H
path.v = e, H, v ~ TypeErr,H

(ER2)

path,H, .~/ H
AssembleMix(H, "), C) = L
new path.C(€), H, ¢ ~ TypeErr, H

(ER3)

path,H, .~ /,H
AssembléeMix(H, '), C) =p
Membergp) =TF, —  [e| # |f|
new path.C(€), H, ¢ ~ TypeErr, H

(ER4)

Mixin Computation :

MiX(H, troo) = [nilc]
Mix(H, 1) = AssembléMix(H, "), C)
whereH(:) =L /| C| ... T

Assemblép, C) = Lineariz§map Expandp) Defqp, C))
Defd(p, C) = check[p.C|p < p,CT(p.C) # L]

_ L |p|=0
where check(p) = { 5 |0pt|herwise

Expandp, p) = Lin2(Lineariz§map .Assemblép) C), p)
whereCT (p) = classC extendsC{ ... }

Lineariz&nils) = nilp

Linearizdp p) = Lin2(Lineariz€p), p)

Lin2(nilp, nilp) = nilp

Lin2(p p, ' p) = Lin2(5,7)p

Lin2(p, P’ p') = Lin2(p,p)p, if p' P
Lin2(p p, ') = Lin2(p,p)p, ifpgp
Lin2(pp'p"p,p'p) = Lin2(pp"p,P) P’

Figure 8. Operational semantics ot

The expressionull evaluates to the null value (R1). An expres-
sion sequence; e’ evaluates (R2) to the result of evaluatieigin
the heap that results from evaluatiag

Evaluation of a pattpath does not affect the heap (R3). The
value of thepath is computed by the functiof}, which “walks” a
path from an address in the heapH to return the value specified
by the path. As a base cadereturns. when applied to the trivial
path,this; spine.out™ locates the nth enclosing object offinally
a pathpath.f finds the object’ for path and then returns the value
of the fieldf in the object.’.

Variable lookuppath.v (R4) evaluategath to yield ./, which
is then looked up in the heap to get the variable’s currenteval
An assignmentpath.v = e evaluatespath ande to «/ and val
(R5). It then checks that the variable is defined on the olgadt
updates the heap to set variablef .’ to val. The notatiorH(+)(m)
means lookup of the value of a field or varialatein the object..

update of the variable of that object, andi[. — ...] denotes heap
update.

A new objectnew path.C(€) is constructed (R6) by instantiat-
ing the virtual clas<C defined in the enclosing objectidentified
by path. The behavioip of the new object is assembled from the
mixins of the enclosing object as described in Section 4.thd
enclosing object does not contain a definitiorCotthen.4ssemble
returns_L and rule (R6) does not apply. The mixin lis&lso spec-
ifies the members and the most specific constructor of the hew o
ject. To construct the object, the heap is extended to defimena
address” bound to a new object with enclosing objeGtclassC,
fields initialized to the evaluated constructor argumeatsl vari-
ables initialized to null. The constructor body is then eadtd in
the context of this new object. The result of the construiddhe
result of the entire expression. If the constructor bodis (i.e.,
the class is used as a class in the conventional sense)hthessult

The notation)v — val] appended to an object denotes (functional) of the constructor call ig”.
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Two different kinds of error can occur during evaluationp&y
errors and null pointer errors, denoted BypeErr and NullErr,
respectively. The rule (EL) applies in the case we want to evaluate
a property of an object, but the objectnsll. (ER2) and (ER3)
define the situations in which a type error occurs, nameljtliee
a member that we want to read or write is not availablrZE or if
we want to create an instance of a cl@s$ut the enclosing object
has no definition o€ (that is, its mixin listis empty) or the number
of parameters does not matchR®.

The rules for propagating errors are standard and straightf
ward, so we omitted them from Figure 8 and just assume in the
following thatNullErr or TypeErr errors are propagated. The com-
plete list of error rules are provided together with the [prob
soundness.

5. Type System

The type system ofic uses nominal typing based grathsto
objects containing virtual classes. A path identifies arecbjhat
has a specific virtual class. It is identified statically bgversing
immutable fields from the current objebis or one of its enclosing
objects. The type system is defined in Figure 10. Types in the
type system can have two different shapaisject typesu of the
form (p).f, andclass types of the form (p).f.C. An object type
describes a type by a path to the object: If an expressionyipas t
(p).f in a typing contexp’, thenp is a prefix ofp’, and the object
denoted by the expression can be reached by gming|p’| — |p|)
steps and then following in the heap. A class type describes an
object by a path to thenclosingobject, and a class name. A class
type is weaker than an object type in that every object typebea
converted into a class type by means of ¢hieinction but not vice
versa. Every class typg).f.C has the formu.C with u = (p).f.
This means that every class typeC contains an object path
describing the enclosing object.

Typically, the type checker can compute object types fonpat
or path-like expressions (like a sequence containing a aathst
element). For an expression ligath.v or new path.C, an object
type cannot be computed because, in general, there is ndgath
the object itself in the heap. However, there is always atlagpath
to the enclosing object in these cases, hence such expressie
typically assigned a class type.

5.1 Static Lookup and Conversion to Class Types

Static lookup, defined in thi function, is at the core of the type
system. It takes an object typeand a pathp and produces an
object type or a class type, if it succeeds. The intuitiomé d is a
description of a particular object and we want a descriptibthne
object that is reached from the object described llowing path

in the heap. A naive approach would be to concatepatke to the
path inu, but it would be hard to say whether such a concatenated
path leads to the same object as another concatenatednsa#ad,
W returns anormalizedversion of the combined path which has
again the form of a type. These normalized paths (i.e., Jypas
be compared by simple equality tests.

For the empty patfthis, VW simply returnsu (first case). For
paths ending irout, the path to the enclosing object is returned:
first the rest of the path is looked up, then it is converted to
a class type by means of tft function (explained below) and
the last class name is removed (second case). Paths endiag in
field or a class are checked for validity: an appropriate fimid
class must exist. The last branch ¥ extends the domain of
the second argument t@’; it is the only case wher&V returns
a class type and not an object type. For example, in Figure 2,
W((WithNeg.Neg).e, this.out.Lit) = (WithNeg).Lit

Object types can be converted into a class type by means of
the C function as follows: If the object type is just a static path
as starting point and no field accesses, then the enclosiegtob
is described by the same static path with the last elemerdweth
(first case). If the object type ends with a field access, wiacefihe
field access with the declared type of the figlt{Typeis explained
below) and callV to normalize again and get a type for it (second
case). If the type is already a class type, we are done (thsé)c

5.2 Mixin Computation

The M function is the static counterpart of thefix function. It
computes the statically known mixin structure of an objeet d
scribed by a type. The typg describes the root object which has
only one mixin, namely the empty class pathilc] (first case).
If we have an object type.C, thenu is a type that describes
the enclosing object, hence we can recursively compute thiea m
list of the enclosing object. This mixin list and the classnea
C are sufficient to compute the mixin list for this type by call-
ing the Assemblefunction (second case). Finally, if we need to
compute the mixin list for an object type we convert it into a
class type first (third case). For example, with the code @ Fi
5 we have M ((Test).e2.Neg) Base.Exp WithNeg.Neg and
M ((Test).e4.Exp) = Base.Exp WithEval.Exp.

The DclType function useM to look up a field or variable
declaration in the mixin list of a given type.

C, W, M andDclTypedepend on each other in non-trivial ways,
so itis not obvious that evaluation of these functions withtinate.
A formal proof is in the appendix. Informally, the functiotesmi-
nate because the arguments to recursive calld’ahside)V and
DclITypeare smaller, and the recursive call insi@leeplaces a field
by its declared type. The latter case is also guaranteedtia-te
nate because programs are well-formed only if there are aliccy
dependencies on field types, as explained later in thiswsecti

5.3 Subtyping

Subtyping determines the compatibility of values for assignt or
parameter binding. It is defined only on class types but olypes
can always be converted to class typesGidhe main rule for the
subtyping relation, (S-BcL), defines type compatibility through a
combination of path equality and examination of declardatkass
relationships. The latter is standard in object-orienype systems:

a classB is a subtype ofA if B is derived by subclassing from.
This traditional definition is modified irc to take into account
virtual classes: two classes can only be in a subtype raldtibey

are contained in the same objethis is a concrete manifestation
of the fact that types depend on the enclosing object. Siree w
compare class types, we know that we have object types for the
respective enclosing objects. In (SeBL) we insist on having
exactly the same object type for the enclosing object fohbot
parameters. Since an object type describes a path to art elgec
can be sure that the enclosing objects are indeed idenTiba.
comparison for identitical enclosing object types is ubkefuly
because object types are paths in a normalized form.

5.4 Expression Typing

Expressions are given a type in the context of a static pathich
describes the current objetttis. As in the operational semantics,
an environment is not needed because method parameters-are e
coded as fields.

Thenull value (T1) has any meaningful type, whereby “mean-
ingful” is checked by ensuring that the type has mixins. Hpetof
a sequence is the type of the last expression in the sequégge (
Paths (T3) are given a type using the static lookup funcxoex-
plained in Sec. 5.1. As is obvious from the definition, pathgeh
an object type. For variable lookup (T4) we ugéagain, but this
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Typing domains:

g i Ep;j?‘ c (é) i I_hIT _l gut I Program Typing:
pkF COK pk T OK
Expression Typing
M(t) # L C=C=>T=T,TF=TF
e W((p), path) = u = —— == (WF3)
pFnull:t e (T3) T C(T f) {e;} overridesT" C'(T f) {e’;} OK
p F path:u
phe:t _— K=TCT ) {e} MUp)C)=p
Fe':t p = path:u =11 =
P (T2) W(u, DelTypeu,v)) = s o o (emberep) =T T
phe;e:t T oathy (T4) pFCOK pCHTOK pCHT OK p.CHTOK
P pathv:s pChe:t  C(t) <: W((p.C),T)
K' = Constr(p,) = K overridesK’ OK
F path.v:s Fe:t C(t) <:s = . T (WF4)
P pathv: pre: ; (T5) p - classC extendsC { KCL; Tf; T v} OK
pk pathv=e:t
There is a strict partial order ; on field names such that
pkpath:u p' ¢ M(@u.C) pke:t Vp,f. spine.f.Cf € Membergp) = Vi. f;Csf
Constr(p’) = To C(T ) ... [T| = [t] There is a strict partial order . on class names such that
W(u;,this.Q) if T; = this.f;.Q Vp. CT(p) = classC extendsC {...} = Vi. C;C.C
si = andt; = u; - - (WF5)
. . 7 R CT is acyclic
W(u,this.Q) if T; = this.out.Q
fori =0...[t| . .
N . - CT is acyclic
C(t;) <:s;fori il|t| (T6) Vp.p/,C: CT(p.C) £ L.CT(p'.C) £ L =
p - newpath.C(€) : so p”.C € M((p). C) M((p').C)
Vp#p :CT(p) = classC ... {K C_ T?Tv}
Class types CT(p) = classC’ ... {K'CL; T'7: 7"V}
O S (e S Cnene =g
: _ ) Vp,C: CT(p.C 1 FCT(p.C) OK
C(uf) = W(u, DelTypdu, f)) P, (PO #L=pFCT(EL) (WF6)
C(s) = s CT OK
Mixins: )
M t—7p Subtyping:
M) = [nil] s<:s ¢ <:d”
M(u.C) = AssembléM(u),C) s<is (S-ReF) P (S-TRANS)
M) = M(C(u)) '
Enclosing object type _ ,
£ St M(u) =p CT(p,.C) = classC extends...C"... S-D
Eu.C)=u u.C <:uC (S-Decy)
E(u)  =&(C(u))

Static lookup:

Declared type of member:

suX (pathUT) —t DclTypdt,m) = T whereT m € Member$M(t))
W(u this) =u Existqt, m) = (DclTypgt,m) # 1)
W(u, spine.out) = EONV(u, spine)) Existqu, C) = (M(u.C)#1)
W(u, path.f) = W(u, path).f if Existg§W(u, path),f)
W(u, path.C) = WW(u, path).C if EistW(u, path), C)

Figure 10. Typing rules

time we pass the type of the variable instead of the variadeen
This is a manifestation of the fact that variables cannotdgslun
types. This also means, however, that we do not get an olpjeet t
but rather a class type for a variable access.

An assignment (T5) is checked by computing a type for the left
hand side, which is known to be a class type by (T4), computing
a type for the right hand side and then checking whether thésrh
a subtype of the Ihs. Since the type of the Ihs is possibly gecob
type it needs to be converted to a class type first.

The rule for object creation (T6) is the most complex one,
which is not surprising because it also has the role of metiadid.

First, the type of the enclosing objacts computed. The statically
known mixin structure of the new objeci/(u.C), is computed,
and a mixin is selected via the choicemf which is then used to
find the signature of a constructor. The types of the argusnaet
computed; their number must be equal to the number of caretru
arguments. The actual set of mixins at runtime may be larger t
the statically known set, but program well-formedness ssssthat
the signature of the most specific constructor at runtimeéaatical
to the one in the statically selected constructor.

In order to compare the syntactic types specified in the catist
tor with the types of the actual arguments, we compute clgsest
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p F this : (Test). M((Test).buildNeg) = Test.buildNeg Well-formedness
Test I~ e4 : (Test).e4 Test I~ ed.zero : (Test).e4.Lit

Constr(Test.buildNeg) = H(2)(m) = null
ne.Neg buildNeg(out.out.WithNeg ne, ne.Exp ex) ,m:T OKinH (WF-NuLL)
so = W((Test).e4,this.Neg) = (Test).e4.Neg
s1 = W((Test)., this.out.WithNeg) = (WithNeg). H()(m) =/
s2 = W((Test).e4, this.Exp) = (Test).e4.Exp H(. . out) = (LH(.. path C e Mix(H.
C((Test).e4) = (NegAndEval). <: s1 Y HE, out U. (LytE C )OKp' w ) (WF-MEMm)
C((Test).e4.Lit) = (Test).ed.Lit <: sz t.m: path. n
Test F new this.buildNeg(e4,e4.zero) : (Test).e4.Neg T m € MemberéMix(H,¢)) = c.m: T OK in H o
- WF-0O8BJ
Figure 11. lllustration of the typing derivation for the ¢t OKinH ( )
buildNeg(e4,e4.zero) expression in Fig. 5
H(Lroot) - II 1 || Crool H ]]
P OKinH (WF-RooT)
s; for every syntactic type in the constructor, including te&urn Ve.1 OK in H
type. Intuitively, the syntactic typ€B; must be adapted to thvéew- _ (WF-HEAP)
pointp. To do that, the static lookup functiow is used again. The H OK
typesT; are either of the fornthis.out.... or this.f;..... The latter
case applies if an argument type depends on the virtual ofass Agreement
other argument, as for exampieildNeg in Fig. 5. TestLit in Fig. 1 H, w0 = null > val, (A-Nuti)
is an example for the former case. Syntacticallycould also have
the formthis.C’ for some class nam@ , but this type would not be H, w0 F troot > () (A-RooT)
useful because it would refer to a virtual class of an objeat does )
not yet exist. In the cas®, = this.out.... we know thatthis.out is J = Depth(H, o) — |p| _
a reference to the enclosing object, for which we already fzav U H(eo, this.out’.f) =+ H,w - ¢>C({p).f)
: PR - (A-OTYPE)
object typeu, hence we can start navigating into the taillgfstart- H, o0 - oo (p).f
ing atu usingWV. In the case€l; = this.f;.... we can make use of '
the fact that we know thét will be initialized with the value og; / ;
at runtime , hence we can start the navigatiot; atf an argument PL.C € Mix(H,0) H, o Encl(H()) > &u-C) (A-CTYPE)
is used as type provider for a different argument, then tipeesx H, o epuC

sion for the argument needs to have an object type, seectasiri
t; = u; in (T6). Finally, it is checked that the argument types are Auxiliary definitions :
subtypes of the formal argument types and the “viewpoiraipéed” o
constructor return typs, is returned. Depth(H,.) = { (1) 'if)é ? Llr-cimé’ncl H

Fig. 11 shows an example of a non-trivial usage of (T6) in the + Depth(H, (H())
example from Fig. 5. It has been slightly adjusted to fit to the - -
formal syntax, see Sec. 3.3. The example illustrates orgylakt Figure 12. Dynamic well-formedness and agreement
step in the typing derivation, the result of sub-derivagitias been

inlined. Notice in particular that the type of the expressiontains ) _ ) ) _
the information that the result has the family. functions, which returnL if the class or type, respectively, is not

known to exist in the context.
Note that (WF4) implies that fields can only be declared in new
class declarations (i.e., there is no inherited class caaba with

5.5 Program Typing

In order to separate out the problem of cyclic inheritandatiens the same name); this restriction is not essential and weleadily
and cyclic field type dependencies (the type of a field maymépe add initialized fields (declared a&Bf = ) to the calculus which
on the value of other fields), we require that declared narmede could be declared in all classes. (In fact, we developed thalav
partially ordered such that each of the two kinds of depecidsn  calculus with initialized fields before deciding to add donstors
are known to be acyclic (WF5). Consequently, cyclic inteerite and letting fields be initialized via constructor argumentd/e
relations and cyclic relations via dependent types (whiehex- chose to leave out initialized fields because they do add @aum
pressed using fields) cannot occur. We could relax thisicéstn of details to rules, but do not provide much additional ihsig
without affecting soundness, but with the current stritesat it is We could also have allowed field declarations everywhere and
easy to see that the type analysis always terminates, wigtuoling accepted the possibility for additional run-tirhalIErr errors due
special checks for infinite loops in type computations. to uninitialized fields, but we felt that the current strippaoach is
The overall program well-formedness rule, (WF6), requihes useful because it illustrates how to statically ensure dlhdields

the program is acyclic, that two class declarations of theeselass are initialized. Also note that the restriction on fields slawot
name have a shared mixin, that field and variable declasaiom  affect the ability to declare variables and classes (pbssied as
unique, and that each class declaration is well-formed. methods) in all class declarations, so there are no rdstrcbn
A class is OK (WF4) if the list of constructor arguments ordinary width subtyping in the calculus.

matches the list of fields in the statically known mixin stuue
of the class, if all superclasses are valid, if the type ofcibrestruc-
tor expression is compatible to the declared return type,ifaall 6. Wellformed Heaps and Agreement

other mixins that have the same class name have the sameucanst  The soundness of the operational semantics with respdu type

tor signature, see also (WF3). The validity of superclasbtape system depends upon having a well-formed heap, and agréemen
declarations (WF1) and (WF2)) is checked using Meand W between a value and a type relative to a heap. The rules f@r hea

9 2005/8/8



wellformedness and agreement are given in Figure 12. Shee t
exact details of these definitions are not required in orenter-
stand thevc calculus as such, the remainder of this section can be
skipped by readers who are less interested in how the sossdne
result is reached.

A heap is well-formed if all its objects are well-formed (WF-
HEAP). An object is well-formed if all its members are well-forthe
(WF-0BJ). An object member is well-formed if its value in the
heap is null (WF-NLL). Otherwise a membean of object. is
well-formed if the member value’ H(.)(m) satisfies two
conditions: (1) the enclosing object of the valueH(.’, out), is
equal to the object H(:, path) specified by the path in the declared
type path.C; and (2) the mixins of the value\ix(H, ."), include
a path ending with the clags. There is a special rule for well-
formedness of the root object because it does not have apsamg!
object.

Type agreement is specified as the agreement of an object at
with a typeT, relative to a dynamic hedp and a starting point.
The starting point specifies an address in the dynamic hedpsth
related to the base of the typaull agrees with all types (A-NLL),
and the root object agrees with the empty object type (@6R.

Rule (A-OryPE) handles object typegp).f. The rules ensure
that the class path is a prefix of the spine ofy, so the valuej
represents the number of enclosing objects that must bersed
from 1o to read an object with the same depth @msThe path
this.out? f traverses to this object, and then traverses the field list
f. The object. must be located at the end of this path. In addition,
+ must agree with the corresponding class type.

Rule (A-CrvPE) handles class typegp).f.C. It requires that
the mixins of the value Mix(H, ), include a path ending with
the type’s clas<. It also requires that the actual enclosing object
agrees with the pathspecified in the type.

7. Soundness

The type system ofc is sound in the sense that a well-typed ex-
pression either returns a value that agrees with its typmitates
with a NullErr, or diverges, but never terminates withTgpeErr.
The soundness result is composed of two formal ressitbject
reductionand coverage Subject reduction is the standard theorem
which characterizes the result of expressions that are-tysid
and evaluate to a result. Coverage is a new technique foriegsu
that errors do not prevent expressions from evaluating ésalt.
Subject reduction assumes a valid program and heap. Gieen th
static pathp of a class in which an expressierhas typet, and the
address of an object that agrees wih if the expression evaluates
to a resultr then either the result iBlullErr or it is a value that

agrees witht. Subject Reduction also guarantees that the heap is

still well-formed after the execution, and that the curm@bject still
agrees with its type.

THEOREM1 (Subject Reduction).

CT OK H OK

H OK H, ko> (p)

pke:t = r=val A H' )t Fval>t
H, oo (p) Y

e,H, o~ r H r = NullErr

This theorem only characterizes evaluations that terrjnahich

Subject reduction alone does not ensure soundness however,
cause an expression may fail to evaluate due to a missingrcese
evaluation rules. We have followed standard practice bluding
rules (ER1-4) to cover a variety of error cases in evaluation [12].
The complete list of error rules is given along with the sowess
proof. The second half of our soundness proof ensuresthatror
cases have been handled. As a result, the only way a evailuatio
fail to produce a value is if the computation diverges. Thesrima
plays arole similar to the ‘progress’ theorem when usinglsstep
semantics.

The purpose of the coverage lemma is to show that the evalua-
tion rules always produce a value unless the computaticergs.
First we define a notion of finite evaluation. If the evaluatiex-
ceeds the bound for finite evaluation, it produces a speeiaiit
nation value. The evaluation rules for error propagati@ppgate
this special value.

DerINITION 1 (Finite Evaluation) Define an evaluation relation
~»1. as a copy of the rules fot-. Replace each occurrence-of in
a premise by, _1. Replace-» in the conclusion of each rule and
axiom with~». Note that the copied axioms are defined forfall
Add the following axiom:
e,H, ¢~ KillErr,H (KiLL)

The finite evaluation relation+,, returnsKillErr if the deriva-

tion is more tham derivations deep. It is thus a finite approxima-

tion of the normal evaluation of an expression. The covelamena
states that finite evaluation always produces a value.

LEMMA 1 (Coverage)For all natural numbersn and e, H, ¢,
there exists, H’ such that

!
e,H,o ~, r,H

The coverage lemma ensures that the operational semantics
produces a value even in the face of runtime errors, suchcasac
to non-existing members, seekE) and (ER3) in Figure 8.

A terminating expression is one for which there exista.auch
that finite evaluation-»,, does not returiillErr. If the expression
does not returrKillErr, then it cannot use the IKL axiom. As a
result, the derivation ir-+,, can be translated to a derivatiomr~n.
Thus every terminating expression has a correspondingadienm
in~.

Theorem 1 and Lemma 1 ensure the soundness. @xecution
of well-typed expressions will either produce a value oft¢berect
type, returnNullErr, or else diverge. But evaluation will never
access non-existing fields, variables, or classes, and/és stick.

Note that all proofs are provided in the appendix .

8. Related and Future Work

The idea of virtual classes and their different kinds of bigg
stems from B TA [18]. The concept of virtual superclasses was ex-
plored but never fully realized in BrA and has not been supported
in the BETA compiler since the early eighties. Virtual classes in
their general form as defined in this paper have been presente
formally in the works on family polymorphism and higher-erd
hierarchies in gbeta [8, 9], delegation layers [25], andsaag21].
vcrepresents the core of these languages.

In gbeta, classes can have superclasses of the patihnC,
which enables a new kind of dynamic composition that is net ex

is a natural consequence of using a big-step semantics.eHenc pressible invc. However, we have analyzed the required extensions

it is slightly weaker than the usual “progress and presmmwat
theorems in a small-step semantics, where it can be exprésse
execution of a type correct program will never get stuck aef/ére
execution continues forever.
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to vcin order to support this kind of inheritance, and it appears t
be relatively easy to make several kinds of extensions sfrthiure
(essentially, the mixins of an object must be a lis{of.p rather
than a list ofp). We expect to explore this extension in some future
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work. Delegation layers are more dynamic tharin that they use
object-based delegation instead of class-based inhegitavhich

enables polymorphic composition of types at runtime. Itl&oa

natural part of our future work to create a versiorvobuilding on

delegation, but in this case it is not obvious how hard it is.

a class hierarchy cannot be combined in the nested inhegifan-
guage, as illustrated by our example in Figure 4. This is &&on
quence of the requirement in nested inheritance that thiareec
superclass of a clags must be a subtype of the inherited version
of C, i.e., declared superclasses in redefinitions cannot ke tose

Odersky et al have presented a calculus with path-dependentmix in additional features.

types calledyObj [24]. The most important difference t@Obj is
thatvcallows virtual classes wherea®bj focuses on virtual types
only. This means that no objects can be created as an insthace
virtual type (an abstract type member) and no implementatan

be specified before the virtual type is final-bound to a caedsgpe.
Although it is technically possible to create a class thatdwirtual
super-class iObj, this mechanism cannot express hierarchy spe-
cialization because the virtual superclass can only becepl by a
class that hasxactlythe same signature (e.g., does not add meth-
ods) [34]. Another difference is that has assignments, whereas
vObjis purely functional. On the other handDbjis more power-

ful thanvc w.r.t. the encoding of parametric polymorphism, which
is not in the focus of this work. Finally, since our type-ckecis
completely syntax-directed (in particular, we have no sufygtion
rule), type-checking irvc is decidable, which is not the case for
vObj.

In [23], a language with nested inheritance is describedghvh
has a number of similarities with virtual classes. An impattdif-
ference to their approach is that they use classes in claates
than classes in objects. The classes-in-classes modehgalytbe
simulated in a classes-in-objects model by using only osante
of each class containing virtual classes, but the convesses dot
hold—e.g., nested classes in [23] cannot access sharedétat
stances of enclosing classes. For examplecievery nested class
in Base and its subclasses can accesszthe field declared in Fig-
ure 1. The expressive power of having access to the enclosing
ject is also illustrated by our straightforward encodingrathods
by means of classes — accessing an instance vafiablef an ob-

One feature which is well-known from related languages and
calculi (including BETA andrObj) is that of final-bindings. A vir-
tual class/type may be final-bound, which means that theentirr
value must remain unchanged (e.g., no additional mixindesan-
cluded). This feature is useful because it provides a loveeint
on the value of a class, which opens more opportunities &igas
ments to variables having a given virtual class/type as tesilared
type. It would hence make sense to add final bindings s well,
but this extension is orthogonal to our work because ourségon
extensibility and not on genericity.

There are a couple of other approaches that widen the express
ibility of the static type system with respect to collabargtclasses
and parametric polymorphism but do not support incrememést
archy specification [4, 30, 14].

Thorup proposes a virtual type system for Java [29]. It sugpo
the instantiation of a virtual class and hence late bourtdintigtion
but it does not support virtual superclasses. Furtherntbeetype
system relies on dynamic type checks.

There have been a couple of approaches for hierarchy refine-
ment in the context of product lines (e.g., [2, 27]) but pobyphic
usage of a hierarchy variant is not in the focus of these wdtks
will be interesting to explore how virtual classes improlie ex-
pressibility of languages with respect to product lines.

Virtual classes are an interesting feature from a softwezkia
tecture point of view because they enables both incremeptai-
ification of class hierarchies and composition of differenten-
sions to a class hierarchy, a problem that is hard to solverimen-
tional object-oriented languages. Hence, the languagstieants in

jectin a methodar is encoded as an access to the enclosing object vcare particularly well-suited to implement layered softevarchi-

out.foo in the corresponding clagsr. In general, not having the
possibility to access shared state in the enclosing oljecserious
restriction w.r.t. the expressiveness of the languages.ribt ob-
vious whether and how this could be simulated in the langimge
[23].

tectures like mixin layers [27] or GenVoca [2].

When family classes are used as argument types or returs, type
they give rise to covariant typing. Other examples of a saiw
safe treatment of covariance are the formalization of wanara-
metric types in [16], and the inclusion of wildcards into tH2SE 5

Another consequence is that a given program using nested in-version of the Java platform [32]. Note, however, that dflasses

heritance has a fixed number of class families, whereas a give
program invc can have an unlimited number of distinct class fam-
ilies because every new family object contains a new clasdyfa
This enables a more fine-grained typing disciplinevénbecause
the type system will ensure that all these families are notethi

are different from variant parametric types or paramegypes with
wildcards, because those mechanisms do not support faolily p
morphism, but they provide a different kind of flexibilityrdugh
structural equivalence among type applications.

The notion of having a first-class representation of a horais

up. For example, this could be used to ensure that instarfces o also highly relevant to the domain of aspect-oriented @gning,

Student nested in a giverJniversity are used only with the uni-
versity from which they were obtained. With nested inhedaa
simple instanceof test could reveal that all students were in fact

members of the same class family, and hence the connection be

tween a specific university and the associated studentd cotibe
expressed or enforced.

Moreover, family polymorphism by means of passing an in-
stance of the enclosing class is of course not possible iasses-
in-classes model. Instead, the authors of [23] propose ¢tiem
of prefix typeso achieve a similar kind of polymorphism. Prefix
types are a mechanism to refer to the (statically unknownlosn
ing class of the class of an object. For examplgh.class] denotes
the enclosing class of the class of the object

which can be seen as an approach to have multiple crossgutti
decompositions (that is, hierarchies) of a system [28, 22].

9. Conclusions

We have presented the calculus of virtual classes with path-
dependent types, described its dynamic and static sersaatid
proved soundness. The approach to static analysis whiclpieas
neered in BTA, made strict and complete in gbeta, and adapted for
Java-like languages in Caesar has thereby been documelated,
fied, and characterized as fundamentally sound, and heaoétén
heard claims that virtual classes are inherently unsafalgdhww

The nested inheritance language itself is much bigger (and dwindle.

hence more complex) than our language. For example, there ar

seven different syntactic forms of type declarations anpety
schemas in [23], whereas the only form of type declaration is
path.C in vc. Yet another difference is that different extensions to

11
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A. Lemmas and proofs

In this section we present some formal results which charizet
vc, along with proofs. First we show that the type analysivof
is decidable. The remaining results are concerned withdbads
ness proof. These results are divided into three groupsufses
concerned with syntactic entities; results concerned withsta-
tic information about the heap; and results concerned vath the
static and the dynamic heap, including subject reductiaiatibn-
ally, we use some small marks to make internal referencesrtain
proofs more convenient and precise. In particular, resuthiver
1 would be marked Iikel:this, and references to it are shown as
(2). Similarly, statements which must be proved can be ntdlike
?2this, with references shown as (?2).

A.1 About the Decidability of Typing

The static analysis ofc is decidable, because the type rules are
syntax directed and because the auxiliary functions arepoted
by directly specified, terminating algorithms. The only rtawial
point is that the partial ordering ; of field names required in pro-
gram well-formedness is needed in order to show that the com-
putation ofC, M, andV always terminates for all well-formed
programs.

To show this we can assume without loss of generality that all
field names in use are on the fofgwhere the index respects the
partial ordering, in the sense tHat" f; 1 for all :. Then define:

DEFINITION 2 (Weigh)). The weight of a concatenated patR),
Weight(Q), is a function from natural numbers to natural numbers
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that counts the number of fields @with each index,

Weightnil)(_) = 0

Weight(q.q) = Weight@) + Weight(q)
Weight(q.C) = Weight(q)
Weigh) () = { § Gorise
Weightlq)(=) = 0, if q € {this,out}

Concatenated path weights are totally ordered as follovigv1
andw, are concatenated path weights then < w iff there is an
no such that

(Vn > no. wi(n) =wz(n)) A (wi(no) < wa(no))

So the weight of a concatenated path is a histogram of itssfield
which maps all other numbers than the ones which are fieldésdi
to zero; elements other than fields are ignored. It is easgedisat
the defined ordering of weights is indeed a total order antithiea
all-zero weight is minimal.

A.1.1 Termination of C, M, and W

To see termination of these functions, use induction based o
pair which is the weight of the arguments and the length of the
argument, so for the argument liglp).f.Q) or ((p).f,g.C"), the
weight will be (Weight(f.g), |p.f.g|). Let these values be ordered
as follows: if w' < w then (v’,s") < (w,s), and if s’ <

s then (w,s’) < (w,s). Using this measure it is easy to see
that all (mutually recursive) invocations 6f M, andW by the
same functions are made using strictly smaller argumerids. F
the innermost invocations this fact can be establishectttiréy
checking the form of the arguments; for the invocations wheer
returned result is given as an argument, a€ (W (u, path)), we
need to use the fact thaw andC will return a result which is at
most as large as the given arguments,@neturns a strictly smaller
result when given an object type as argument.

A.2 Syntax Related Results

First we need to establish some simple properties involeinly
syntactic entities.

DEeFINITION 3 (Well-defined static path)A static pathp is well-
definediff the indicated classes are present in the given program,
i.e., if CT () is defined.

A static path unambiguously identifies a syntactic clasgy!ioand
only if it is well-defined, and all static paths in use must ballw
defined.

DEFINITION 4 (Homogeneoup). A list of static pathsp, is ho-
mogeneousff all its elements have the same length, iV&.,; €

{1..Ipl}- Ipi] = |pj|'
We later show that all mixin lists provided by the static satis
are homogeneous, which is a natural consequence of usingel mo

where each object has only one enclosing object. We alsoareed
auxiliary concept of being a syntactic subclass:

DEFINITION 5 (Syntactic subclassX is a direct syntactic sub-
classof C’ in a list of mixinsp, writtenp - C :< C’, iff for some
4, CT(p;.C) = classC extends...C'... { ... }. The reflexive and
transitive closure is denoteslyntactic subclasand written with a
starasinp - C :<* C'.

LEMMA 2 (Basic properties afissemblg If .4ssemblép, C) is
defined then the result is a non-empty listdfsemblép, C) = p’
thenp are prefixes op’, i.e., forp’ € p’ there is ap € p and aC’
such thatp’ = p.C’. Moreover,p - C :<* C'. If all static paths in
p are well-defined then all static paths ji are well-defined, too.
Finally, if p is homogeneous thaii is homogeneous, too.
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Proof: Easy induction in the definitions aflssemble Expand
Defs Linearize and/£in2. 0O

We sometimes need to consider a list of mixins as a set of gixin
which just implies that we ignore the ordering and possihiplie
cates in the list. For conciseness we do not show this caovers
explicitly, but it is applied whenever a list of mixins is us& a
context that requires a set, e.g., in expressionsplikep’.

LEMMA 3 (Set properties aflssembleux. functions) With im-
plicit conversion of each listinto the set of elements inigtevher-
ever a set is required, the following relations hold:

1. Lin2(p,p') =puUp

2. Linearizep) = UPp;

3.5 C ' ADefp,C) # L = Defgp, C) C Defsp', C)

4.p Cp A&xpandp, p) # L = Expandp,p) C Expandp’, p)

Proof: Easy inductions and usage of the definitions Tedfs
&Expand Linearize andin2. O

LEMMA 4 (Monotonicity of Assemblg If Assemblép, C) # L
and p C P then Assembléps,C) C . Assemblép’, C). If
Assemblép, C') # L, Assemblép, C) # L, andp - C' :<* C
then.4ssemblép, C') O Assemblép, C).

Proof: For the first part of the lemma, assume that
Assemblép,C) # L. The definition of Assemble then
shows that Defqp, C) is defined and thattxpandp,p’) is
defined for eachp’ € Defgp,C). Lemma 3 then yields
Assemblép,C) C  Assembléy’,C) by monotonicity of all
functions involved. The second part is shown by induction
in the number of direct syntactic subclass steps involved in
p F C :<* C.In the base case there are zero steps and
C = C’ which makes the result immediate. For the induction step,
assume thaissemblép, C) # L andp + C' :<* C because
pkC < C"andp F C" :<* C, then there is @' € p such
that CT(p’.C’) = classC’ extendsC { ... }, andC” = C; for
somej. This means that'.C" € Defgp, C'), and then, implicitly
converting lists to sets and using Lemma 3 as well as various
function definitions,

Assemblép, C') =
Lineariz&map Expandp) Defyp, C')) 2
Expandp, p’.C’") =

Lin2( Linearizemap .Assemblép) C), p’.C’") D
Linearizgmap Assemblép) C) O Assemblép, C”)

By the induction hypothe5|s4ssembl@ C"”) D Assemblép, C)
henceAssemblé&p, C') D Assemblép, C) as required.

In short, Assemblép, C) appendsC or a syntactic superclass to
some ofp, preserves well-definedness and homogeneity, ico-
varies withp, and contra-varies witQ.

A.3 Results Involving the Static Heap

The static semantic entities mimic the dynamic entities targe
extent. We make this connection more explicit here, by dagini
some auxiliary functions that produce and investigatécstéjects,
i.e., values on the fornii ul|C|[p 1, denoted by the symbab.
Here,u is a type that describes the enclosing objécis the stati-
cally known class of the object, apds the statically known list of
mixins of the object. The type of the enclosing object cqroesls
directly to the enclosing object which is the first componefan
object in the dynamic heap, afdcorresponds to (but need not be
the same as) the second component of the object; the lisbahsni
defines the features of the object by its members, so thedast ¢
ponent of the static object also corresponds to the last oo
of the dynamic object, although this connection is lessodlire
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DEFINITION 6 (Static heap)We define the static heapy{, func-
tions to extract the enclosing objed, and the classCls;, of a
static object, and a function that computes the depth of ticsta-
ject.
.H(t):{ L Ll Cooll T ift

. =)
CullClPpDifC)=

u.C andM(t) =p

0, ift=().
* Depth(t) :{ 1+|Dtepm<,.>(u) if C(t) = u.C
o £t)=uifC(t) =uC
o Cls.(t) = C,ifC(t) = u.C

LEMMA 5 (The static heap)The static heap is a well-defined,
partial function. Ifp is well-definedt = (p).Q, andH(t) is defined
then computingH(t) will only involve well-defined static paths.
Finally, if #(t) = L t' | C || p T thent is an object type,
Jp’ : p’.C € p, andp is homogeneous.

A well-defined partial function is a relation that relatesraist one
value in the range to each value in the domain.

Proof: An easy induction in the definitions of the relevant func-
tions, using thatdssembldy Lemma 2 preserves well-definedness,
and that prefixes of well-defined paths are themselves vediiied.

|

Next, we establish that the syntactic subclass relatiotraamaries
with the corresponding mixin sets, that syntactic subdkssplied
by subtype, and hence that the subtype relation contras/avith
the corresponding mixin sets. This connection is the mttiefor
having the notion of syntactic subclass.

LEMMA 6. If M(u) = p, M(u.C') = p, M(u.C") = p", and
pHC :<* C” thenp’ D p".

Proof: Follows directly from the definition ofH, M, and
Lemma 4. m|

LEMMA 7. If s <: s then there is an object typeand classe€
andC’ such that’ = u.C’,s = u.C, andM(u) - C' :<* C.

Proof: Easy induction in the proof af <:s. |

LEMMA 8 (Subtype implies more static mixindf. s’ <: s then

E(s") = &(s) and M (s) # L = M(s') D M(s).

Proof: By Lemma 7 there exist, C, andC’ such that’ = u.C’
ands = u.C, s0 &) = u = &(s). Lemma 7 also yields
M(u) F C" :<* C. By (S-DecL) M(u) is defined and there
isap € M(u) such thatCT(p.C’) is defined, saM (u.C’) is
also defined. Assuming that!(s) is defined we can use Lemma 6
which yieldsM (u.C") D M(u.C), as required. O

The following lemmas show that the relation in the statidisgt
between the mixin sets of an object and that of its enclosibjgad

is the same as in the dynamic heap, and a similar correspoaden
exists for the depth of an object and for the enclosing olpéet
field or variable.

LEMMA 9 (Static heap respects mixingj.H(t) = L u || C |
p 1 thenp = AssembléM (u), C).

Proof: By the definition ofH, p = M(t) andC(t) = u.C. The
definition of C and M shows thatvt : M(t) = M(C(t)), so
P =M(t) = M(C(t)) = M(u.C) = AssembleM(u),C). O

LEMMA 10 (Static heap respects dept)p € M(t) then|p| =
Depth(t).
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Proof: Induction in the computation of1(t).
Case (M(()) = [nil¢]): Trivial.

Case (M (u.C) = AssembléM (u), C)): By the induction hypoth-
esis, for anyp’ € M(u) we havelp’| = Depth,(u). By Lemma 2,
for anyp € AssembléM (u), C), |p| = |p’| + 1 = Depth,(u.C).

Case M(u) = M(C(u))): Assumep & M(u), then also
p € M(C(u)). By the induction hypothesisp| = Depth, (C(u)).
But Depth,(u) = Depth,(C(u)) because’(C(u)) = C(u), so
Ip| = Depth.(u). o

We now introduce a low-level version & which is a device to
prove some properties o.

DEFINITION 7. The definition of\ is as follows:

N (u.this.Q) = N([uQ)

N (u.f.out.Q) = N (u.DclPath(u,f).Q)
N{(p.ChoutQ) = N((p).Q)

N(t) =t

We now show thatV" terminates. Every step in the computa-
tion of A/ preserves that the second argument is a concatenated
path (i.e., on the forn®), and that it decreases the weight of the
concatenated path, or leaves the weight unchanged bueskdrte
path. Because the length of the concatenated path is fieitatier
kind of steps cannot occur an infinite number of times in seqee
so the process will always terminate.

Note thatWV is just a ‘safe version’ of\V'—it performs checks
to ensure that each transformation is well-defined, butratise it
delegates the real work 1%,

LEMMA 11 W andA\). If  W(u,path.C") =t
N (u.path.C”) = t. Moreover,\V (u.g.g") = N (N (u.g).g).

Proof: Easy inductions in the shape of the function arguments.

then

LEMMA 12 (Static heap is enclosing-correct). WW(u, path)
v and DclPath(u’,f) = path’ then W(u’, path’)
EOWV(u, path.f)).

Proof: Assume thatWW(u,path) = u’ and DclPath(u’,f)
path’. This implies that there is & such thatDclTypgu’, f)
path’.C, hence&xistqu’, f), so W(u, path.f) is defined, and it is
easy to see thatV(u, path.f) = u’.f. The definition ofC now
yields C(u'.f) = N (u'.path’.C) = N (u’.path’).C. Finally we
use Lemma 11 agair€(WV(u, path.f)) = EWW(u,path).f) =
E(W' f) = N(u'.path’) = W(u', path’). O

We shall need one more result which shows that we can “shift” a
step from one path to another.

!

LEMMA 13 (Shifting a static stepAssume E(u) = u’ and

W(u, spine.out.f) = u”, thenW(u’, spine.f) = u”.
Proof: By induction in the shape of the pathine.out.f.

Case this.out): Assume tha£(u) = u’ andW(u, this.out) = u”,
thenC (W (u, this)) = u”.C for someC. SinceWV(u, this) = u we
getu” = &E(u) = u’, henceW(u', this) = u”.

Case ¢pine.outout):  Assume that&u) = u’ and
W(u, spine.out.out) = u”, then C(W(u,spine.out)) = u”.C
for someC. Letu”’ = W(u, spine.out). Note thatu” = E(u"’).
By the induction hypothesisW(u’,spine) = u”’, so
C(W(U',spine)) = u”.C, from which we conclude that
W(u’, spine.out) = u”.

Case fpineoutff):  Assume that&u) = o' and
W(u,spine.out.f.f) = u”, then v/ = J”.f where
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u” = W(u,spineoutf) and DeclTypgu™”,f) # L. 4. Mix(H,¢) 2 M(t)
By the induction hypothesis W (u’,spine.f) = u”, so 5. If 1o = Encl(H(z1)) thenH, oy o>t
W(Uu',spine.f.f) = u’”.f = u”, as required. O 6. IfC(t) <:sand M(s) # LthenH, o F t>s

A.4  Results Involving Both Heaps Proof: To enable concise references to assumptions we number

First we need to introduce a couple of auxiliary functiond amew them as follows>’CT OK, ?H OK, and*H, 1o b . > t.

concept of heap compatibility.

DEFINITION 8 (Dynamic inspection functions)f H(.) = [ ||
C|l = T thenéncl(H(r)) = ¢ andCls(H(+)) = C.

DEFINITION 9 (Heap compatibility)H" is compatible withH iff
H’ is defined in at least all thosewhereH is defined, and for each
¢ where bothH andH’ are definedH’(+) differs fromH(.) at most
in the values of variables.

To support the intuition behind this concept, note that thescof
an object, the enclosing object, and the objects accedsitdagh
its fields are significant for the static analysis, whereasviiues

of variables may change freely as long as the declared tyjes a

respected. This reflects the fact that types may depend ealtines
of fields and the enclosing object, but not on the values délsbes.
The next two results show that evaluation preserves cobiligti

LEMMA 14 (Immutability of objects)If H(:) = [ ./ || C |
f:val.. 1 ande,H, _ ~ _ H’, then. is defined inH’, and
H)=0/|C|f:val..T.

Proof: Easy induction in the proof tree for the evaluation. O

COROLLARY 15 (Evaluation yields compat. heapj.e,H, — ~»
_,H’ thenH’ is compatible wittH.

The next lemma is also easy, but it is important for the static

analysis that paths never change, because they are usge ty

LEMMA 16 (Values of paths are immutabléj.|} H(¢, path) = /'
andH’ compatible wittH then|l H' (¢, path) = ¢'.

Proof: Sincepath has the fornthis.out.f, which means that only

enclosing objects and fields are evaluated, the Lemma fsllow

directly from Lemma 14. |

LEMMA 17 (Evaluation from enclosing)f l}H(L,Spine.OUE.?) =
/' then éncl(H(¢)) # L and § H(Encl(H(r)),spine.f) =
Vo H(e,spinef) = o/ and éncl(H(:")) = & then |
H(.", spine.out.f) = .'.

Proof: The first part is an easy induction in the shapepath,

using the casethis.out, spine.out.out, andspine.out.f.f because
these cases inductively describe all the possible patheeofotm

spine.out.f. The second part is an easy induction in the shape

of path based on the caséhis, spine.out, andspine.f.f, which
inductively describes all shapesfth, but allows for insertion of
outin the desired position. O

The next lemma shows various properties about agreemehidin
ing that it is sufficient to ensure the syntactic subclasatia in

the agreement rules because the desired mixin relatiaws]land
that nesting preserves agreement:

LEMMA 18 (Agreement)Assume that CTOK, H OK, and
H, .o F¢>t. Then
1. Depth(H, ) = Depths(t)
2. If Mix(H, éncl(H(¢))) = P Or ¢ = troo then
pECs(H(r)) :<* Clsg(t)
3. If Depth,(t) > 0 then
H, o F &ncl(H(v)) > &(t)

15

1. Induction in the proof of (3).
Case A-NuLL): Not applicable { cannot benull).
Case A-RoOT): Trivial.

Case A-OTYPE): In this caseH, w0 = ¢ > C(_(p).?) where
(p).f = t. Note that(p).f # () because((p).f) is defined,
andC((p).f) # () becausd) is not a class type. Then

Depth(H, ) =
I/ by the ir_1duction hypothesis
Depth. (C((p).f)) =
/1 by def. ofDepth,
1+ Depth, (£(C((p).F)) =
e ((p)-f)) = E(p)-f)
1+ Depth,(E({(p).f)) =
I by de_f. ofDepth;
Depth, ((p).f).

Case A-CTYPE): Here,H, o F &ncl(H(¢)) > u, wheret =
u.C. Note that. # v becausencl(H(¢)) is defined. Then

Depth(H, ) =
I by def. ofDepth
1+ Depth(H, éncl(H(¢))) =
I by the induction hypothesis
1+ Depth,(u) =
I = &(u.C)
1+ Depth (&E(u.C)) =
/I by def. ofDepth,
Depth, (u.C).

2. Induction in the proof of (3).
Case A-NuLL): Not applicable { # null).

Case A-RooOT): In this case. = oo andt = (). Hence
Clss(t) = Croo @and byH OK, CIS(H(¢)) = Cioor, Which shows
thatp - CIs(H(¢)) :<* Clss(t) for arbitraryp.

Case A-OTYPE): We haveH,., F ¢ > C({p).f) where
(p).f = t. By the induction hypothesig F CIs(H(:)) :<*
Clss(C({p).f)), and the desired result then follows from
Clss(C({p).f)) = Clss({p).f).

Case A-CTYPE): In this case = u.C such thalC = Cls,(t),
and there exists g’ such thatp’.C € Mix(H,:), andH, o +
éncl(H(¢)) > u. FromH OK we get: OK in H, and this
must have been shown using (WFB) becauser # troot,
becausefncl(H(¢)) is defined. Moreover, since # i We
must also havg = Mix(H, éncl(H(+))). From the definition
of Mix we get Mix(H,.) = .Assemblép,Cls(H(¢))), and
P F As(H(:)) :<* C then follows from Lemma 2, which
concludes the case.

3. If tis a class typet = u.C, then (3) by (A-OYPE) yields
H, w0 = &Encl(H(¢)) > u and sincas = £(t) we are done. Other-
wiset is an object type, so from (A-©rPE) we getH, 1o - ¢ >
C(t), hence by the class type caseo F Encl(H())>E(C(t)),
and the result then follows frod(C(t)) = £(t).

4. Induction inDepth, (t).
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Case Depth.(t) = 0): The definition of Depth, shows by LEMMA 19 (Agreement with local view typespssume CTOK,
an easy induction that= () whenDepth,(t) = 0. Moreover H OK, and Mix(H, :) = p, then for anyi: H, . - ¢ > (p,).

by 1., Depth(H,¢) = 0, SOt = o by a similar induction. ) o

The result then follows immediately from the definitions of ~Proof: By induction inDepth(H, ).

MiX(H, troo) ANAM(()).- Case QepthH, ¢)=0): In this case = o, SOPp = p; = nilc, SO
Case Depth,(t) = k + 1): we just need to show thét, te b tow > (), Which follows directly
M) from (A-RooT).
// by Lemma 9 Case Qepth(H, ¢)=k+1): We must prove thatl, . - .1>(p,) using
AssembleM (E(t)), Clss(t)) C (A-OTYPE), because(p,) is an object type and (A-®oT) does
// by 3., the ind.hyp., and Lemma 4 not apply. By part 1 of this lemmaDepth.((p;)) = k + 1, so
AssembléMix(H, Encl(H(¢))), Clss(t)) c there existsC; such thap, = C;...Cyy1. Letj = Depth(H, ) —
/' by 2. and Lemma 4 |C1...Cr41]| = 0, and note thay H(¢, this) = ¢, which establishes
AssembléMix(H, Encl(H(1))),CIs(H(¢))) = the two first premises for (A-©rPE).
/I definition of Mix For the last premise of (A-OrPE) note thaiC((C;...Cr+1)) =
Mix(H, ¢) (Cy...Cx).Crr1, so we need to showd, v = ¢ > (Cq...Cx).Cryq.
o In this case we must use (AT@PE) becaus€C;...Cx).Cr41 is @
5. Induction inDepth, (t). class type. For the first premise of (AT€rPE) we letp’ = C;...Cy,

Case Depth(t) = 0): As in the proof of 4.t = () and such thatp’.Cr1 = p; € p = Mix(H,:). Finally we need
L = ooy, SO the result follows immediately from (AdT). to sh.ow thatH,L F &ncl(H(:)) > (C;...Cx). By the definition
of Mix, Mix(H, ¢) = AssembleMix(H, Encl(H(:))), CIs(H(¢))).
Case Depth(t) = k + 1): We must consider class types and From C;...Cx41 € Mix(H,.) and Lemma 2 we conclude
object types separately. C1...C € Mix(H, &ncl(H(¢))). The induction hypothesis then
. ; / idesH, éncl(H(¢)) F &ncl(H(:)) > (C:...Cx) and then part

et = u.C: By (3) and (A-CrypE) there is ap’ such that providesH, .

p.C € Mix(H, ), andH, o b Encl(H()) o u. The in- 5 of this lemma finishes the case. O
duction hypothesis yieldd, 11 = éncl(H(¢)) >u, hence by agreement does not depend on the values of object members,
(A-CTYPE)H, 11 F v >t as required. which makes it a very persistent property.

e t = (p).f: By (3) and (A-OrvyPE), j = Depth(H, w0) — [pl,
I H(eo, this.out’ .f) = ¢, andH, to F ¢ > C({p).f). But then
with j' = j + 1, 5/ = Depth(H, ¢1) — |p|, by Lemma 17
I H(e1, this.out’" ) =+, and by the previous cast, 1, Proof: By induction inDepth(H, ).

+>C((p).f), which by (A-OrvPe) yieldsH, v > t. Case Pepth(H, ¢)=0): In this case = i andt = (), SO we just
6. We need to consider class types and object types separatel need to show thatl’, .o F e > (), Which follows directly from

LEMMA 20 (Agreement is persistenthssume CTOK, H OK,
H’ OK, H' compatible wittH, andH, .o - ¢>t. ThenH’, 1o - o>t

, , 4, (A-RooT).
Case t = s'): Assume(C(s’) <: s, ie, ™ s <: s,
and > M(s) # L. Let ®C = Cls.(s). Using (1) (2) (3) Case Pepth(H,¢) = k +1,t = u.C): FromH, .o = ¢ >u.Cby
with part 4. of this lemma yieldgz/\/lix(HM) > M) (A-CTYPE), there is g’ such thap'.C € Mix(H, ), andH, o -

: : , éncl(H(¢)) > u. SinceH’ is compatible withH, Mix(H’,.) =

5“’”? (4) (5) with !_emma 8 we géM(S.) 2 M(s) and /\/lix((HE L))), sop’.C € Mix(H’, ), too. By theinduction(hypo)thesis

&) = éi(();). Using (6) (7) and the definition QM then we getH', o F Encl(H(z)) & u, so Encl(H' (1)) = &ncl(H(:))
shows that™M(s) = .AssembléM(&(s)), C). An inspec- finishes the case.
tion of the definition of.Assembleshows that for allp” and _ -
C’ where Assemblé&”, C') = ", 3p’. p’.C' € p". Not- Case QPepth(H,¢) = k + 1,t = (p).f): FromH,w = ¢ > (p).f
ing that M (u«o) is the list of lenght one containing the el- by (A-OTYPE), j = Depth(H, o) — [pl, { H(zo, this.out’ .f) = ¢,
ementnilc (rather than the empty list), it is easy to see that andH, o F ¢ > C({p).f). But then alsgj = Depth(H’, o) — |p|
mixin lists from the static heap are never empty, so in this because heap compatibility ensures unchanged enclosjagteb
case we geBp'. p’.C € M(s), and hence from (7) (8) that  and by Lemma 16| H' (1o, this.out’.f) = .. Finally, the previous
H3p! p'.C € Mix(H, ). Moreover, (3) via (A-GYPE) yields case showsl’, 1o - 1 >C({p).f), which yieldsH’, .o - . > (p).f, as
2H, 10 + &ncl(H(1)) > £(s'). Finally, using (9) (12) we get  required. o
3H, 1 + &ncl(H(1)) > &(s), and then from (11) (13) via (A-
CryPE) thatH, 1o I ¢ &5, as required. ment can imply the existence of a path between objects.
Case ¢=u). AssumeC(u) <: s, then fromC(C(u)) = C(u) LEMMA 21 (Agreement implies path)f CT OK, H OK, H, o
we also havé'C(C(u)) <: s. From (3) by (A-OrypE) we get o> u, andH, to - ¢ > W(u, path), thenl. H(, path) = ',
SHyuo0 F o C(u). Now we can use (1) (2) (5) (4) with this
lemma again because it matches the class type case for whichproof: Assume™CT OK, >H OK, *H, o I ¢ > u, and*H, o +
the proof is given above, yielding, .o - ¢ > s as required. /'>W(u, path). Letu = (p).f andpath = this.out*.f'. The proof

0 then proceeds by induction in

Finally, we shall need the following result which shows tagtee-

Agreement can sometimes be established from heap soundnesgase 0): An _e_allsy induction |n. If| shows —that
alone, namely with respect to the point of view of a class body W(‘5‘7 path) = (p).f.f. From (3) (4) with (A-OrvPE) we
which corresponds to one of the mixins of the given objectuge 9t H(vo, this.out’.f) =+ where; = Depth(H, t0) — |p|, and
the phrasdocal view typeo denote such a type because itis a view &y H(wo, this.out’ .f.f ) = /. But then there exist; such that
upon the object as seen from itself. H(e;)(f)) = tip1 fori € {1..n} wherer, = /" and (by (5))
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11 = ¢, which we can directly use to sholpH (o, this.?') =/, as
required.

Case (k+1): Since W(u,this.out*™'.f) is defined,
W(u, this.out*™") is also defined, so we must have # ()
and hence7:Deptn(u) > 0. Now from (1) (2) (3) (7) with
Lemma 18.3,%H,,0 F &ncl(H(:)) > &u). By Lemma 13,
W(u, this.out** ' F) = W(&(u), this.out*.F). Applica-
tion of the induction hypothesis to (1) (2) (8) (4) (9) yields
107y H(SncI(H(L)),this.out’“.?') = /. Finally from (10) with
Lemma 17 we get H(¢, this.out*** F) = //, as required. O
The next few lemmas establish correspondences betweetatlte s
and the dynamic world. First we show that a member predicyed b
static analysis will also exist at run-time, then we show Hgree-
ment is preserved in some important cases, and finally we graiw
object creation and assignment preserve heap well-foressdn

LEMMA 22 (Memory Lookup Succeedshssume that CTOK,
H OK, H, to I ¢ > u, and&xist{u, m). ThenH(¢)(m) # L.

Proof: By the definition oféxists DelTypgu, m) = t' # L, so
there as a such thaflT m € Members$p) for somep = M (u).
By Lemma 18.4 Mix(H,¢) O M(u), sop € Mix(H, ), too. By
H OK and: OK in H which uses (WF-®J) because # (i Since
Lo has No membersi(:)(m) is eithernull or ./, soH(¢)(m) # L.
|

LEMMA 23 (Path lookup preserves agreemefftCT OK, H OK,
H,0 = ¢ > u, || H(¢, path) = val, and W(u, path) = u’, then
H, 1o - val>u'.

Proof: If val = null then the result is trivial. Otherwisal = '.

For easy reference to assumptions we number them as follows:
LECT OK, #H OK, ¥H,10 F ¢ > u, ¥ H(s,path) = ./, and
SW(u,path) = u’ = (p).f. We now prove by induction in
Weight(f.path) thatH, .o - ¢/ > u’.

Case { = nil¢, path = this.out®): In this caseu = (C;...,Cy)
so by direct evaluation ofV we conclude that’ = (C;...C,,_)
wheren > k, and then by (R4) that = (&nclo H)*(:), and by
direct evaluation that’ = (£oH;)* (u). Using this and the fact that
Depth, (u) = n with Lemma 18.3k times we geH, 1o + ¢/ > U/,
as required.

Case path = spine.?'.f): By the definition of | H there is
a . such that®| H(:,spinef) = " and "H(")(f) = /.
By the definition of W there is au” = (p”).f" such that
8W(u,spine.f) = u”’, Fexistqu”,f), and 1O’ = u'f =
(p").¥" . Applying the induction hypothesis to (1) (2) (3) (6) (8)
yields' H, 1o - . >u”. From (11) we get?;” = Depth(H, 1o) —
[p” ], and from (9) we conclude that there exisith’ and C such
that *¥path’.C f € MembergM(u”)). Using (1) (2) (11) with
Lemma 18.4 yields\ix(H, ") 2 M (u"), which with (13) shows
thatpath’.C f € MembergMix(H,.")), and then (2) (7) shows
that 1*1) H(.”, path’) = &ncl(H(.")), and there is @’ such that
15".C € Mix(H,.'). Now use (8) (13) with Lemma 12 to get
) (u”, path’) = &(u’). We apply the induction hypothesis to
(1) (2) (11) (14) (16) which producés, co = Encl(H(.")) > E(u’).
Noting that&(u") = £(C(u”)), this and (15) with (A-GYPE) yields
H, 10 - />C(u’). From (11) we getl H (1o, this.out’ F") = .,
which with (7) yields*®{} H(wo, this.out’” ¥".f) = /. Finally, us-
ing (12) (18) (17) with (A-Q'YPE) we obtainH, o - ¢/ > u’, as
required. O

17

LEMMA 24 (Variable lookup preserves agreemeiit).CT OK,
HOK, H, w0 F ¢>u, W(u, DelTyp€u, v)) = s, andH(¢)(v) = val,
thenH, 1o F val>s.

Proof: If val = null then the result is trivial. Otherwise leal =
./ and assume the following:CT OK, %H OK, *H,t F ¢ > u,
“W(u, DelTypgu,v)) = s = u'.C, and>H(:)(v) = /. By
the definition of YW and using (4) there exists gath such that
S DelTypgu,v) = path.C, hence’” W(u, path) = u’. By (1)
) (3), ¥ Mix(H,.) D M(u), which shows thapath.C v €
MembersMix(H,¢)), so by (2) (5) we gef’d} H(¢,path) =
Encl(H(.')) and there existp’ such that'%p’.C € Mix(H,.).
Now we can use (1) (2) (3) (9) (7) with Lemma 23 to g&H, o
éncl(H(:")) > u’, and finally (10) (11) with (A-GYPE) yields
H, o - >u’.C, as required. O

LEMMA 25 (Heap update preserves well-formednesssume
that CT OK, H OK, H,,o + ¢ >u, H,uo F val>t, and
C(t) <: W(u, DelTypdu, v)). ThenH[t — H(¢)[v — val]] OK.

Proof: LetH’ = H[t — H(:)[v — val]]. It is obvious thatH’
differs from H only in thatH’(:) mapsv to val rather than to its
previous value inH, so we only need to consider OK in H’,
and only for the membey. If the new valueval is null then the
result is trivial; so assume this is not the case and/idét= /'
Assume™'CT OK, 2H OK, *H,.0 F ¢ >u, *H,00 F ¢ >
t, and >C(t) <: W(u, DclTypgu,v)). From (5) we conclude
that DclTyp&u, v) is defined, letDelTypgu,v) = path.C. By
the definition of)W, whenW(u, path.C) = u’.C is defined also
u’ = W(u, path) is defined, and so i81(u’.C). Hence, we can
use (1) (2) (4) (5) with Lemma 18.6 to obtaffH, o + ¢/ >
W(u, path).C. Note thatDepth, (W (u, path).C) > 0 because it is
a class type, anf(WV(u, path).C) = W(u, path). With (1) (2) (6)
using Lemma 18.3, this yieldsH, .o F Encl(H(:")) > W(u, path),
and then (1) (2) (3) (7) with Lemma 21 yieI@éU H(¢, path) =
Encl(H(+")). From (6) via (A-CryPE) we now obtain that there is a
p’ suchthap’.C € Mix(H,."), and by Lemma 14 and Corollary 15
via the definition of Mix we conclude®p’.C € Mix(H’, ).
Finally, sinceH’(¢)(v) = ¢/, (8) (9) with (WF-Mem) shows that
t.v: path.C OK in H’, as required. O

LEMMA 26 (Object creation preserves well-formedness).
Assume CTOK, H OK, H,uo F ¢ >u, H,o F val >,
p = AssembléMix(H,.),C), Member§p) = T F, T v,
[f| = |val|, ¢/ new inH,
_ W(u',this.Q) if T; = this.f;.Q andt; = u’
ST W(u, this.Q) if T; = this.out.Q
fori e {1...]t|}

andC(t) <:5. ThenH[/ +— [ ¢ || C | f:val v:null T]OK.

Proof: LetH = H[ / +— L[ ¢ || C | f:val vonull T .
AssumeCT OK, “H OK, and®H, 1o F ¢ > u. “H, 1 - val b §,
5p = AssembléMix(H,:),C), S Membergp) = T, T v,

“[f| = |val| = n, &/ new inH,
9 _ W(u',this.Q) if T; = this.f;.Q andt; = u’
S =\ W(u,this.Q) if T; = this.out.Q
fori e {1..n}

and0C(t;) <:s;, fori € {1..n}.

By (WF-HEAP) showing thaH’ OK means showing that every
object inH’ is wellformed. By (8) and the definition df’, H' is
compatible withH, andH is undefined at’. Inspection of the rules
(WF-RooT), (WF-0BJ), (WF-NuLL), and (WF-Mem) shows the

2005/8/8



value of each member declared in a mixin of the object is eithe
null, or an address; at whichH is defined. Hence,’ is not an
enclosing object or the value of any member of any objett,iso
from H OK follows 12 OK in H for all .2 whereH is defined, and
hence alsa; OK in H’ for all t3 whereH is defined. Sincél’ is
defined inDU{.'} whereD is the domain of, we have now dealt
all addresses whetd’ is defined except’, so we need only show
/' OK in H'. Sinceéncl(H(.")) is defined we know that # i
so we must use (WF-gY) to show this.

Note that'™, £ ./ becauseH is defined at.. From (5)
via Lemma 14 we get?p AssembléMix(H’, ), C)
Mix(H' ;).

Now we need to show that the value of each memher
Membersp) satisfies the implication in the premise of (WFs8).
We have to consider variables and fields separately, and veetba
use induction for the fields.

If m is a variablev then from the definition oH’ we conclude
H'(:")(v) = null, and by (WF-NJLL) the implication is trivially
satisfied.

To deal with fields we need to consider their ordering and leand
the “smallest” ones first—by (1) fields are ordered such tbat f
each fieldf, DclTypgp, f) = this.out® f.C = Vi. f;C(f, i.e., “a
field only depends on smaller fields”.

e Consider the smallest fielfi among the fields of’. Since
f; cannot depend on other fields i its declared type must
be this.out*+1 F'.C"” for somek, ', and C”. By (9j) this
implies that'®s; = W(u, this.out” ¥'.C"). Note that (13)
implies thats; is a class type with clas€” and *&(s;) =
W(u, this.out* ¥'). By (4j) we get™>H, o F val; b t;. If
val; null then we finish by using (WF-NLL) because
H' (M) (f;) = null.

Otherwise there exists &' such thatval; = .”. Note
that by (13) M(s;) is defined. Using this and (1) (2) (15)
(105) with Lemma 18.6 we conclud®'H, ¢ " >'s;. From
(14) (16) via (A-CryPe) we conclude that there is g such
that17'p’.C" € Mix(H,.") = Mix(H',.") and¥®H, 1 +
Encl(H(")) > W(u, this.out* ¥'). Using (1) (2) (3) (18)
with Lemma 21 yields| H(z, this.out* f') = &ncl(H(.")).
Since H’ is compatible withH this immediately yieldslg:l)

H' (¢, this.out* F*) = éncl(H’(.”)). and with Lemma 17 this
yields 2% H'(/, this.out* ™" F") = &ncl(H’(.”")). Finally,
(20) (17) shows that the member related implication from (WF
OBJ) holds forf;, so we are done.

For a fieldf ; other than the one with the lowest order we assume
that the member related implication holds for all fields with
lower order tharf;. If the declared type of; is on the form
this.out.Q then the proof in the previous case can be reused.
Otherwise by (9) the declared typd; is this.f..f .C" for
somem, ¥, andC”. Moreover,t,, is an object typay’, such
that?s; = W(u/, this.f'.C") and by (9), ?*C(t;) <: s;. By

(45) (4m) we get?™H, 1o F val; > t; and®¥H, 1o - val,, > u'.

If val; = null then we are done. Otherwise there ex-
ists a.” such thatval; = .”. Using (21) and the de-
finition of W we get M(s;) # L1, and (1) (2) (23)
(22) (21) with Lemma 18.6 then yield&®®H,., + />
W(u/, this.f’.C"). Note thatDepth, W(u',thisf'.C")) >
0 because it is a class type, so from (1) (2) (25) with
Lemma 18.3 we get®H, 1o  Encl(H(«")) > W(u/, this.f").
Let u PF", then W(u thisF') = (p)F"F
and then (26) with (A-@YPE) for some suitablé yields |
H(zo, this.out' " F") = &ncl(H(:")), but then there is ar”
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such that|l H(zo, this.out'.f ) = &ncl(H(."")), which from
(24) via (A-OrypPE) shows thatval,, = ¢/ and in particu-

lar val,, # null. This and (1) (2) (24) (26) with Lemma 21
shows that)} H(:"”, this.f") = &ncl(H(.”)). SinceH’ is com-
patible withH this and Lemma 16 yield$ H' (., this.f") =
éncl(H' (")) and usingH’ (V") (f,n) = /" we can construct
21 H(/ thisf,, F') = encl(H'(.)). To conclude, (27) is
the first clause from the right hand side of the member related
implication, and the other clause (about the existence akaom
ending inC") is an easy consequence of (25) as in the first case
of this proof.

O

Finally we reach the subject reduction theorem, which e&sdn
states that evaluation of an expression with a given typdsléaa
result which also has that type or it raises|Err, and the receiver
will preserve its type, and heap will remain well-formed.

Proof of Theorem 1: By induction in the structure of the deriva-
tion of the evaluation judgment. We start by assuming thehlafd
side of the implication and then show that the right hand kalds.
For easy reference we number the parts as folloWST OK,
ZHOK,*p Fe:t ¥H,u F v (p), and®e,H,. ~» r,H'. The
task is then to shoW*H’ OK, and either?2H’, ; + val > t where

r = val, or "2y = NullErr. This is sufficient because by Lemma 20
and Corollary 15, (2), (4), (5), and’ OK ensureH’, . + ¢ > (p).

Case R1,R2): Trivial.

Case R3): The usage of (R3) implies that = path, r =
val, H = H, t = u, and®|} H(s,path) = val. In proving
3), p F path : u, we must have used (T3), which implies

7'W((p>, path) u. Using (1) (2) (4) (6) (7) with Lemma 23
yieldsH, ¢  val > u, which is (?2a). Sincél = H’, the remaining
result (?1) is trivial, which finishes the case.

Case R4): From the evaluation we gétpath,H,. ~ ¢, H
and "H(.)(v) = val, and from the typing®p + path : u and
9:)/V(u,DclType{u,v)) = s. The induction hypothesis applied to
(1) (2) (8) (4) (6) yields®H, , F ' > u. Using (1) (2) (10) (9) (7)
with Lemma 24 yields-*'H, . I val > s. Since (?1) is just (2) and
(112) is (?2a), this concludes the case.

Case R5): The evaluation yieldS path, H, . ~ ¢/, H, e, H, 1 ~
val, H, 8H' (/) (v) # L, and®H"” = H'[// — H'(J/)[v ~— val]],
From the typing judgment, (T5), we géf'p + path.v : s,
Mo+ e : t, and'?C(t) <: s. Moreover, (10) via (T4) yields
Bp + path : uand*W(u, DelTypdu,v)) = s. Applying the
induction hypothesis on (1) (2) (13) (4) (6) yier@H, L.
Applying the induction hypothesis on (1) (2) (11) (4) (7) lgie
14" OK and*"*H’,. I val > t. Now use (7) with Corollary 15
to conclude thaH’ is compatible withH, and use (1) (2) (16) (15)
with Lemma 20 to get®H’, . - ¢/ > u. Next, use (1) (16) (18) (17)
(12) (14) (9) with Lemma 25 to conclud€'H” OK, which shows
(?1). Finally, note that’’ is compatible withH’ because the only
difference between them is the value of one variable, and tise
(1) (16) (19) (17) with Lemma 20 to gét”, . + val > t, which is
(?2a).

Case R6): The evaluatiomew path.C(€),H,+ ~» val,H"”” and
the typingp F newpath.C(€) : so together yield the following:

e Spath,H, s~ ¢/, H
o 7:ei7Hi7L’\/>V3|Z‘7Hi+1, fori € {ln}
o 85 = AssembléMix(H', '), C)
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9:Member$§) =T, T

° 101|F|
o 11yn neme’
o ZConstr(p,) = To C(T ) {e';}
.13:H//_H/[// [[L,HCH?HVW:H]
o 14 e’ H" . f\»val H"”
e % b path : u
° 16:p’c € M(u.C)
° l7:p Fe:t
o ¥ Constr(p’) = To C(TT)...
_ W(u',this.Q) if T, = this.f;.Q andt; = u’
o 200 Si W(u,this.Q) if T; = this.out.Q
fori € {0...n}

o 2le(ty) <:'si, fori e {1..n}
wheren = [¢], p. = p;p, H1 = H, andH’ = H,11.

The choice of symbols above implies that the constructamnsdo
at the end of in the dynamic case and at the engsbfn the static
case must have the same signature. It is easy to see thatsthe la
element of.Assemblép, C), if defined, will be on the formp’.C.
Hence, by (1),M(p,) and M(p..) must have a mixinp”.C in
common, and this together with (WF3) ensures that they ilieh
the same constructor signature.

Applying the induction hypothesis to (1) (2) (15) (4) (6) we
obtain®’H, ¢ + /bu. For each € {1...n} we obtain the following
implication by the induction hypothesis:

(1)

H; OK 23%:Hi+1 OK

(17) = 24?:Hi+17 Lo {p)

I(—|7ij)" Fop <P> 25Z:Hi+17 L val; > t;
)

We can establish the left hand side of this implication fdr al
i € {1...n}, which shows that the right hand side holds, i.e., that
(23i)...(25) hold. Fori = 1 we use (2) (4). Fof > 1 we use the
result from the implication withi — 1. In particular,?®H’ OK and
2TH' Lk s (p).

Using Corollary 15 and Lemma 20 as usual we %ﬂ’, L F
J > u from (22) etc., and®>H’,. + val &> T from (25) with
i € {l..n}, etc. Now use (1) (26) (28) (29) (8) (9) (10) (11)
(12) (20) (21) (13) with Lemma 26 to conclude thfH" OK.
Moreover, (13) directly shows thaténcl(H” (")) = /.

We need to obtain results associated with (14). At this point
it is crucial that we use induction in the shape of the evabnat
derivation and not the typing derivation, because there ityping
judgment corresponding to (14). However, we can rely onianog
well-formedness to obtain such a typing judgment, and tiserthe
induction hypothesis on (14) together with that typing. 85((L2)
(13) shows,e’ is the expression returned from the constructor in
the last (most specific) mixin af’, namelyp 5; to avoid repeating
this unwieldy expression many times we gt = Pjp- By (1)

there exists a type’ such that®?p” + ¢’ : t’ and**C(t') <
W(({p"), To). Sincep” is one of the mixins in” we can use (1)
(30) with Lemma 19 to get*H”,.” + . > (p”). Finally we use
the induction hypothesis on (1) (30) (32) (34) (14) whichlgse
39" OK and®%H", " F val>t'. Result (35) is obviously useful
because it is (?1). Result (36) is not so helpful because wd ne
to prove thatval has a certain typas seen from, but (36) is
concerned with the type ofal as seen from”. Nevertheless, it
is used below in a more indirect manner.
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The last task is to show that the final reswi), agrees with
so. If val = null then agreement is trivial and we are done.
Otherwise there is &, such thatval = ¢+,,. From (1) (35) (36) (33)
with Lemma 18.6 we get”"H"”,.” + 1, > W((p"), To). By the
grammar,To = path’.C’ for somepath’ andC’, soW((p"}, To)
is a class type with clas®, i.e.*¥W((p"), To) = uo.C’ for some
object typeuo, and since we must have used (A-CE) in the
proof of (37) we gef®3p”. p”".C’' € Mix(H"’, 1,).

To finish the proof we need to consider two cases for the shape
of the path in the declared return type of the construgtath’:

e path’ = this.out*t'F"; It is easy to see that all depths are
non-negative and%&(up.C') = up = W((p"), path’), so
4Lpepth, (up.C') 1 + Depth(uo) > 0. Now use (1)
(35) (37) (41) (40) with Lemma 18.3 to gét'H"”’,.” +
Encl(H" (1)) > W((p"), path’). Let **p” Ci...Cpm.
Using (1) (35) (34+Corollary 15 and Lemma 20) (43) with
Lemma 18.1 we get*Depth H'”, ") = Depth,((p")) = m.
SinceW((p"), path’) = (Cy...Con_x_1).F we get from (42)
(44) via (A-OrYPE) that*>'j = DeptH"”, ") —(m—k—1) =
k + 1 and*®y H" (. this.out* ' ') = &ncl(H"(1,)). Us-
ing (31) and Lemma 14 we géténcl(H(.")) = //, and then
using (46) (47) with Lemma 17:% H"/(//, this.out* ') =
éncl(H"” (1v)). Based ol = this.outk“.?”.c’, (20) yields
so = W(u, this.out* F".C’). From (28) etc. with Corol-
lary 15 and Lemma 20 we g&t'H"”’, . + /' > u, and from (49)
we get’tE(so) = W(u, this.out* ). Using (1) (36) (50) (48)
(51) with Lemma 23 yieldS?H"”, . + Encl(H" (1, )) > E(so).
From (49) we conclude th&ls, (so) = C’. Finally, we use (39)
(52) with (A-CTYPE) to conclude that>H"’, . F ¢, >s0, which
is (?2a).
path’ = this.f; " andt; = u’: UsingW((p"), path’.C’) =
(p") £, 5 .C" and (37) we get "H" " F 1, (p7) £, F.C,
which by (A-CTYPE) yields “8H"” .. + &ncl(H" (1)) >
(p").£,.¥". From (1) (35) (34 + Corollary 15 and Lemma 20)
via Lemma 18.1 we get’Depth(H"’, ") = Depth. ((p"'))
|p”|. Now, (48) (50) by (A-QYPE) yields °%’
Dept(H"”, ") — |p”| = 0 and >y H” (", this.f;f') =
&ncl(H"(1.,)). By the definition ofl} H' this implies >}
H”' (/" this.f;) = «; where H"” (."")(f;) = ;. From (13)
and using Lemma 14 we get = val;. But then %y
H" (1, this.f") = &ncl(H"(1,,)). Knowing more about; and
val;, and using Corollary 15 and Lemma 20 as usual we deduce
from (25j) that®>>H"”, . F 1, >u’. From (20), using our knowl-
egde aboupath” and hencd o, we now geto, = W(u', f”.C’),
hence®®&(sg) = W(u',F"). Finally, (1) (35) (55) (54) (56)
with Lemma 23 yieldS""H", .  &ncl(H" (1)) > E(H4 (1)),
and then (39) (57) with (A-@YPE) yields°&H", . F 1, > so,
which is (?2a).

By inspection of (20) we can see that no other cases than these
two are possible fopath’, which again shows that (?2a) holds in
all cases, and thus the proof of this case is hereby complete.

Case ER1): The errorrules are easy to handle, so we do not cover
them in full detail. This rule is of course a shorthand foethrules,
one for each conclusion. However, they may be handled ichhti
Since the heap is unchanged the requiie@K is immediate, and
soisH, . ¢ > (p). Finally,r = NullErr satisfies the disjunction.

Case ER2): Consider the first of the two rules. Frop +
path.v t we conclude by (T4) thap + path u and
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W(u, DelTyp€u,v)) = t # L. Applying the induction hypoth-
esis onCT OK, H OK, p + path : u, H,t F ¢ > (p), and
path,H,. ~ /,H yieldsH,: + ' > u. But then by Lemma 22
H(.")(v) # L. This is a contradiction, so it cannot be the case that
the evaluation derivation is based on this rule, so we needhuwv
that the right hand side of the soundness implication holtie
same proof works for the second rule.

Case ER3): By (T6) we get®p + path : uand “p F

€ : t. Apply the induction hypothesis to (1) (2) (6) (4) and
path,H,. ~ «/,H to get®H,. F /> u. Next, (1) (2) (8) with
Lemma 18.4 yields" Mix(H, ') D M(u). From (T6) we have
Assembléu, C) = M(u.C) # L, so from (9) with Lemma 4 we
get.AssembléMix(H, "), C) # L. This is a contradiction, so so
it cannot be the case that the evaluation derivation is basetlis
rule.

Case ER4): This case is when the constructor is given an incorrect
number of arguments. We already argued at the beginningeof th
case (R6) that this cannot occur.

Case ERPL..ERP7): These error propagation cases just ensure
that an error in a subtree of an evaluation is always propdgat
as the result of the entire evaluation, and the inductiorothgsis

is applied to conclude that onljullErr can be the result, never
TypeErr.

Case ERH1...ERH4): This rule will only be used in a con-
text wherep + path u, and by the induction hypothesis,
W(u, DclTypgu,v)) = t # L. Now we can use Lemma 23 on
each prefix of the path to ensure that agreement exists aségzh
and Lemma 18.1 to conclude that the statically predictedomuraf
enclosing objects exists, such that evaluation of eadtstep will
succeed, and finally Lemma 22 to show that for each field lookup
the field will be defined, although possilhyll, and hence the re-
turned result may be a value NullErr, but neverTypeErr.

|

A.5 Error handling

The rules dealing with error situations are shown in Fig. 13.
LEMMA 27 (Coverage of path evaluatiorfjor all H, path and,
UH(¢, path) € ValueU {TypeErr, NullErr}.

Proof: We prove the lemma by induction on strcuturepath.
Case this): Definition of |.

Case ¢pine.out): First, note that for spines), never returnsull
or NullErr:

U H(¢,spine) € AddressuU {TypeErr}

By induction hypothesis]} H(t,spine) may be TypeErr or .'.
(ErH3) handlesTypeErr. If it is ¢/, thenH(:") may be L or an
object. Case 6 in definition df handlesl. Case 2 in definition of
| handles objects.

Case path.f): By induction hypothesis} H(¢, path) may benull,
Err, or /. Case 4 in definition of} handlesnull. (ErH3) handles
Err. If itis ./, thenH(.)(f) may be_L or val. Case 5 in definition
of |} handlesL. Case 3 in definition of handlesval.

Proof of Lemma 1: By induction onn with cases on the structure
of e. The base case for the induction= 0 is trivial by rule (Kill).

Case (ull): Trivial by rule (T1).

Case ¢; e): Immediate from induction hypothesis, and rules (R2)
and (ErP5).
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path, H, . ~ null, H

ER1
path.v, H, ¢ ~> NullErr, H ( )
path.v = e, H, v ~ NullErr, H
newpath.C(€), H, ¢ ~» NullErr,H
path,H, ¢ ~ ./, H H()(v) = L Er2
path.v, H, v ~» TypeErr, H ( )
path.v = e, H, v ~ TypeErr,H
path,H, s ~ ./, H AssembléMix(H, '), C) = L (Er3)
newpath.C(€), H, ¢t ~ TypeErr, H
path,H, ¢~ /, H .ASE(?ﬁmblé./VliX(H,f/)7 C)=p
Membergp) = Tf, _  [€] # |f] (Erd)
newpath.C(€), H, t ~ TypeErr, H
U H(e, path) = Err (ERP1)
path,H, ¢ ~ Err,H
path,H, ¢ ~ Err,H ERP2
path.v,H, ¢ ~» Err,H ( )
path.v = e, H, v ~» Err,H
new path.C(€), H, ¢t ~ Err,H
path,H, ¢ ~» ¢/, H e,H, 1 ~» Err, H'
- . (ERP3)
path.v = e, H, ¢ ~ Err, H
e,H, 1~ Err,H’
; 7 (ERP4)
e;e',H,.~ Err,H
e,H, 1~ val, H’ e, H', 1~ Err, H”
7 7 (ERPS)
e;e’,H, v~ Err,H
1<j<[el  pathHi,o~ o/ H;
e;, Hi, v ~ val;, Hi+1 for: = 1...7—1
ej,Hj, v~ Err,H; (ErP6)
new path.C(€),H1, ¢ ~ Err, H;
path, H, v ~ ', H H=H;
ei,Hi, 1~ val;,H;1 fori e {1...[¢|}
H = Higa P ifsEembleAilix(H’;U), Q)
Membergp) =TTV [f| = |val|
J"isnewinH"  Constr(pp) = T C(-){e’;}
H'  =H [ — L. || C|f:val v:nul 1]
e/7 H//7 L// ~s En’7 H/// (ERP7)
new path.C(€), H, ¢ ~ Err,H"”
{ H(e,spine.out) = TypeErr, if JH(¢,spine) = troot (ERH1)
U H(c, path.f) = NullErr, if JH(¢,path) = null (ERH2)
U H(¢, path.f) = TypeErr, if H(UH(¢, path))(f) = L (ERH3)
UH(¢,q.9) = Err, if YH(:,q) = Err (ERH4)

Figure 13. Error handling

Case (path):Follows from Lemma 27.

Case (pathv ): By Lemma 27, evaluation qgfathcan benull, Err,
or/. (Erl) handleswull. (ErP2) handleg&rr. Ifitis  thenH(.")(v)
may bel orval. (Er2) handleslL. (R4) handleval.

Case (pattv=e): Includes the steps fromath.v, except the last
step whergpathevaluates t@al. Thene can evaluate t&rr or val.
(ErP3) handle&rr. (R5) handlewal.

Case fiew path.C(€)): Includes the steps fromath.v, except
the last step whergath evaluates toval. Thene; may evaluate
to Err or val. (ErP6) handle€rr. [g] # |f| is handled by (Er4).
AssembléMix(H, /'), C) = L is handled by (Er3). Finallg’ may
evaluate tcErr or val. (ErP7) handle&rr. (R6) handlesal.
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