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Abstract
Virtual classesare class-valued attributes of objects. Like virtual
methods, virtual classes are defined in an object’s class andmay be
redefined within subclasses. They resemble inner classes, which are
also defined within a class, but virtual classes are accessedthrough
object instances, not as static components of a class. When used
as types, virtual classes depend upon object identity – eachob-
ject instance introduces a new family of virtual class types. Vir-
tual classes support large-scale program composition techniques,
including higher-order hierarchies and family polymorphism. The
original definition of virtual classes in BETA left open the question
of static type safety, since some type errors were not caughtuntil
runtime. Later the languages Caesar and gbeta have used a more
strict static analysis in order to ensure static type safety. However,
the existence of a sound, statically typed model for virtualclasses
has been a long-standing open question. This paper presentsa vir-
tual class calculus,vc, that captures the essence of virtual classes in
these full-fledged programming languages. The key contributions
of the paper are a formalization of the dynamic and static seman-
tics of vc and a proof of the soundness ofvc.

1. Introduction
Virtual classesare class-valued attributes of objects. They are anal-
ogous to virtualmethodsin traditional object-oriented languages:
they follow the same rules of definition, overriding and reference.
In particular, virtual classes are defined within an object’s class.
They can be overriden and extended in subclasses, and they are ac-
cessed relative to an object instance, using the traditional model of
late binding. This last characteristic is the key to virtualclasses:
it introduces a dependence between static types and dynamicin-
stances, because dynamic instances contain classes that act as
types. As a result, the actual, dynamic value of a virtual class is
not known at compile time, but it is known to be a particular class
which is accessible as a specific attribute of a given object,and
some of its features may be statically known whereas others are
not.

When an object is passed as an argument to a method, the virtual
classes within this argument are also accessible to the method.
Hence, the method can declare variables and create instances using
the virtual classes of its arguments. This enables the definition
and use of higher-order hiarchies [9, 25], or hierarchies ofclasses
that can manipulated, extended and passed as a unit. The formal
parameter used to access such a hierarchy must be immutable;
in general a virtual class only specifies a well-defined type when
accessed via an immutable expression, which rules out dynamic
references and anonymous values.

Virtual classes from different instances are not compatible. This
distinction enables family polymorphism [8], in which families of
types are defined that interact together but are distinguished from
the classes of other instances.

Virtual classes support arbitrary nesting and a form of mixin-
based inheritance [3]. The root of a (possibly deeply) nested hier-
archy can be extended with a set of nested classes which automat-
ically redefine the corresponding classes in the original root at all
levels.

Virtual classes were introduced in the late seventies in the
programming language BETA, but documented only several years
later [18]. Methods and classes are unified aspatternsin BETA.
Patterns can be virtual such that redefinition of methods canbe ex-
pressed, but the unification of methods and classes gave riseto the
notion of redefinition of classes, i.e., to virtual classes.Later lan-
guages, including Caesar [20, 21] and gbeta [7, 8, 9] have extended
the concept of virtual classes while remaining essentiallyconsistent
with the informally specified model in BETA [19]. For example,
they have lifted restrictions in BETA that prevented virtual patterns
(classes) from inheriting other virtual patterns (classes). So in this
sense the design of virtual classes has only recently been fully de-
veloped.

Unfortunately, the BETA language definition and implementa-
tion allowed some potentially unsafe programs, while inserting run-
time checks to ensure type safety. Caesar and gbeta have stronger
type systems and more well-defined semantics. However, their type
systems have never been proven sound. This situation raisesthe im-
portant question of whether there exists a sound, type-safemodel
of virtual classes.

This paper provides an answer to this question by presentinga
formal semantics and type system for virtual classes and demon-
strating the soundness of the system. This calculus is at thecore of
the semantics of Caesar and gbeta and would presumably be at the
core of every language supporting family polymorphism [8] and
incremental specification of class hierarchies [9]. The approach to
static analysis taken in this paper was pioneered in BETA, made
strict and complete in gbeta, and adapted and clarified as an exten-
sion to Java in Caesar. The claim that virtual classes are inherently
not type-safe should now be laid to rest.

The primary contributions of this paper are:

• Development ofvc, a statically typed virtual class calculus. We
present a natural (big-step) semantics with support for assign-
ment. The formal semantics can support introduction of virtual
classes into mainstream object-oriented languages.

• Proof of the soundness of the type system.1 We use a proof
technique that was developed for natural semantics of object-
oriented languages [6]. The subject reduction theorem ensures
preservation of types under reduction: an expression reduces to
a value of the correct type, or a null pointer error, but nevera
dynamic type error. No results are proven about computations
that do not terminate.

1 The proofs are given in the appendix as a convenience for reviewers who
want to check details; the proofs are not part of the submission itself and
will be provided in a separate technical report.
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• We strengthen the traditional approach to soundness in natural
semantics by proving acoveragelemma, which ensures that
the rules cover all cases, including error situations. Thislemma
plays a role analogous to the progress lemma for a small-step
semantics [26]: it ensures that evaluation does not get stuck as
a result of a missing case in the dynamic semantics.

2. Overview of Virtual Classes
Virtual classes are illustrated by a set of examples using aninformal
syntax in the style of Featherweight Java [15] or ClassicJava [10].
The distinguishing characteristics ofvc include the following:

• Class definitions can be nested to define virtual classes.
• An instance of a nested class can refer to itsenclosing objectby

the special keywordout.
• Objects contain mutablevariablesand immutablefields. Fields

are distinguished from variables by the keywordfield. Fields
must all be initialized by constructor arguments.

• Types are described by paths to an enclosing object that can
refer to outer objects and fields, and a class name.

• The types of arguments and return type of a method can use
virtual classes from other arguments.

These concepts are illustrated in the examples given below.A
formal syntax forvc is defined in Section 3. The main difference
between the informal and formal syntax is that the formal syntax
unifies classes and methods into a single syntactic and semantic
construct. This unification highlights the uniform treatment of vir-
tual classes and (virtual) methods.

2.1 Higher-Order Hierarchies

Virtual classes provide an elegant solution to theextensibility prob-
lem [5, 17]: how to easily extend a data abstraction with both new
representations and new operations. This problem is also known
as theexpression problembecause a canonical example is the rep-
resentation of the abstract syntax of expressions [33, 31, 35]. We
present a solution to a simplified version of a standardized problem
definition [13].

In Figure 1, the classBase contains two virtual classes: a
general classExp representing numeric expressions and subclass
Lit representing numeric literals. Virtual classes can be arbitrarily
nested. All classes invc are virtual classes. Top-level classes are
virtual by means of an implicit root class containing all top-level
declarations. The methodTestLit is explained below.

A family is a collection of virtual classes that depend upon each
other. For example, the classesExp andLit are a family that exists
within classBase. A family can be extended by subclassing the

class Base { // contains two virtual classes
class Exp {}
class Lit extends Exp {

int value ;
}
Lit zero ; // a mutable variable
out.Exp TestLit () {

out. Lit l ;
l = new out.Lit();
l . value = 3;
l ;

}
}

Figure 1. Defining virtual classes for expressions.

class WithNeg extends Base {
class Neg extends Exp {

Neg(out.Exp e) { this .e = e; }
field out.Exp e;

}
out.Exp TestNeg() {

new out.Neg(TestLit());
}
}

Figure 2. Adding a class for negation expressions.

class WithEval extends Base {
class Exp {

int eval () { 0; }
}
class Lit {

int eval () { value ; }
}
int TestEval() {

out.TestLit (). eval ();
}
}

Figure 3. Adding an evaluation method on expressions.

class NegAndEval extends WithNeg, WithEval {
class Neg {

Neg(out.Exp e) { this .e = e; }
int eval () { −e.eval (); }
}
int TestNegAndEval() {

out.TestNeg().eval ();
}
}

Figure 4. Combining the negation class and evaluation method.

class in which it is defined. For example, Figure 2 extends the
family to include a classNeg representing negation expressions.

Every virtual class has anenclosing object, to which the class
can refer explicitly via the keywordout. In Figure 2, classNeg
contains afield of type out.Exp. The typeout.Exp is a reference
to the classExp which is defined in the enclosing object ofNeg.
In general the typeout.A in classB is a reference to the siblingA
of B. Because of subclassing and late binding, the dynamic value
of out may not be an instance ofWithNeg; it may an instance of
a class that extendsWithNeg. Theout keyword can be repeated to
access enclosing objects of the enclosing object.

The test functions in Figures 1 and 2 create a test instance of
each class. The objects are created by accessing a virtual class (Lit
or Neg) in the enclosing object. The return type of the methods
is out.Exp rather thanExp because activation records are treated
as separate objects whose enclosing object is the object contain-
ing the method, hence a property of the object containing the
method must be accessed viaout, whereas method parameters are
accessed viathis. We will describe the encoding of methods in
more detail in the next section. A test can be run by invoking
new WithNeg().TestNeg().

Redefinition of a virtual class occurs when it is declared and
it is also defined in the outer class’s superclass. In Figure 3, Exp
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class Test {
int Test(out.WithNeg e2, out.NegAndEval e4) {

this .e2 = e2; this .e4 = e4;
n = buildNeg(e2, n); // OK
// n. eval (); −− Static error
e4.zero = new e4.Lit(); // OK
// n2 = buildNeg(e4, e2. zero )−− Static error
n2 = buildNeg(e4, e4.zero ); // OK
n2.eval (); // OK
}
ne.Neg buildNeg(out.out.WithNeg ne, ne.Exp ex) {

new ne.Neg(ex);
}
field out.WithNeg e2
field out.NegAndEval e4
e2.Exp n
e4.Exp n2
}
new Test(new NegAndEval(), new NegAndEval())

Figure 5. Example of family polymorphism

andLit are redefined to include aneval method; it is a redefinition
because the familyWithEval extendsBase and they both define
Exp andLit. All superclasses invcarevirtual superclassesbecause
redefinition of a class that is used as superclass affects itssubclasses
as well, so that the entire family is redefined.

The static pathof a class definition is the lexical address of a
class definition defined by the list of names of lexically enclosing
class definitions. The static paths of the class definitions in Figure 3
areWithEval, WithEval.Exp andWithEval.Lit. Static paths never
appear in programs, because virtual classes are always accessed
through an object instance, not a class. However, they are useful
for refering specific class definitions.

Note that references to classes are “late bound” just like meth-
ods: whenBase.TestLit is called fromWithEval.TestEval the ref-
erences toLit are interpreted asWithEval.Lit, notBase.Lit.

A virtual class can have multiple superclasses, as in the defin-
ition of NegAndEval in Figure 4, which composesWithNeg and
WithEval and adds the missing implementation of evaluation for
negation expressions.

Hierarchies are not only first-class values, they can also becom-
posed as a consequence of composing the enclosing class. These-
mantics of this composition is that nested virtual classes are com-
posed, continuing recursively into nested classes. This phenom-
enon was introduced aspropagating combinationin [7] and later
referred to asdeep mixin composition[35].

The superclasses of virtual classes are combined andlinearized
to merge the multiple definitions that specify the superclasses of
a virtual class. For example, the classNegAndEval.Neg implicitly
extends classWithNeg.Neg. Its also extends bothBase.Exp and
WithEval.Exp.

This behavior is a form of mixin-based inheritance [3] in that
new class bodies are inserted into an existing inheritance hierarchy.
For example, althoughWithNeg.Neg hasExp as a declared su-
perclass, after linearization it hasWithEval.Exp as its immediate
superclass.

2.2 Path-based Types

The example in Fig. 5 illustrates path-based types and family poly-
morphism. The argument types in the previous examples have had
the form C or out.C, whereout can be repeated multiple times.
Types can also be named via fields, which are immutable object
instances that may contain virtual classes. The variablen in Fig. 5

has typee2.Exp, meaning that only instances ofExp whose enclos-
ing object is identical to the value ofe2 may be assigned ton. In
general, a type consists of a path that specifies how to accessan ob-
ject, together with a class name. To ensure that this is well-defined,
the path must only containout and/or immutable fields, but not
variables. Hence, type compatibility depends on object identity, but
types do not depend on values in any other way. More specifically,
the type system makes sure that two types are only compatibleif
they are known to have identical enclosing objects.

Although the resulting types may resemble Java package/class
names, they are very different because classes play the roleof
packages. And as we have seen above, the ”‘package”’ can be
subclassed.

2.3 Family Polymorphism

A family objectis an object that provides access to a class family. A
family object may be the enclosing object for an expression,but it
may also be a method argument or the value of a field. As a provider
of classes, and hence types, it enables type parameterization of
classes and methods. In this sense virtual classes are related to
parameterized types, but due to the dynamic choice of familyobject
it enables a new kind of subtype polymorphism known as family
polymorphism [8].

Family objects can also be used to create new objects, even
though the classes in the family object are not known at compile
time. To achieve the same effect in a main-stream language like
Java, a factory method [11] must be used. However, the typing
relation between related classes is then lost, whereas a family object
testifies to the interrelatedness of its nested family classes.

In Fig. 5,e2 ande4 insideTest are used as family objects. The
constructor call in the last line of the example shows howe2 is
polymorphically initialized with a subtype of its static types. The
fact that the fielde2 of classTest is declared to be anout.WithNeg,
but the constructor is actually called with an argument of type
NegAndEval, illustrates that an entire class hierarchy can be a first
class value subject to subtype polymorphism via its family object,
and the classes in this hierarchy are usable for both typing and
object creation.

The assignments and calls in the body of theTest constructor
illustrate the expressiveness of the type system. For example, al-
though thebuildNeg method is not aware of theeval method intro-
duced byWithEval, it is possible to assign the result ton2 and call
eval on the returned value. This is an important special case of fam-
ily polymorphism where the types of arguments or the return type
of a method depend on other arguments. The example also showsa
few cases that are rejected by the type checker because they would
potentially lead to a type error at runtime.

3. Syntax
The formal syntax ofvchas been designed to make the presentation
of the semantics as simple as possible, hence the formal syntax
deviates from the informal syntax used in the examples in a few
points that will be described in this section.

3.1 Notational Conventions

Our formal definitions use a number of syntactic conventions. A bar
above a metavariable denotes a list:p stands forp1, ..., pk for some
natural numberk ≥ 0. If k = 0 then the list is empty. The length
of p is |p|. The same notation is used for lists whose elements are
separated by dots or commas, e.g.,f1.f2. · · · .fk = f. A list may
also be represented by a combination of list barred and unbarred
variables:f.f stands forf1. · · · .fk.f, wheref denotes the last item
of the list. Finally, we adopt the common use ofT f to represent a
list of pairsT1 f1 · · ·Tk fk rather than a pair of lists. An empty list
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Grammar of vc
CL ::= classC extendsC { K CL; T f ; T v }

K ::= T C(T f ) { e; }
T ::= path.C
path ::= spine.f
spine ::= this.out
e ::= null | e; e | path | path.v |

path.v= e | newpath.C(e)
Identifiers

class names C
field names f
variable names v
members m = f ∪ v
(C, f, andv are pairwise disjoint)

Figure 6. Syntax of virtual class calculusvc

Metavariable
static paths p ::= C

Class table

CT(p) = CT(p, CLroot)

CLi = classC extendsC { ... }

CT(C, CL) = CLi

CLi = classC extendsC { K CL
′
; ... }

CT(C.p, CL) = CT(p, CL
′
)

All members

Members(nilp) = nil, nil

Members(p) = T f, T
′
v

CT(p) = classC extendsC { K CL; T
′′

f
′
;T

′′′
v′}

Members(p p) = T
′′

f
′
T f, T

′′′
v′ T

′
v

Constructor

CT(p) = classC extendsC { K CL; T
′′

f
′
;T

′′′
v′}

Constr(p) = K

Figure 7. Auxiliary definitions

is writtennilx, where the metavariablex identifies the kind of items
that the list should contain. The subscriptx may be omitted if it is
clear from context. Sometimes we use the notation[f] to create a list
with a single elementf. Meta-variables corresponding to syntactic
categories are written with a different font, e.g., the meta-variable
path corresponds to the syntactic categorypath. Finally, in function
definitions with overlapping branches the first matching case is
used.

3.2 Formal Syntax ofvc

The formal syntax ofvc is defined in Figure 6. A class definition
CL consist of a name, the namesC of class definitions being ex-
tended, a constructorK, a list of nested class definitionsCL, decla-
rationsT f of immutable fields, and declarationsT v of mutable
variables. A constructorK consists of a return typeT, the defini-
tion name followed by formal parametersT f , and an expression

e. The constructor parameters must be identical to the fields of the
class definition, including all the fields of all class definitions being
extended. The constructor has a return type because it can return
something different from the new object, which enables the encod-
ing of methods as classes.

The keywordfield from the informal syntax is not needed,
because field and variable names are separate in the formal syntax
and use different metavariables—f for fields andv for variables.
Field and variable names must be unique within the program in
order to simplify the semantics of class composition. Classnames
are unique in that two definitions of the same class name must
have a common superclass. We will later discuss the implications
and possible relaxations of this restriction. Note, however, that any
program in which the names are reused can always be rewrittento
a program with unique names.

Expressions include standard forms for the current object or any
of the enclosing objects viaspine, access to fields of the current or
an enclosing object viapath, access and assignment of variables,
path .v , andpath .v = e, and the null value,null . Method calls and
object construction are unified in the expressionnewpath .C(e).

Types in the syntax ofvc have the formpath.C. A path has the
form this.out.f . Thus a type allows a classC to be identified by
navigating to any enclosing object and then traversing fields to find
the object which containsC.

Primitive types likebool and int are omitted; they just add
complexity to the formalism without adding value.

3.3 Translating Informal Notation to vc

The translation of the informal language to the formal syntax of vc
is straightforward. As in Java, constructors in the informal language
do not specify a return type or return value, but these must be
specified invc. Similarly, in the informal syntax a class definition
with no superclasses may omit theextendsclause. In the formal
syntax it must be present, but the list of superclasses can beempty.
The assignments of the constructor arguments is omitted in the
formal syntax; instead, the name of the constructor arguments are
matched against the names of the fields. For a class definitionC in
the informal syntax, the constructor return type is alwaysout.C and
the return expression of a constructor is alwaysthis. Constructors
are required invc, while the informal syntax assumes a default
constructor if no constructor is given.

vcunifies methods and classes into a single definition construct.
This technique originated in Simula, where classes were simply
functions that returned the current activation record. Invcactivation
records are first-class values that are accessed bythis. Thus a class
is simply a definition that returnsthis, while a method is a definition
that returns any other value.

In the informal notation we omitthis unless the resulting ex-
pression is empty.vchas no implicit scoping rules, hence all access
to fields, variables, and classes must be disambiguated by anappro-
priatespine.

Method definitions in the informal language correspond to class
declarations invc, where the constructor represents the method
body. More formally, the translation is as follows:
T C(T f ) { T v ; e; } ⇒ classC extends{ K nilCL; T f ; T v }

whereK = T C(T f ) { e; }. Method calls are translated by prefixing
them with the keywordnew.

In our informal language we used more general expressions
where the calculus only allows paths:e.m, new e.C(e), ande.v =
e′. The general forms are translated into the calculus by rewrit-
ing e.m as new this.C′(e) whereC′ is a new local class with a
field T f whereT is the type ofe, and whose constructor returns
this.f.m. The translation is legal because the member is accessed
through the new field. The other two constructs (new e.C(e), and
e.v = e′) are handled similarly. The consequence of this is that the
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ιroot 7→ [[ ⊥ ‖ Croot ‖ ]]

ι1 7→ [[ ιroot ‖ NegAndEval ‖ zero : null ]]

ι2 7→ [[ ιroot ‖ NegAndEval ‖ zero : ι5 ]]

ι3 7→ [[ ιroot ‖ Test ‖ e2 : ι1 e4 : ι2 n : ι4 n2 : ι6 ]]

ι4 7→ [[ ι1 ‖ Neg ‖ e : null ]]

ι5 7→ [[ ι2 ‖ Lit ‖ value : 0 ]]

ι6 7→ [[ ι2 ‖ Neg ‖ e : ι5 ]]

Figure 9. Dynamic Heap after executing the example in Figure 5

formal treatment need not take types inside temporary objects into
account. This is a significant simplification, and handling types in
temporaries does not produce useful extra insight.

3.4 Auxiliary Definitions

Figure 7 gives some auxiliary definitions. Astatic pathp is a list of
class namesC.

The functionCT looks up a class definition in the program.
We assume the existence of a globally available programCLroot,
which would otherwise embellish many relations and functions.
In order to deal with the nesting hierarchy of classes,CT is a
partial function from static paths to class definitions.CT finds the
corresponding class definition for each class name in the static
path while following the lexical nesting structure of the program.
When applied to one argument,CT looks up static paths in the
main program. For example, the class definitionLit insideBase in
Figure 1 is referred to by the static pathBase.Lit.

A static path that identifies a valid class is called amixin. The set
of mixins is equivalent to the static pathsp for which CT(p) 6= ⊥.
Since there is a one-to-one correspondence between a mixin (a
static path) and its class definition, the term mixin is also used
informally to refer to the body of the corresponding class, ,i.e.,
the part of a class declaration between the curly brackets{ ... }.

The functionMemberscollects all field and variable declara-
tions found in a list of mixinsp. The functionConstr(p) returns the
constructor ofCT(p) given a static pathp.

4. Operational Semantics
The operational semantics is defined in big-step style. The formal
definition is shown in Figure 8. Both the operational semantics and
the type system have also been implemented in Haskell.

4.1 Objects and the Heap

As in most object-oriented languages, an object invc combines
state and behavior. AnObject is a tuple containing a pointer to its
enclosing objectι, a class nameC, and a list of fields and variables
with their values.

The fields and variables are the state of the object; fields are
immutable while variables can be updated. The heap is standard: a
mapH from addressesι to objects. The top-level root object has
the special addressιroot. An example heap can be found in Fig. 9.

The behavior of the object is determined by the enclosing object
ι and the classC. The enclosing object specifies the environment
containing the class from whichι was created: an objectι with en-
closing objectι′ and classC must have been created by evaluating
an expression equivalent tonew ι′.C(...).

An object’s behavior is defined by a list of mixins, or class
bodies; these class bodies contain the declarations that are visible
as members of the object. Invc these declarations all define virtual
classes, but any number of them may act as methods of the object.
The list of mixins of an object can be computed from the class name
and the enclosing object.

4.2 Mixin Computation

TheMix function computes the behavior, or mixin list, of an
object ι in the heapH. It does so by first computing the mixins
of the enclosing object. All definitions ofC and its superclasses
are assembled into this mixin list. The root object has only asingle
element, namely the empty static path.

TheAssemblefunction computes the mixin list for a classC rel-
ative to an enclosing mixin listp. It callsDefsto collect all the de-
finitions ofC located in any of the class bodies specified byp. The
notation used in the definition ofDefsmeans list comprehension as
for example in Haskell. If the resulting list of mixins is empty then
the class is not defined andAssemblereturns⊥. The result is a list
of static paths that identifies all definitions ofC contained in the list
of enclosing mixins.

As an example, let us consider the computation ofMix(H, ι4)
in the program in Fig. 1-4 and the sample heap in Fig. 9. We
assume we have already computed the mixin listp of the enclosing
object ι1, which isBase WithEval WithNeg NegAndEval. Then
Defs(p, Neg) = WithNeg.Neg NegAndEval.Neg.

The complete mixin list must also include the mixins of
all the ancestors of these classes. To do so,Assemblemaps
Expand over this list of static paths, and linearizes the result.
In applications of map we implicitly assume that the func-
tion that is mapped over the list is curried.Expand assem-
bles each of the superclasses ofC, linearizes the result, and
appends the class itself to the resulting list. In our example
map Expand(p) (WithNeg.Neg NegAndEval.Neg) = p′p′′,
wherep′ = Base.Exp WithEval.Exp WithNeg.Neg and p′′ =
NegAndEval.Neg.

Linearization is a technique with which an inheritance graph is
sorted topologically, such that method calls can be dispatched along
the sort order. The functionLinearizelinearizes a list of mixin lists,
i.e., it produces a single mixin list which contains the samemixins
as those in the operands, in an order which is controlled by the
operands.Linearize is defined in terms of a binary linearization
function,Lin2. This function is an extension of the C3 linearization
algorithm [1, 7] which has been used in gbeta and Caesar for
several years. The linearization algorithm has been designed such
that the ordering of mixins in a virtual class can be controlled
by the programmer of a subclass, in a similar spirit as when the
programmer of a subclass can decide to override a method in any
mainstream object-oriented programming language, see [1,7].
Lin2 produces the same results as C3 linearization in every case

where C3 linearization succeeds—this result follows trivially from
the fact that the definition of C3 is just the four topmost cases in
the definition ofLin2. The cases where C3 linearization fails are
exactly the cases covered by the bottommost clause in the definition
of Lin2, i.e., the cases where the two operands contradict each
other with respect to the ordering of shared mixins (intuitively this
means that they disagree about which mixin should be the more
specific one); in these cases,Lin2 resolves the conflict by letting
the rightmost operand decide the outcome.

The final result of computingMix(H, ι4) would be the mixin
list Base.Exp WithEval.Exp WithNeg.Neg NegAndEval.Neg

It is easy to check thatLin2 is a total function on lists of mixins,
and that the set of mixins in the result is equal to the union of
the sets of mixins in the two operands. For soundness, only the
set of mixins is relevant whereas the ordering makes no difference,
and hence this generalization of C3 enhances the flexibilityand
expressive power of the language without affecting type safety.

4.3 Evaluation Rules and Error Handling

The evaluation relatione, H, ι ; r, H′ reduces an expression, a
heap, and a current object to a value or an error and a new heap.
The current object plays the role of the environment.
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Objects and the Heap:

Address= natural numbers ι

Object = {[[ ι ‖ C ‖ f : val v : val
′
]]} [[ ... ]]

Heap = Address⇀fin Object H
Value = Address∪ {null} val

Evaluation rules:

;: e ×Heap×Address→ Value∪{TypeErr, NullErr}×Heap

null , H, ι ; null , H (R1)

e, H, ι ; val, H′

e′, H′, ι ; val′, H′′

e ; e′, H, ι ; val′, H′′ (R2)

⇓H(ι, path) = val

path, H, ι ; val, H
(R3)

path, H, ι ; ι′, H
H(ι′)(v) = val

path.v, H, ι ; val, H
(R4)

path, H, ι ; ι′, H e, H, ι ; val, H′

H′(ι′)(v) 6= ⊥ H′′ = H′[ι′ 7→ H′(ι′)[v 7→ val]]

path.v = e, H, ι ; val, H′′ (R5)

path, H, ι ; ι′, H H = H1

ei, Hi, ι ; vali, Hi+1 for i ∈ {1...|e|}
H′ = H|e|+1

p = Assemble(Mix(H′, ι′), C)

Members(p) = T f, T
′
v |f| = |val|

ι′′ is new inH′ Constr(p|p|) = T C( ){e′; }

H′′ = H′[ ι′′ 7→ [[ ι′ ‖ C ‖ f : val v : null ]] ]
e′, H′′, ι′′ ; val, H′′′

new path.C(e), H, ι ; val, H′′′ (R6)

Enclosing object:

Encl([[ ι ‖ ‖ ... ]]) = ι

Evaluation functions:
⇓H(ι, this) = ι
⇓H(ι, spine.out) = Encl(H(⇓H(ι, spine)))
⇓H(ι, path.f) = val whereH(⇓H(ι, path))(f) = val′

⇓H(ι, path.f) = NullErr where ⇓H(ι, path) = null
⇓H(ι, path.f) = TypeErr whereH(⇓H(ι, path))(f) = ⊥
⇓H(ι, spine.out) = TypeErr where ⇓H(ι, spine) = ιroot

Error handling :

path, H, ι ; null , H
path.v, H, ι ; NullErr, H

path.v = e, H, ι ; NullErr, H
newpath.C(e), H, ι ; NullErr, H

(ER1)

path, H, ι ; ι′, H H(ι′)(v) = ⊥

path.v, H, ι ; TypeErr, H
path.v = e, H, ι ; TypeErr, H

(ER2)

path, H, ι ; ι′, H
Assemble(Mix(H, ι′), C) = ⊥

newpath.C(e), H, ι ; TypeErr, H
(ER3)

path, H, ι ; ι′, H
Assemble(Mix(H, ι′), C) = p
Members(p) = T f, |e| 6= |f|

newpath.C(e), H, ι ; TypeErr, H
(ER4)

Mixin Computation :

Mix(H, ιroot) = [nilc]
Mix(H, ι) = Assemble(Mix(H, ι′), C)

whereH(ι) = [[ ι′ ‖ C ‖ ... ]]

Assemble(p, C) = Linearize(map Expand(p) Defs(p, C))

Defs(p, C) = check [ p.C | p← p, CT(p.C) 6= ⊥ ]

where check (p) =



⊥ |p| = 0
p otherwise

Expand(p, p) = Lin2(Linearize(mapAssemble(p) C), p)
whereCT(p) = classC extendsC { ... }

Linearize(nilp) = nilp
Linearize(p p) = Lin2(Linearize(p), p)
Lin2(nilp, nilp) = nilp
Lin2(p p, p′ p) = Lin2(p, p′) p
Lin2(p, p′ p′) = Lin2(p, p′) p′, if p′ 6∈ p
Lin2(p p, p′) = Lin2(p, p′) p, if p 6∈ p′

Lin2(p p′p′′p, p′p′) = Lin2(p p′′p, p′) p′

Figure 8. Operational semantics ofvc

The expressionnull evaluates to the null value (R1). An expres-
sion sequencee ; e′ evaluates (R2) to the result of evaluatinge′ in
the heap that results from evaluatinge.

Evaluation of a pathpath does not affect the heap (R3). The
value of thepath is computed by the function⇓, which “walks” a
path from an addressι in the heapH to return the value specified
by the path. As a base case,⇓ returnsι when applied to the trivial
path,this; spine.outn locates the nth enclosing object ofι; finally
a pathpath.f finds the objectι′ for path and then returns the value
of the fieldf in the objectι′.

Variable lookuppath.v (R4) evaluatespath to yield ι′, which
is then looked up in the heap to get the variable’s current value.
An assignmentpath.v = e evaluatespath and e to ι′ and val
(R5). It then checks that the variable is defined on the objectand
updates the heap to set variablev of ι′ to val. The notationH(ι)(m)
means lookup of the value of a field or variablem in the objectι.
The notation[v 7→ val] appended to an object denotes (functional)

update of the variablev of that object, andH[ι 7→ ...] denotes heap
update.

A new objectnew path.C(e) is constructed (R6) by instantiat-
ing the virtual classC defined in the enclosing objectι′ identified
by path. The behaviorp of the new object is assembled from the
mixins of the enclosing object as described in Section 4.2. If the
enclosing object does not contain a definition ofC, thenAssemble
returns⊥ and rule (R6) does not apply. The mixin listp also spec-
ifies the members and the most specific constructor of the new ob-
ject. To construct the object, the heap is extended to define anew
addressι′′ bound to a new object with enclosing objectι′, classC,
fields initialized to the evaluated constructor arguments,and vari-
ables initialized to null. The constructor body is then evaluated in
the context of this new object. The result of the constructoris the
result of the entire expression. If the constructor body isthis (i.e.,
the class is used as a class in the conventional sense), then the result
of the constructor call isι′′.
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Two different kinds of error can occur during evaluation: Type
errors and null pointer errors, denoted byTypeErr and NullErr,
respectively. The rule (ER1) applies in the case we want to evaluate
a property of an object, but the object isnull . (ER2) and (ER3)
define the situations in which a type error occurs, namely if either
a member that we want to read or write is not available (ER2), or if
we want to create an instance of a classC, but the enclosing object
has no definition ofC (that is, its mixin list is empty) or the number
of parameters does not match (ER3).

The rules for propagating errors are standard and straightfor-
ward, so we omitted them from Figure 8 and just assume in the
following thatNullErr or TypeErr errors are propagated. The com-
plete list of error rules are provided together with the proof of
soundness.

5. Type System
The type system ofvc uses nominal typing based onpaths to
objects containing virtual classes. A path identifies an object that
has a specific virtual class. It is identified statically by traversing
immutable fields from the current objectthis or one of its enclosing
objects. The type system is defined in Figure 10. Types in the
type system can have two different shapes:object typesu of the
form 〈p〉.f, andclass typess of the form 〈p〉.f.C. An object type
describes a type by a path to the object: If an expression has type
〈p〉.f in a typing contextp′, thenp is a prefix ofp′, and the object
denoted by the expression can be reached by goingout (|p′| − |p|)
steps and then followingf in the heap. A class type describes an
object by a path to theenclosingobject, and a class name. A class
type is weaker than an object type in that every object type can be
converted into a class type by means of theC function but not vice
versa. Every class type〈p〉.f.C has the formu.C with u = 〈p〉.f.
This means that every class typeu.C contains an object pathu
describing the enclosing object.

Typically, the type checker can compute object types for paths
or path-like expressions (like a sequence containing a pathas last
element). For an expression likepath.v or new path.C, an object
type cannot be computed because, in general, there is no pathto
the object itself in the heap. However, there is always at least a path
to the enclosing object in these cases, hence such expressions are
typically assigned a class type.

5.1 Static Lookup and Conversion to Class Types

Static lookup, defined in theW function, is at the core of the type
system. It takes an object typeu and a pathp and produces an
object type or a class type, if it succeeds. The intuition is thatu is a
description of a particular object and we want a descriptionof the
object that is reached from the object described byu following path
in the heap. A naive approach would be to concatenatepath to the
path inu, but it would be hard to say whether such a concatenated
path leads to the same object as another concatenated path. Instead,
W returns anormalizedversion of the combined path which has
again the form of a type. These normalized paths (i.e., types) can
be compared by simple equality tests.

For the empty paththis, W simply returnsu (first case). For
paths ending inout, the path to the enclosing object is returned:
first the rest of the path is looked up, then it is converted to
a class type by means of theC function (explained below) and
the last class name is removed (second case). Paths ending ina
field or a class are checked for validity: an appropriate fieldor
class must exist. The last branch inW extends the domain of
the second argument toT ; it is the only case whereW returns
a class type and not an object type. For example, in Figure 2,
W(〈WithNeg.Neg〉.e, this.out.Lit) = 〈WithNeg〉.Lit

Object types can be converted into a class type by means of
the C function as follows: If the object type is just a static path
as starting point and no field accesses, then the enclosing object
is described by the same static path with the last element removed
(first case). If the object type ends with a field access, we replace the
field access with the declared type of the field (DclTypeis explained
below) and callW to normalize again and get a type for it (second
case). If the type is already a class type, we are done (third case).

5.2 Mixin Computation

TheM function is the static counterpart of theMix function. It
computes the statically known mixin structure of an object de-
scribed by a type. The type〈〉 describes the root object which has
only one mixin, namely the empty class path:[nilc] (first case).
If we have an object typeu.C, then u is a type that describes
the enclosing object, hence we can recursively compute the mixin
list of the enclosing object. This mixin list and the class name
C are sufficient to compute the mixin list for this type by call-
ing theAssemblefunction (second case). Finally, if we need to
compute the mixin list for an object type we convert it into a
class type first (third case). For example, with the code in Fig. 1-
5 we haveM(〈Test〉.e2.Neg) = Base.Exp WithNeg.Neg and
M(〈Test〉.e4.Exp) = Base.Exp WithEval.Exp.

The DclType function useM to look up a field or variable
declaration in the mixin list of a given type.
C,W,M andDclTypedepend on each other in non-trivial ways,

so it is not obvious that evaluation of these functions will terminate.
A formal proof is in the appendix. Informally, the functionstermi-
nate because the arguments to recursive calls ofW insideW and
DclTypeare smaller, and the recursive call insideC replaces a field
by its declared type. The latter case is also guaranteed to termi-
nate because programs are well-formed only if there are no cyclic
dependencies on field types, as explained later in this section.

5.3 Subtyping

Subtyping determines the compatibility of values for assignment or
parameter binding. It is defined only on class types but object types
can always be converted to class types viaC. The main rule for the
subtyping relation, (S-DECL), defines type compatibility through a
combination of path equality and examination of declared subclass
relationships. The latter is standard in object-oriented type systems:
a classB is a subtype ofA if B is derived by subclassing fromA.
This traditional definition is modified invc to take into account
virtual classes: two classes can only be in a subtype relation if they
are contained in the same object; this is a concrete manifestation
of the fact that types depend on the enclosing object. Since we
compare class types, we know that we have object types for their
respective enclosing objects. In (S-DECL) we insist on having
exactly the same object type for the enclosing object for both
parameters. Since an object type describes a path to an object we
can be sure that the enclosing objects are indeed identical.This
comparison for identitical enclosing object types is useful only
because object types are paths in a normalized form.

5.4 Expression Typing

Expressions are given a type in the context of a static pathp which
describes the current objectthis. As in the operational semantics,
an environment is not needed because method parameters are en-
coded as fields.

Thenull value (T1) has any meaningful type, whereby “mean-
ingful” is checked by ensuring that the type has mixins. The type of
a sequence is the type of the last expression in the sequence (T2).
Paths (T3) are given a type using the static lookup functionW ex-
plained in Sec. 5.1. As is obvious from the definition, paths have
an object type. For variable lookup (T4) we useW again, but this
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Typing domains:

u ::= 〈p〉.f q ::= this | out | f

s ::= 〈p〉.f .C Q ::= q | q .C
t ::= u | s

Expression Typing:

M(t) 6= ⊥

p ` null : t
(T1)

p ` e : t
p ` e′ : t′

p ` e ; e′ : t′
(T2)

W(〈p〉, path) = u

p ` path : u
(T3)

p ` path : u
W(u,DclType(u, v)) = s

p ` path.v : s
(T4)

p ` path.v : s p ` e : t C(t) <: s

p ` path.v = e : t
(T5)

p ` path : u p′ ∈ M(u.C) p ` e : t
Constr(p′) = T0 C(T f) ... |T| = |t|

si =

8

<

:

W(uj , this.Q) if Ti = this.fj .Q
andtj = uj

W(u, this.Q) if Ti = this.out.Q
for i = 0...|t|

C(ti) <: si for i = 1...|t|

p ` newpath.C(e) : s0
(T6)

Class types:
C :: t → s
C(〈p.C〉) = 〈p〉.C
C(u.f) = W(u,DclType(u, f))
C(s) = s

Mixins :
M :: t → p
M(〈〉) = [nilc]
M(u.C) = Assemble(M(u), C)
M(u) = M(C(u))

Enclosing object type:
E :: t → u
E(u.C) = u
E(u) = E(C(u))

Static lookup:
W :: u × (path ∪ T )→ t
W(u, this) = u
W(u, spine.out) = E(W(u, spine))
W(u, path.f) =W(u, path).f if Exists(W(u, path), f)
W(u, path.C) =W(u, path).C if Exists(W(u, path), C)

Program Typing:
M(〈p〉.C) 6= ⊥

p ` C OK
(WF1)

W(〈p〉, T) 6= ⊥

p ` T OK
(WF2)

C = C′ ⇒ T = T′, T f = T
′
f
′

T C(T f) {e; } overridesT′ C′
(T

′
f
′
) {e′; } OK

(WF3)

K = T C(T
′′

f
′
) { e; } M(〈p〉.C) = p

Members(p) = T
′′

f
′
,

p ` C OK p.C ` T OK p.C ` T
′
OK p.C ` T OK

p.C ` e : t C(t) <:W(〈p.C〉, T)
K’ = Constr(pj)⇒ K overridesK’ OK

p ` classC extendsC {KCL; T f;T
′
v} OK

(WF4)

There is a strict partial order<f on field names such that
∀p, f. spine.f.C f ∈Members(p)⇒ ∀i. fi<f f

There is a strict partial order<c on class names such that
∀p. CT(p) = classC extendsC {...} ⇒ ∀i. Ci<cC

CT is acyclic
(WF5)

CT is acyclic
∀p, p′, C : CT(p.C) 6= ⊥, CT(p′.C) 6= ⊥ ⇒

p′′.C ∈ M(〈p〉.C) ∩M(〈p′〉.C)

∀p 6= p′ : CT(p) = classC ... {K CL; T f;T
′
v}

CT(p′) = classC′ ... {K′ CL
′
; T

′′
f
′
; T

′′′
v′}

⇒ f ∩ f
′
= ∅, v ∩ v′ = ∅

∀p, C : CT(p.C) 6= ⊥ ⇒ p ` CT(p.C) OK

CT OK
(WF6)

Subtyping:

s <: s (S-REFL)
s <: s′ s′ <: s′′

s <: s′′
(S-TRANS)

M(u) = p CT(pj .C) = classC extends...C′...

u.C <: u.C′ (S-DECL)

Declared type of member:
DclType(t, m) = T whereT m ∈ Members(M(t))
Exists(t, m) = (DclType(t, m) 6= ⊥)
Exists(u, C) = (M(u.C) 6= ⊥)

Figure 10. Typing rules

time we pass the type of the variable instead of the variable name.
This is a manifestation of the fact that variables cannot be used in
types. This also means, however, that we do not get an object type
but rather a class type for a variable access.

An assignment (T5) is checked by computing a type for the left
hand side, which is known to be a class type by (T4), computing
a type for the right hand side and then checking whether the rhs is
a subtype of the lhs. Since the type of the lhs is possibly an object
type it needs to be converted to a class type first.

The rule for object creation (T6) is the most complex one,
which is not surprising because it also has the role of methodcalls.

First, the type of the enclosing objectu is computed. The statically
known mixin structure of the new object,M(u.C), is computed,
and a mixin is selected via the choice ofp′, which is then used to
find the signature of a constructor. The types of the arguments are
computed; their number must be equal to the number of constructor
arguments. The actual set of mixins at runtime may be larger than
the statically known set, but program well-formedness ensures that
the signature of the most specific constructor at runtime is identical
to the one in the statically selected constructor.

In order to compare the syntactic types specified in the construc-
tor with the types of the actual arguments, we compute class types
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p ` this : 〈Test〉. M(〈Test〉.buildNeg) = Test.buildNeg
Test ` e4 : 〈Test〉.e4 Test ` e4.zero : 〈Test〉.e4.Lit

Constr(Test.buildNeg) =
ne.Neg buildNeg(out.out.WithNeg ne, ne.Exp ex)

s0 =W(〈Test〉.e4, this.Neg) = 〈Test〉.e4.Neg
s1 =W(〈Test〉., this.out.WithNeg) = 〈WithNeg〉.

s2 =W(〈Test〉.e4, this.Exp) = 〈Test〉.e4.Exp
C(〈Test〉.e4) = 〈NegAndEval〉. <: s1
C(〈Test〉.e4.Lit) = 〈Test〉.e4.Lit <: s2

Test ` new this.buildNeg(e4,e4.zero) : 〈Test〉.e4.Neg

Figure 11. Illustration of the typing derivation for the
buildNeg(e4,e4.zero) expression in Fig. 5

si for every syntactic type in the constructor, including the return
type. Intuitively, the syntactic typesTi must be adapted to theview-
pointp. To do that, the static lookup functionW is used again. The
typesTi are either of the formthis.out.... or this.fj ..... The latter
case applies if an argument type depends on the virtual classof an-
other argument, as for examplebuildNeg in Fig. 5.TestLit in Fig. 1
is an example for the former case. Syntactically,Ti could also have
the formthis.C′ for some class nameC′, but this type would not be
useful because it would refer to a virtual class of an object that does
not yet exist. In the caseTi = this.out.... we know thatthis.out is
a reference to the enclosing object, for which we already have an
object typeu, hence we can start navigating into the tail ofTi start-
ing atu usingW. In the caseTi = this.fj .... we can make use of
the fact that we know thatfj will be initialized with the value ofei

at runtime , hence we can start the navigation attj . If an argument
is used as type provider for a different argument, then the expres-
sion for the argument needs to have an object type, see restriction
tj = uj in (T6). Finally, it is checked that the argument types are
subtypes of the formal argument types and the “viewpoint-adapted”
constructor return types0 is returned.

Fig. 11 shows an example of a non-trivial usage of (T6) in the
example from Fig. 5. It has been slightly adjusted to fit to the
formal syntax, see Sec. 3.3. The example illustrates only the last
step in the typing derivation, the result of sub-derivations has been
inlined. Notice in particular that the type of the expression contains
the information that the result has the familye4.

5.5 Program Typing

In order to separate out the problem of cyclic inheritance relations
and cyclic field type dependencies (the type of a field may depend
on the value of other fields), we require that declared names can be
partially ordered such that each of the two kinds of dependencies
are known to be acyclic (WF5). Consequently, cyclic inheritance
relations and cyclic relations via dependent types (which are ex-
pressed using fields) cannot occur. We could relax this restriction
without affecting soundness, but with the current strict ruleset it is
easy to see that the type analysis always terminates, without adding
special checks for infinite loops in type computations.

The overall program well-formedness rule, (WF6), requiresthat
the program is acyclic, that two class declarations of the same class
name have a shared mixin, that field and variable declarations are
unique, and that each class declaration is well-formed.

A class is OK (WF4) if the list of constructor arguments
matches the list of fields in the statically known mixin structure
of the class, if all superclasses are valid, if the type of theconstruc-
tor expression is compatible to the declared return type, and if all
other mixins that have the same class name have the same construc-
tor signature, see also (WF3). The validity of superclass and type
declarations ((WF1) and (WF2)) is checked using theM andW

Well-formedness:

H(ι)(m) = null
ι.m : T OK in H

(WF-NULL)

H(ι)(m) = ι′

⇓H(ι′, out) =⇓H(ι, path) p.C ∈Mix(H, ι′)

ι.m : path.C OK in H
(WF-MEM)

T m ∈ Members(Mix(H, ι))⇒ ι.m : T OK in H

ι OK in H
(WF-OBJ)

H(ιroot) = [[ ⊥ ‖ Croot ‖ ]]

ιroot OK in H
(WF-ROOT)

∀ι. ι OK in H

H OK
(WF-HEAP)

Agreement:
H, ι0 ` null . vals (A-NULL)

H, ι0 ` ιroot . 〈〉 (A-ROOT)

j = Depth(H, ι0)− |p|
⇓H(ι0, this.outj .f) = ι H, ι0 ` ι . C(〈p〉.f)

H, ι0 ` ι . 〈p〉.f
(A-OTYPE)

p′.C ∈ Mix(H, ι) H, ι0 ` Encl(H(ι)) . E(u.C)

H, ι0 ` ι . u.C
(A-CTYPE)

Auxiliary definitions :

Depth(H, ι) =



0, if ι = ιroot

1 +Depth(H, Encl(H(ι)))

Figure 12. Dynamic well-formedness and agreement

functions, which return⊥ if the class or type, respectively, is not
known to exist in the contextp.

Note that (WF4) implies that fields can only be declared in new
class declarations (i.e., there is no inherited class declaration with
the same name); this restriction is not essential and we could easily
add initialized fields (declared asT f = e) to the calculus which
could be declared in all classes. (In fact, we developed the whole
calculus with initialized fields before deciding to add constructors
and letting fields be initialized via constructor arguments.) We
chose to leave out initialized fields because they do add a number
of details to rules, but do not provide much additional insight.
We could also have allowed field declarations everywhere and
accepted the possibility for additional run-timeNullErr errors due
to uninitialized fields, but we felt that the current strict approach is
useful because it illustrates how to statically ensure thatall fields
are initialized. Also note that the restriction on fields does not
affect the ability to declare variables and classes (possibly used as
methods) in all class declarations, so there are no restrictions on
ordinary width subtyping in the calculus.

6. Wellformed Heaps and Agreement
The soundness of the operational semantics with respect to the type
system depends upon having a well-formed heap, and agreement
between a value and a type relative to a heap. The rules for heap

9 2005/8/8



wellformedness and agreement are given in Figure 12. Since the
exact details of these definitions are not required in order to under-
stand thevc calculus as such, the remainder of this section can be
skipped by readers who are less interested in how the soundness
result is reached.

A heap is well-formed if all its objects are well-formed (WF-
HEAP). An object is well-formed if all its members are well-formed
(WF-OBJ). An object member is well-formed if its value in the
heap is null (WF-NULL ). Otherwise a memberm of object ι is
well-formed if the member valueι′ = H(ι)(m) satisfies two
conditions: (1) the enclosing object of the value,⇓ H(ι′, out), is
equal to the object⇓H(ι, path) specified by the path in the declared
typepath.C; and (2) the mixins of the value,Mix(H, ι′), include
a path ending with the classC. There is a special rule for well-
formedness of the root object because it does not have an enclosing
object.

Type agreement is specified as the agreement of an object atι
with a typeT, relative to a dynamic heapH and a starting pointι0.
The starting point specifies an address in the dynamic heap that is
related to the base of the type.null agrees with all types (A-NULL ),
and the root object agrees with the empty object type (A-ROOT).

Rule (A-OTYPE) handles object types,〈p〉.f. The rules ensure
that the class pathp is a prefix of the spine ofι0, so the valuej
represents the number of enclosing objects that must be traversed
from ι0 to read an object with the same depth asp. The path
this.outj .f traverses to this object, and then traverses the field list
f. The objectι must be located at the end of this path. In addition,
ι must agree with the corresponding class type.

Rule (A-CTYPE) handles class types,〈p〉.f.C. It requires that
the mixins of the value,Mix(H, ι), include a path ending with
the type’s classC. It also requires that the actual enclosing object
agrees with the pathf specified in the type.

7. Soundness
The type system ofvc is sound in the sense that a well-typed ex-
pression either returns a value that agrees with its type, terminates
with a NullErr, or diverges, but never terminates with aTypeErr.
The soundness result is composed of two formal results:subject
reductionandcoverage. Subject reduction is the standard theorem
which characterizes the result of expressions that are well-typed
and evaluate to a result. Coverage is a new technique for ensuring
that errors do not prevent expressions from evaluating to a result.

Subject reduction assumes a valid program and heap. Given the
static pathp of a class in which an expressione has typet, and the
addressι of an object that agrees withp; if the expression evaluates
to a resultr then either the result isNullErr or it is a value that
agrees witht. Subject Reduction also guarantees that the heap is
still well-formed after the execution, and that the currentobject still
agrees with its type.

THEOREM 1 (Subject Reduction).

2

6

6

6

4

CT OK
H OK
p ` e : t
H, ι ` ι . 〈p〉
e, H, ι ; r, H′

3

7

7

7

5

⇒

2

6

6

6

4

H′ OK
H′, ι ` ι . 〈p〉

r = val ∧ H′, ι ` val . t
∨

r = NullErr

3

7

7

7

5

This theorem only characterizes evaluations that terminate, which
is a natural consequence of using a big-step semantics. Hence
it is slightly weaker than the usual “progress and preservation”
theorems in a small-step semantics, where it can be expressed that
execution of a type correct program will never get stuck evenif the
execution continues forever.

Subject reduction alone does not ensure soundness however,be-
cause an expression may fail to evaluate due to a missing casein the
evaluation rules. We have followed standard practice by including
rules (ER1-4) to cover a variety of error cases in evaluation [12].
The complete list of error rules is given along with the soundness
proof. The second half of our soundness proof ensures thatall error
cases have been handled. As a result, the only way a evaluation can
fail to produce a value is if the computation diverges. This Lemma
plays a role similar to the ‘progress’ theorem when using small-step
semantics.

The purpose of the coverage lemma is to show that the evalua-
tion rules always produce a value unless the computation diverges.
First we define a notion of finite evaluation. If the evaluation ex-
ceeds the bound for finite evaluation, it produces a special termi-
nation value. The evaluation rules for error propagation propagate
this special value.

DEFINITION 1 (Finite Evaluation).Define an evaluation relation
;k as a copy of the rules for;. Replace each occurrence of; in
a premise by;k−1. Replace; in the conclusion of each rule and
axiom with;k. Note that the copied axioms are defined for allk.
Add the following axiom:

e, H, ι ;0 KillErr, H (K ILL )

The finite evaluation relation;n returnsKillErr if the deriva-
tion is more thann derivations deep. It is thus a finite approxima-
tion of the normal evaluation of an expression. The coveragelemma
states that finite evaluation always produces a value.

LEMMA 1 (Coverage).For all natural numbersn and e, H, ι,
there existsr, H′ such that

e, H, ι ;n r, H′

The coverage lemma ensures that the operational semantics
produces a value even in the face of runtime errors, such as access
to non-existing members, see (ER2) and (ER3) in Figure 8.

A terminating expression is one for which there exists ann such
that finite evaluation;n does not returnKillErr. If the expression
does not returnKillErr, then it cannot use the KILL axiom. As a
result, the derivation in;n can be translated to a derivation in;.
Thus every terminating expression has a corresponding derivation
in ;.

Theorem 1 and Lemma 1 ensure the soundness ofvc: execution
of well-typed expressions will either produce a value of thecorrect
type, returnNullErr, or else diverge. But evaluation will never
access non-existing fields, variables, or classes, and is never stuck.

Note that all proofs are provided in the appendix .

8. Related and Future Work
The idea of virtual classes and their different kinds of bindings
stems from BETA [18]. The concept of virtual superclasses was ex-
plored but never fully realized in BETA and has not been supported
in the BETA compiler since the early eighties. Virtual classes in
their general form as defined in this paper have been presented in-
formally in the works on family polymorphism and higher-order
hierarchies in gbeta [8, 9], delegation layers [25], and Caesar [21].
vc represents the core of these languages.

In gbeta, classes can have superclasses of the formpath.C,
which enables a new kind of dynamic composition that is not ex-
pressible invc. However, we have analyzed the required extensions
to vc in order to support this kind of inheritance, and it appears to
be relatively easy to make several kinds of extensions of this nature
(essentially, the mixins of an object must be a list of〈u〉.p rather
than a list ofp). We expect to explore this extension in some future
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work. Delegation layers are more dynamic thanvc in that they use
object-based delegation instead of class-based inheritance, which
enables polymorphic composition of types at runtime. It is also a
natural part of our future work to create a version ofvc building on
delegation, but in this case it is not obvious how hard it is.

Odersky et al have presented a calculus with path-dependent
types calledνObj [24]. The most important difference toνObj is
thatvcallows virtual classes whereasνObj focuses on virtual types
only. This means that no objects can be created as an instanceof a
virtual type (an abstract type member) and no implementation can
be specified before the virtual type is final-bound to a concrete type.
Although it is technically possible to create a class that has a virtual
super-class inνObj, this mechanism cannot express hierarchy spe-
cialization because the virtual superclass can only be replaced by a
class that hasexactlythe same signature (e.g., does not add meth-
ods) [34]. Another difference is thatvc has assignments, whereas
νObj is purely functional. On the other hand,νObj is more power-
ful thanvc w.r.t. the encoding of parametric polymorphism, which
is not in the focus of this work. Finally, since our type-checker is
completely syntax-directed (in particular, we have no subsumption
rule), type-checking invc is decidable, which is not the case for
νObj.

In [23], a language with nested inheritance is described, which
has a number of similarities with virtual classes. An important dif-
ference to their approach is that they use classes in classesrather
than classes in objects. The classes-in-classes model can trivially be
simulated in a classes-in-objects model by using only one instance
of each class containing virtual classes, but the converse does not
hold—e.g., nested classes in [23] cannot access shared state of in-
stances of enclosing classes. For example, invc every nested class
in Base and its subclasses can access thezero field declared in Fig-
ure 1. The expressive power of having access to the enclosingob-
ject is also illustrated by our straightforward encoding ofmethods
by means of classes – accessing an instance variablefoo of an ob-
ject in a methodbar is encoded as an access to the enclosing object
out.foo in the corresponding classbar. In general, not having the
possibility to access shared state in the enclosing object is a serious
restriction w.r.t. the expressiveness of the languages. Itis not ob-
vious whether and how this could be simulated in the languagein
[23].

Another consequence is that a given program using nested in-
heritance has a fixed number of class families, whereas a given
program invc can have an unlimited number of distinct class fam-
ilies because every new family object contains a new class family.
This enables a more fine-grained typing discipline invc, because
the type system will ensure that all these families are not mixed
up. For example, this could be used to ensure that instances of
Student nested in a givenUniversity are used only with the uni-
versity from which they were obtained. With nested inheritance a
simple instanceof test could reveal that all students were in fact
members of the same class family, and hence the connection be-
tween a specific university and the associated students could not be
expressed or enforced.

Moreover, family polymorphism by means of passing an in-
stance of the enclosing class is of course not possible in a classes-
in-classes model. Instead, the authors of [23] propose the notion
of prefix typesto achieve a similar kind of polymorphism. Prefix
types are a mechanism to refer to the (statically unknown) enclos-
ing class of the class of an object. For example,A[b.class] denotes
the enclosing class of the class of the objectb.

The nested inheritance language itself is much bigger (and
hence more complex) than our language. For example, there are
seven different syntactic forms of type declarations and type
schemas in [23], whereas the only form of type declaration is
path.C in vc. Yet another difference is that different extensions to

a class hierarchy cannot be combined in the nested inheritance lan-
guage, as illustrated by our example in Figure 4. This is a conse-
quence of the requirement in nested inheritance that the declared
superclass of a classC must be a subtype of the inherited version
of C, i.e., declared superclasses in redefinitions cannot be used to
mix in additional features.

One feature which is well-known from related languages and
calculi (including BETA andνObj) is that of final-bindings. A vir-
tual class/type may be final-bound, which means that the current
value must remain unchanged (e.g., no additional mixins canbe in-
cluded). This feature is useful because it provides a lower bound
on the value of a class, which opens more opportunities for assign-
ments to variables having a given virtual class/type as their declared
type. It would hence make sense to add final bindings tovcas well,
but this extension is orthogonal to our work because our focus is on
extensibility and not on genericity.

There are a couple of other approaches that widen the express-
ibility of the static type system with respect to collaborating classes
and parametric polymorphism but do not support incrementalhier-
archy specification [4, 30, 14].

Thorup proposes a virtual type system for Java [29]. It supports
the instantiation of a virtual class and hence late bound instantiation
but it does not support virtual superclasses. Furthermore,the type
system relies on dynamic type checks.

There have been a couple of approaches for hierarchy refine-
ment in the context of product lines (e.g., [2, 27]) but polymorphic
usage of a hierarchy variant is not in the focus of these works. It
will be interesting to explore how virtual classes improve the ex-
pressibility of languages with respect to product lines.

Virtual classes are an interesting feature from a software archi-
tecture point of view because they enables both incrementalspec-
ification of class hierarchies and composition of differentexten-
sions to a class hierarchy, a problem that is hard to solve in conven-
tional object-oriented languages. Hence, the language constructs in
vcare particularly well-suited to implement layered software archi-
tectures like mixin layers [27] or GenVoca [2].

When family classes are used as argument types or return types,
they give rise to covariant typing. Other examples of a strict and
safe treatment of covariance are the formalization of variant para-
metric types in [16], and the inclusion of wildcards into theJ2SE 5
version of the Java platform [32]. Note, however, that virtual classes
are different from variant parametric types or parametric types with
wildcards, because those mechanisms do not support family poly-
morphism, but they provide a different kind of flexibility through
structural equivalence among type applications.

The notion of having a first-class representation of a hierarchy is
also highly relevant to the domain of aspect-oriented programming,
which can be seen as an approach to have multiple cross-cutting
decompositions (that is, hierarchies) of a system [28, 22].

9. Conclusions
We have presented the calculusvc of virtual classes with path-
dependent types, described its dynamic and static semantics, and
proved soundness. The approach to static analysis which waspio-
neered in BETA, made strict and complete in gbeta, and adapted for
Java-like languages in Caesar has thereby been documented,clari-
fied, and characterized as fundamentally sound, and hence the often
heard claims that virtual classes are inherently unsafe should now
dwindle.
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A. Lemmas and proofs
In this section we present some formal results which characterize
vc, along with proofs. First we show that the type analysis ofvc
is decidable. The remaining results are concerned with the sound-
ness proof. These results are divided into three groups—results
concerned with syntactic entities; results concerned withthe sta-
tic information about the heap; and results concerned with both the
static and the dynamic heap, including subject reduction. Notation-
ally, we use some small marks to make internal references in certain
proofs more convenient and precise. In particular, result number
1 would be marked like1:this, and references to it are shown as
(1). Similarly, statements which must be proved can be marked like
?2:this, with references shown as (?2).

A.1 About the Decidability of Typing

The static analysis ofvc is decidable, because the type rules are
syntax directed and because the auxiliary functions are computed
by directly specified, terminating algorithms. The only non-trivial
point is that the partial ordering<f of field names required in pro-
gram well-formedness is needed in order to show that the com-
putation ofC,M, andW always terminates for all well-formed
programs.

To show this we can assume without loss of generality that all
field names in use are on the formfi where the indexi respects the
partial ordering, in the sense thatfi<f fi+1 for all i. Then define:

DEFINITION 2 (Weight). The weight of a concatenated pathQ,
Weight(Q), is a function from natural numbers to natural numbers
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that counts the number of fields inQ with each index,

Weight(nil)( ) = 0
Weight(q.q) = Weight(q) +Weight(q)
Weight(q.C) = Weight(q)

Weight(fi)(k) =



1, if k = i
0, otherwise

Weight(q)( ) = 0, if q ∈ {this, out}

Concatenated path weights are totally ordered as follows: If w1

andw2 are concatenated path weights thenw1 < w2 iff there is an
n0 such that

(∀n > n0. w1(n) = w2(n)) ∧ (w1(n0) < w2(n0))

So the weight of a concatenated path is a histogram of its fields
which maps all other numbers than the ones which are field indices
to zero; elements other than fields are ignored. It is easy to see that
the defined ordering of weights is indeed a total order and that the
all-zero weight is minimal.

A.1.1 Termination of C,M, andW

To see termination of these functions, use induction based on a
pair which is the weight of the arguments and the length of the
argument, so for the argument list(〈p〉.f.Q) or (〈p〉.f, q.C?), the
weight will be (Weight(f.q), |p.f.q|). Let these values be ordered
as follows: if w′ < w then (w′, s′) < (w, s), and if s′ <
s then (w, s′) < (w, s). Using this measure it is easy to see
that all (mutually recursive) invocations ofC,M, andW by the
same functions are made using strictly smaller arguments. For
the innermost invocations this fact can be established directly by
checking the form of the arguments; for the invocations where a
returned result is given as an argument, as inC(W(u, path)), we
need to use the fact thatW andC will return a result which is at
most as large as the given arguments, andC returns a strictly smaller
result when given an object type as argument.

A.2 Syntax Related Results

First we need to establish some simple properties involvingonly
syntactic entities.

DEFINITION 3 (Well-defined static path).A static pathp is well-
definediff the indicated classes are present in the given program,
i.e., if CT (p) is defined.

A static path unambiguously identifies a syntactic class body if and
only if it is well-defined, and all static paths in use must be well-
defined.

DEFINITION 4 (Homogeneousp). A list of static paths,p, is ho-
mogeneousiff all its elements have the same length, i.e.,∀i, j ∈
{1...|p|}. |pi| = |pj |.

We later show that all mixin lists provided by the static semantics
are homogeneous, which is a natural consequence of using a model
where each object has only one enclosing object. We also needan
auxiliary concept of being a syntactic subclass:

DEFINITION 5 (Syntactic subclass).C is a direct syntactic sub-
classof C′ in a list of mixinsp, writtenp ` C :< C′, iff for some
j, CT(pj .C) = classC extends...C′... { ... }. The reflexive and
transitive closure is denotedsyntactic subclassand written with a
star as inp ` C :<∗ C′.

LEMMA 2 (Basic properties ofAssemble). If Assemble(p, C) is
defined then the result is a non-empty list. IfAssemble(p, C) = p′

thenp are prefixes ofp′, i.e., forp′ ∈ p′ there is ap ∈ p and aC′

such thatp′ = p.C′. Moreover,p ` C :<∗ C′. If all static paths in
p are well-defined then all static paths inp′ are well-defined, too.
Finally, if p is homogeneous thenp′ is homogeneous, too.

Proof: Easy induction in the definitions ofAssemble, Expand,
Defs, Linearize, andLin2. 2

We sometimes need to consider a list of mixins as a set of mixins,
which just implies that we ignore the ordering and possible dupli-
cates in the list. For conciseness we do not show this conversion
explicitly, but it is applied whenever a list of mixins is used in a
context that requires a set, e.g., in expressions likep ∪ p′.

LEMMA 3 (Set properties ofAssembleaux. functions).With im-
plicit conversion of each list into the set of elements in thelist wher-
ever a set is required, the following relations hold:

1. Lin2(p, p′) = p ∪ p′

2. Linearize(p) =
S

pi

3. p ⊆ p′ ∧ Defs(p, C) 6= ⊥ ⇒ Defs(p, C) ⊆ Defs(p′, C)

4. p ⊆ p′ ∧ Expand(p, p) 6= ⊥ ⇒ Expand(p, p) ⊆ Expand(p′, p)

Proof: Easy inductions and usage of the definitions ofDefs,
Expand, Linearize, andLin2. 2

LEMMA 4 (Monotonicity ofAssemble). If Assemble(p, C) 6= ⊥
and p ⊆ p′ then Assemble(p, C) ⊆ Assemble(p′, C). If
Assemble(p, C′) 6= ⊥, Assemble(p, C) 6= ⊥, andp ` C′ :<∗ C
thenAssemble(p, C′) ⊇ Assemble(p, C).

Proof: For the first part of the lemma, assume that
Assemble(p, C) 6= ⊥. The definition of Assemble then
shows thatDefs(p, C) is defined and thatExpand(p, p′) is
defined for eachp′ ∈ Defs(p, C). Lemma 3 then yields
Assemble(p, C) ⊆ Assemble(p′, C) by monotonicity of all
functions involved. The second part is shown by induction
in the number of direct syntactic subclass steps involved in
p ` C′ :<∗ C. In the base case there are zero steps and
C = C′ which makes the result immediate. For the induction step,
assume thatAssemble(p, C) 6= ⊥ and p ` C′ :<∗ C because
p ` C′ :< C′′ andp ` C′′ :<∗ C, then there is ap′ ∈ p such
that CT(p′.C′) = classC′ extendsC { ... }, andC′′ = Cj for
somej. This means thatp′.C′ ∈ Defs(p, C′), and then, implicitly
converting lists to sets and using Lemma 3 as well as various
function definitions,

Assemble(p, C′) =
Linearize(map Expand(p) Defs(p, C′)) ⊇
Expand(p, p′.C′) =
Lin2(Linearize(mapAssemble(p) C), p′.C′) ⊇
Linearize(mapAssemble(p) C) ⊇ Assemble(p, C′′)

By the induction hypothesis,Assemble(p, C′′) ⊇ Assemble(p, C),
henceAssemble(p, C′) ⊇ Assemble(p, C) as required. 2

In short,Assemble(p, C) appendsC or a syntactic superclass to
some ofp, preserves well-definedness and homogeneity inp, co-
varies withp, and contra-varies withC.

A.3 Results Involving the Static Heap

The static semantic entities mimic the dynamic entities to alarge
extent. We make this connection more explicit here, by defining
some auxiliary functions that produce and investigate static objects,
i.e., values on the form[[ u‖C‖p ]], denoted by the symbolso.
Here,u is a type that describes the enclosing object,C is the stati-
cally known class of the object, andp is the statically known list of
mixins of the object. The type of the enclosing object corresponds
directly to the enclosing object which is the first componentof an
object in the dynamic heap, andC corresponds to (but need not be
the same as) the second component of the object; the list of mixins
defines the features of the object by its members, so the last com-
ponent of the static object also corresponds to the last component
of the dynamic object, although this connection is less direct.
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DEFINITION 6 (Static heap).We define the static heap,H, func-
tions to extract the enclosing object,E, and the class,Clss, of a
static object, and a function that computes the depth of a static ob-
ject.

• H(t) =



[[ ⊥ ‖ Croot ‖ ]] if t = 〈〉
[[ u ‖ C ‖ p ]] if C(t) = u.C andM(t) = p

• Depths(t) =



0, if t = 〈〉.
1 +Depths(u) if C(t) = u.C

• E(t) = u, if C(t) = u.C
• Clss(t) = C, if C(t) = u.C

LEMMA 5 (The static heap).The static heapH is a well-defined,
partial function. Ifp is well-defined,t = 〈p〉.Q, andH(t) is defined
then computingH(t) will only involve well-defined static paths.
Finally, if H(t) = [[ t′ ‖ C ‖ p ]] then t’ is an object type,
∃p′ : p′.C ∈ p, andp is homogeneous.

A well-defined partial function is a relation that relates atmost one
value in the range to each value in the domain.

Proof: An easy induction in the definitions of the relevant func-
tions, using thatAssembleby Lemma 2 preserves well-definedness,
and that prefixes of well-defined paths are themselves well-defined.
2

Next, we establish that the syntactic subclass relation contra-varies
with the corresponding mixin sets, that syntactic subclassis implied
by subtype, and hence that the subtype relation contra-varies with
the corresponding mixin sets. This connection is the motivation for
having the notion of syntactic subclass.

LEMMA 6. If M(u) = p,M(u.C′) = p′,M(u.C′′) = p′′, and
p ` C′ :<∗ C′′, thenp′ ⊇ p′′.

Proof: Follows directly from the definition ofH, M, and
Lemma 4. 2

LEMMA 7. If s′ <: s then there is an object typeu and classesC
andC′ such thats′ = u.C′, s = u.C, andM(u) ` C′ :<∗ C.

Proof: Easy induction in the proof ofs′ <: s. 2

LEMMA 8 (Subtype implies more static mixins).If s′ <: s then
E(s′) = E(s) andM(s) 6= ⊥ ⇒M(s′) ⊇M(s).

Proof: By Lemma 7 there existu, C, andC′ such thats′ = u.C′

and s = u.C, so E(s′) = u = E(s). Lemma 7 also yields
M(u) ` C′ :<∗ C. By (S-DECL) M(u) is defined and there
is a p ∈ M(u) such thatCT(p.C′) is defined, soM(u.C′) is
also defined. Assuming thatM(s) is defined we can use Lemma 6
which yieldsM(u.C′) ⊇M(u.C), as required. 2

The following lemmas show that the relation in the static setting
between the mixin sets of an object and that of its enclosing object
is the same as in the dynamic heap, and a similar correspondence
exists for the depth of an object and for the enclosing objectof a
field or variable.

LEMMA 9 (Static heap respects mixins).If H(t) = [[ u ‖ C ‖
p ]] thenp = Assemble(M(u), C).

Proof: By the definition ofH, p = M(t) andC(t) = u.C. The
definition of C andM shows that∀t : M(t) = M(C(t)), so
p =M(t) =M(C(t)) =M(u.C) = Assemble(M(u), C). 2

LEMMA 10 (Static heap respects depth).If p ∈ M(t) then|p| =
Depths(t).

Proof: Induction in the computation ofM(t).

Case (M(〈〉) = [nilc]): Trivial.

Case (M(u.C) = Assemble(M(u), C)): By the induction hypoth-
esis, for anyp′ ∈ M(u) we have|p′| = Depths(u). By Lemma 2,
for anyp ∈ Assemble(M(u), C), |p| = |p′|+ 1 = Depths(u.C).

Case (M(u) = M(C(u))): Assumep ∈ M(u), then also
p ∈ M(C(u)). By the induction hypothesis,|p| = Depths(C(u)).
But Depths(u) = Depths(C(u)) becauseC(C(u)) = C(u), so
|p| = Depths(u). 2

We now introduce a low-level version ofW which is a device to
prove some properties ofW.

DEFINITION 7. The definition ofN is as follows:
N (u.this.Q) = N (u.Q)
N (u.f .out.Q) = N (u.DclPath(u, f).Q)
N (〈p.C〉.out.Q) = N (〈p〉.Q)
N (t) = t

We now show thatN terminates. Every step in the computa-
tion of N preserves that the second argument is a concatenated
path (i.e., on the formQ), and that it decreases the weight of the
concatenated path, or leaves the weight unchanged but shortens the
path. Because the length of the concatenated path is finite the latter
kind of steps cannot occur an infinite number of times in sequence,
so the process will always terminate.

Note thatW is just a ‘safe version’ ofN—it performs checks
to ensure that each transformation is well-defined, but otherwise it
delegates the real work toN .

LEMMA 11 (W andN ). If W(u, path.C?) = t then
N (u.path.C?) = t. Moreover,N (u.q.q′) = N (N (u.q).q′).

Proof: Easy inductions in the shape of the function arguments.

LEMMA 12 (Static heap is enclosing-correct).If W(u, path) =
u′ and DclPath(u′, f) = path′ then W(u′, path′) =
E(W(u, path.f)).

Proof: Assume thatW(u, path) = u′ and DclPath(u′, f) =
path′. This implies that there is aC such thatDclType(u′, f) =
path′.C, henceExists(u′, f), soW(u, path.f) is defined, and it is
easy to see thatW(u, path.f) = u′.f . The definition ofC now
yields C(u′.f) = N (u′.path′.C) = N (u′.path′).C. Finally we
use Lemma 11 again:E(W(u, path.f)) = E(W(u, path).f) =
E(u′.f) = N (u′.path′) =W(u′, path′). 2

We shall need one more result which shows that we can “shift” a
step from one path to another.

LEMMA 13 (Shifting a static step).Assume E(u) = u′ and
W(u, spine.out.f) = u′′, thenW(u′, spine.f) = u′′.

Proof: By induction in the shape of the pathspine.out.f.

Case (this.out): Assume thatE(u) = u′ andW(u, this.out) = u′′,
thenC(W(u, this)) = u′′.C for someC. SinceW(u, this) = u we
getu′′ = E(u) = u′, henceW(u′, this) = u′′.

Case (spine.out.out): Assume that E(u) = u′ and
W(u, spine.out.out) = u′′, then C(W(u, spine.out)) = u′′.C
for someC. Let u′′′ = W(u, spine.out). Note thatu′′ = E(u′′′).
By the induction hypothesis,W(u′, spine) = u′′′, so
C(W(u′, spine)) = u′′.C, from which we conclude that
W(u′, spine.out) = u′′.

Case (spine.out.f.f): Assume that E(u) = u′ and
W(u, spine.out.f.f) = u′′, then u′′ = u′′′.f where
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u′′′ = W(u, spine.out.f) and DclType(u′′′, f) 6= ⊥.
By the induction hypothesis,W(u′, spine.f) = u′′′, so
W(u′, spine.f .f) = u′′′.f = u′′, as required. 2

A.4 Results Involving Both Heaps

First we need to introduce a couple of auxiliary functions and a new
concept of heap compatibility.

DEFINITION 8 (Dynamic inspection functions).If H(ι) = [[ ι′ ‖
C ‖ ]] thenEncl(H(ι)) = ι′ andCls(H(ι)) = C.

DEFINITION 9 (Heap compatibility).H′ is compatible withH iff
H′ is defined in at least all thoseι whereH is defined, and for each
ι where bothH andH′ are defined,H′(ι) differs fromH(ι) at most
in the values of variables.

To support the intuition behind this concept, note that the class of
an object, the enclosing object, and the objects accessiblethrough
its fields are significant for the static analysis, whereas the values
of variables may change freely as long as the declared types are
respected. This reflects the fact that types may depend on thevalues
of fields and the enclosing object, but not on the values of variables.
The next two results show that evaluation preserves compatibility.

LEMMA 14 (Immutability of objects).If H(ι) = [[ ι′ ‖ C ‖
f : val ... ]] and e, H, ; , H′, then ι is defined inH′, and
H′(ι) = [[ ι′ ‖ C ‖ f : val ... ]].

Proof: Easy induction in the proof tree for the evaluation. 2

COROLLARY 15 (Evaluation yields compat. heap).If e, H, ;

, H′ thenH′ is compatible withH.

The next lemma is also easy, but it is important for the static
analysis that paths never change, because they are used in types.

LEMMA 16 (Values of paths are immutable).If ⇓H(ι, path) = ι′

andH′ compatible withH then⇓H′(ι, path) = ι′.

Proof: Sincepath has the formthis.out.f, which means that only
enclosing objects and fields are evaluated, the Lemma follows
directly from Lemma 14. 2

LEMMA 17 (Evaluation from enclosing).If ⇓H(ι, spine.out.f) =
ι′ then Encl(H(ι)) 6= ⊥ and ⇓ H(Encl(H(ι)), spine.f) =
ι′. If ⇓ H(ι, spine.f) = ι′ and Encl(H(ι′′)) = ι then ⇓
H(ι′′, spine.out.f) = ι′.

Proof: The first part is an easy induction in the shape ofpath,
using the casesthis.out, spine.out.out, andspine.out.f.f because
these cases inductively describe all the possible paths on the form
spine.out.f. The second part is an easy induction in the shape
of path based on the casesthis, spine.out, and spine.f.f, which
inductively describes all shapes ofpath, but allows for insertion of
outin the desired position. 2

The next lemma shows various properties about agreement, includ-
ing that it is sufficient to ensure the syntactic subclass relation in
the agreement rules because the desired mixin relation follows, and
that nesting preserves agreement:

LEMMA 18 (Agreement).Assume that CTOK, H OK, and
H, ι0 ` ι . t. Then

1. Depth(H, ι) = Depths(t)
2. IfMix(H, Encl(H(ι))) = p or ι = ιroot then

p ` Cls(H(ι)) :<∗ Clss(t)

3. IfDepths(t) > 0 then
H, ι0 ` Encl(H(ι)) . E(t)

4.Mix(H, ι) ⊇M(t)

5. If ι0 = Encl(H(ι1)) thenH, ι1 ` ι . t

6. If C(t) <: s andM(s) 6= ⊥ thenH, ι0 ` ι . s

Proof: To enable concise references to assumptions we number
them as follows:1:CT OK, 2:H OK, and3:H, ι0 ` ι . t.

1. Induction in the proof of (3).

Case (A-NULL ): Not applicable (ι cannot benull).

Case (A-ROOT): Trivial.

Case (A-OTYPE): In this caseH, ι0 ` ι . C(〈p〉.f) where
〈p〉.f = t. Note that〈p〉.f 6= 〈〉 becauseC(〈p〉.f) is defined,
andC(〈p〉.f) 6= 〈〉 because〈〉 is not a class type. Then

Depth(H, ι) =
// by the induction hypothesis

Depths(C(〈p〉.f)) =
// by def. ofDepths

1 +Depths(E(C(〈p〉.f))) =
// E(C(〈p〉.f)) = E(〈p〉.f)

1 +Depths(E(〈p〉.f)) =
// by def. ofDepths

Depths(〈p〉.f).

Case (A-CTYPE): Here,H, ι0 ` Encl(H(ι)) . u, wheret =
u.C. Note thatι 6= ιroot becauseEncl(H(ι)) is defined. Then

Depth(H, ι) =
// by def. ofDepth

1 +Depth(H, Encl(H(ι))) =
// by the induction hypothesis

1 +Depths(u) =
// u = E(u.C)

1 +Depths(E(u.C)) =
// by def. ofDepths

Depths(u.C).

2. Induction in the proof of (3).

Case (A-NULL ): Not applicable (ι 6= null ).

Case (A-ROOT): In this caseι = ιroot and t = 〈〉. Hence
Clss(t) = Croot, and byH OK, Cls(H(ι)) = Croot, which shows
thatp ` Cls(H(ι)) :<∗ Clss(t) for arbitraryp.

Case (A-OTYPE): We haveH, ι0 ` ι . C(〈p〉.f) where
〈p〉.f = t. By the induction hypothesisp ` Cls(H(ι)) :<∗

Clss(C(〈p〉.f)), and the desired result then follows from
Clss(C(〈p〉.f)) = Clss(〈p〉.f).

Case (A-CTYPE): In this caset = u.C such thatC = Clss(t),
and there exists ap′ such thatp′.C ∈ Mix(H, ι), andH, ι0 `
Encl(H(ι)) . u. From H OK we get ι OK in H, and this
must have been shown using (WF-OBJ) becauseι 6= ιroot,
becauseEncl(H(ι)) is defined. Moreover, sinceι 6= ιroot we
must also havep = Mix(H, Encl(H(ι))). From the definition
of Mix we getMix(H, ι) = Assemble(p, Cls(H(ι))), and
p ` Cls(H(ι)) :<∗ C then follows from Lemma 2, which
concludes the case.

3. If t is a class type,t = u.C, then (3) by (A-CTYPE) yields
H, ι0 ` Encl(H(ι)) . u and sinceu = E(t) we are done. Other-
wiset is an object type, so from (A-OTYPE) we getH, ι0 ` ι .
C(t), hence by the class type caseH, ι0 ` Encl(H(ι)).E(C(t)),
and the result then follows fromE(C(t)) = E(t).

4. Induction inDepths(t).
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Case (Depths(t) = 0): The definition ofDepths shows by
an easy induction thatt = 〈〉 whenDepths(t) = 0. Moreover
by 1.,Depth(H, ι) = 0, so ι = ιroot by a similar induction.
The result then follows immediately from the definitions of
Mix(H, ιroot) andM(〈〉).

Case (Depths(t) = k + 1):

M(t) =
// by Lemma 9

Assemble(M(E(t)), Clss(t)) ⊆
// by 3., the ind.hyp., and Lemma 4

Assemble(Mix(H, Encl(H(ι))), Clss(t)) ⊆
// by 2. and Lemma 4

Assemble(Mix(H, Encl(H(ι))), Cls(H(ι))) =
// definition ofMix

Mix(H, ι)

5. Induction inDepths(t).

Case (Depths(t) = 0): As in the proof of 4.,t = 〈〉 and
ι = ιroot, so the result follows immediately from (A-ROOT).

Case (Depths(t) = k + 1): We must consider class types and
object types separately.

• t = u.C: By (3) and (A-CTYPE) there is ap′ such that
p′.C ∈ Mix(H, ι), andH, ι0 ` Encl(H(ι)) . u. The in-
duction hypothesis yieldsH, ι1 ` Encl(H(ι)) . u, hence by
(A-CTYPE) H, ι1 ` ι . t as required.

• t = 〈p〉.f: By (3) and (A-OTYPE), j = Depth(H, ι0)− |p|,
⇓H(ι0, this.outj .f) = ι, andH, ι0 ` ι . C(〈p〉.f). But then
with j′ = j + 1, j′ = Depth(H, ι1) − |p|, by Lemma 17
⇓H(ι1, this.outj

′

.f) = ι, and by the previous caseH, ι1 `
ι . C(〈p〉.f), which by (A-OTYPE) yieldsH, ι1 ` ι . t.

6. We need to consider class types and object types separately.

Case (t = s′): Assume C(s′) <: s, i.e., 4:s′ <: s,
and 5:M(s) 6= ⊥. Let 6:C = Clss(s). Using (1) (2) (3)
with part 4. of this lemma yields7:Mix(H, ι) ⊇ M(s′).
From (4) (5) with Lemma 8 we get8:M(s′) ⊇ M(s) and
9:E(s′) = E(s). Using (6) (7) and the definition ofM then
shows that10:M(s) = Assemble(M(E(s)), C). An inspec-
tion of the definition ofAssembleshows that for allp′′ and
C′ whereAssemble(p′′, C′) = p′′′, ∃p′. p′.C′ ∈ p′′′. Not-
ing thatM(ιroot) is the list of lenght one containing the el-
ementnilc (rather than the empty list), it is easy to see that
mixin lists from the static heap are never empty, so in this
case we get∃p′. p′.C ∈ M(s), and hence from (7) (8) that
11:∃p′. p′.C ∈ Mix(H, ι). Moreover, (3) via (A-CTYPE) yields
12:H, ι0 ` Encl(H(ι)) . E(s′). Finally, using (9) (12) we get
13:H, ι0 ` Encl(H(ι)) . E(s), and then from (11) (13) via (A-
CTYPE) thatH, ι0 ` ι . s, as required.

Case (t=u): AssumeC(u) <: s, then fromC(C(u)) = C(u)

we also have4:C(C(u)) <: s. From (3) by (A-OTYPE) we get
5:H, ι0 ` ι . C(u). Now we can use (1) (2) (5) (4) with this
lemma again because it matches the class type case for which
the proof is given above, yieldingH, ι0 ` ι . s as required.

2

Agreement can sometimes be established from heap soundness
alone, namely with respect to the point of view of a class body
which corresponds to one of the mixins of the given object. Weuse
the phraselocal view typeto denote such a type because it is a view
upon the object as seen from itself.

LEMMA 19 (Agreement with local view types).Assume CTOK,
H OK, andMix(H, ι) = p, then for anyi: H, ι ` ι . 〈pi〉.

Proof: By induction inDepth(H, ι).

Case (Depth(H, ι)=0): In this caseι = ιroot, sop = pi = nilc, so
we just need to show thatH, ιroot ` ιroot . 〈〉, which follows directly
from (A-ROOT).

Case (Depth(H, ι)=k+1): We must prove thatH, ι ` ι .〈pi〉 using
(A-OTYPE), because〈pi〉 is an object type and (A-ROOT) does
not apply. By part 1 of this lemma,Depths(〈pi〉) = k + 1, so
there existsCi such thatpi = C1...Ck+1. Let j = Depth(H, ι) −
|C1...Ck+1| = 0, and note that⇓H(ι, this) = ι, which establishes
the two first premises for (A-OTYPE).

For the last premise of (A-OTYPE) note thatC(〈C1...Ck+1〉) =
〈C1...Ck〉.Ck+1, so we need to showH, ι ` ι . 〈C1...Ck〉.Ck+1.
In this case we must use (A-CTYPE) because〈C1...Ck〉.Ck+1 is a
class type. For the first premise of (A-CTYPE) we letp′ = C1...Ck,
such thatp′.Ck+1 = pi ∈ p = Mix(H, ι). Finally we need
to show thatH, ι ` Encl(H(ι)) . 〈C1...Ck〉. By the definition
ofMix,Mix(H, ι) = Assemble(Mix(H, Encl(H(ι))), Cls(H(ι))).
From C1...Ck+1 ∈ Mix(H, ι) and Lemma 2 we conclude
C1...Ck ∈ Mix(H, Encl(H(ι))). The induction hypothesis then
providesH, Encl(H(ι)) ` Encl(H(ι)) . 〈C1...Ck〉 and then part
5 of this lemma finishes the case. 2

Agreement does not depend on the values of object members,
which makes it a very persistent property.

LEMMA 20 (Agreement is persistent).Assume CTOK, H OK,
H′ OK, H′ compatible withH, andH, ι0 ` ι .t. ThenH′, ι0 ` ι .t.

Proof: By induction inDepth(H, ι).

Case (Depth(H, ι)=0): In this caseι = ιroot andt = 〈〉, so we just
need to show thatH′, ι0 ` ιroot . 〈〉, which follows directly from
(A-ROOT).

Case (Depth(H, ι) = k + 1, t = u.C): FromH, ι0 ` ι . u.C by
(A-CTYPE), there is ap′ such thatp′.C ∈ Mix(H, ι), andH, ι0 `
Encl(H(ι)) . u. SinceH′ is compatible withH, Mix(H′, ι) =
Mix(H, ι), sop′.C ∈Mix(H′, ι), too. By the induction hypothesis
we getH′, ι0 ` Encl(H(ι)) . u, so Encl(H′(ι)) = Encl(H(ι))
finishes the case.

Case (Depth(H, ι) = k + 1, t = 〈p〉.f): FromH, ι0 ` ι . 〈p〉.f
by (A-OTYPE), j = Depth(H, ι0) − |p|, ⇓H(ι0, this.outj .f) = ι,
andH, ι0 ` ι . C(〈p〉.f). But then alsoj = Depth(H′, ι0) − |p|
because heap compatibility ensures unchanged enclosing objects,
and by Lemma 16,⇓H′(ι0, this.outj .f) = ι. Finally, the previous
case showsH′, ι0 ` ι .C(〈p〉.f), which yieldsH′, ι0 ` ι . 〈p〉.f, as
required. 2

Finally, we shall need the following result which shows thatagree-
ment can imply the existence of a path between objects.

LEMMA 21 (Agreement implies path).If CT OK, H OK, H, ι0 `
ι . u, andH, ι0 ` ι′ .W(u, path), then⇓H(ι, path) = ι′.

Proof: Assume1:CT OK, 2:H OK, 3:H, ι0 ` ι . u, and4:H, ι0 `
ι′ .W(u, path). Letu = 〈p〉.f andpath = this.outk.f

′
. The proof

then proceeds by induction ink.

Case (0): An easy induction in |f | shows that
W(u, path) = 〈p〉.f.f

′
. From (3) (4) with (A-OTYPE) we

get5:⇓H(ι0, this.outj .f) = ι wherej = Depth(H, ι0) − |p|, and
6:⇓ H(ι0, this.outj .f.f

′
) = ι′. But then there existιi such that

H(ιi)(f
′
i) = ιi+1 for i ∈ {1...n} where ιn = ι′ and (by (5))
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ι1 = ι, which we can directly use to show⇓H(ι0, this.f
′
) = ι′, as

required.

Case (k+1): Since W(u, this.outk+1.f
′
) is defined,

W(u, this.outk+1) is also defined, so we must haveu 6= 〈〉
and hence7:Depths(u) > 0. Now from (1) (2) (3) (7) with
Lemma 18.3,8:H, ι0 ` Encl(H(ι)) . E(u). By Lemma 13,
9:W(u, this.outk+1.f

′
) = W(E(u), this.outk.f

′
). Applica-

tion of the induction hypothesis to (1) (2) (8) (4) (9) yields
10:⇓ H(Encl(H(ι)), this.outk.f

′
) = ι′. Finally from (10) with

Lemma 17 we get⇓H(ι, this.outk+1.f
′
) = ι′, as required. 2

The next few lemmas establish correspondences between the static
and the dynamic world. First we show that a member predicted by
static analysis will also exist at run-time, then we show that agree-
ment is preserved in some important cases, and finally we showthat
object creation and assignment preserve heap well-formedness.

LEMMA 22 (Memory Lookup Succeeds).Assume that CTOK,
H OK, H, ι0 ` ι . u, andExists(u, m). ThenH(ι)(m) 6= ⊥.

Proof: By the definition ofExists, DclType(u, m) = t′ 6= ⊥, so
there as aT such thatT m ∈ Members(p) for somep = M(u).
By Lemma 18.4,Mix(H, ι) ⊇ M(u), sop ∈ Mix(H, ι), too. By
H OK andι OK in H which uses (WF-OBJ) becauseι 6= ιroot since
ιroot has no members,H(ι)(m) is eithernull or ι′, soH(ι)(m) 6= ⊥.
2

LEMMA 23 (Path lookup preserves agreement).If CT OK, H OK,
H, ι0 ` ι . u, ⇓ H(ι, path) = val, andW(u, path) = u′, then
H, ι0 ` val . u′.

Proof: If val = null then the result is trivial. Otherwiseval = ι′.
For easy reference to assumptions we number them as follows:
1:CT OK, 2:H OK, 3:H, ι0 ` ι . u, 4:⇓ H(ι, path) = ι′, and
5:W(u, path) = u′ = 〈p〉.f. We now prove by induction in
Weight(f.path) thatH, ι0 ` ι′ . u′.

Case (f = nilf , path = this.outk): In this caseu = 〈C1..., Cn〉
so by direct evaluation ofW we conclude thatu′ = 〈C1...Cn−k〉
wheren ≥ k, and then by (R4) thatι′ = (Encl ◦ H)k(ι), and by
direct evaluation thatu′ = (E◦Hs)

k(u). Using this and the fact that
Depths(u) = n with Lemma 18.3k times we getH, ι0 ` ι′ . u′,
as required.

Case (path = spine.f
′
.f): By the definition of⇓ H there is

a ι′′ such that6:⇓ H(ι, spine.f
′
) = ι′′ and 7:H(ι′′)(f) = ι′.

By the definition ofW there is au′′ = 〈p′′〉.f
′′

such that
8:W(u, spine.f

′
) = u′′, 9:Exists(u′′, f), and 10:u′ = u′′.f =

〈p′′〉.f
′′
.f. Applying the induction hypothesis to (1) (2) (3) (6) (8)

yields11:H, ι0 ` ι′′ .u′′. From (11) we get12:j′′ = Depth(H, ι0)−
|p′′|, and from (9) we conclude that there existpath′ andC such
that 13:path′.C f ∈ Members(M(u′′)). Using (1) (2) (11) with
Lemma 18.4 yieldsMix(H, ι′′) ⊇M(u′′), which with (13) shows
that path′.C f ∈ Members(Mix(H, ι′′)), and then (2) (7) shows
that 14:⇓ H(ι′′, path′) = Encl(H(ι′)), and there is ap′ such that
15:p′.C ∈ Mix(H, ι′). Now use (8) (13) with Lemma 12 to get
16:W(u′′, path′) = E(u′). We apply the induction hypothesis to
(1) (2) (11) (14) (16) which producesH, ι0 ` Encl(H(ι′)) . E(u′).
Noting thatE(u′) = E(C(u′)), this and (15) with (A-CTYPE) yields
17:H, ι0 ` ι′.C(u′). From (11) we get⇓H(ι0, this.outj

′′

.f
′′
) = ι′′,

which with (7) yields18:⇓H(ι0, this.outj
′′

.f
′′
.f) = ι′. Finally, us-

ing (12) (18) (17) with (A-OTYPE) we obtainH, ι0 ` ι′ . u′, as
required. 2

LEMMA 24 (Variable lookup preserves agreement).If CT OK,
H OK, H, ι0 ` ι .u,W(u,DclType(u, v)) = s, andH(ι)(v) = val,
thenH, ι0 ` val . s.

Proof: If val = null then the result is trivial. Otherwise letval =
ι′ and assume the following:1:CT OK, 2:H OK, 3:H, ι0 ` ι . u,
4:W(u,DclType(u, v)) = s = u′.C, and 5:H(ι)(v) = ι′. By
the definition ofW and using (4) there exists apath such that
6:DclType(u, v) = path.C, hence7:W(u, path) = u′. By (1)
(2) (3), 8:Mix(H, ι) ⊇ M(u), which shows thatpath.C v ∈
Members(Mix(H, ι)), so by (2) (5) we get9:⇓ H(ι, path) =

Encl(H(ι′)) and there existsp′ such that10:p′.C ∈ Mix(H, ι′).
Now we can use (1) (2) (3) (9) (7) with Lemma 23 to get11:H, ι0 `
Encl(H(ι′)) . u′, and finally (10) (11) with (A-CTYPE) yields
H, ι0 ` ι′ . u′.C, as required. 2

LEMMA 25 (Heap update preserves well-formedness).Assume
that CT OK, H OK, H, ι0 ` ι . u, H, ι0 ` val . t, and
C(t) <:W(u,DclType(u, v)). ThenH[ι 7→ H(ι)[v 7→ val]] OK.

Proof: Let H′ = H[ι 7→ H(ι)[v 7→ val]]. It is obvious thatH′

differs from H only in thatH′(ι) mapsv to val rather than to its
previous value inH, so we only need to considerι OK in H’,
and only for the memberv. If the new valueval is null then the
result is trivial; so assume this is not the case and letval = ι′

Assume1:CT OK, 2:H OK, 3:H, ι0 ` ι . u, 4:H, ι0 ` ι′ .

t, and 5:C(t) <: W(u,DclType(u, v)). From (5) we conclude
that DclType(u, v) is defined, letDclType(u, v) = path.C. By
the definition ofW, whenW(u, path.C) = u′.C is defined also
u′ = W(u, path) is defined, and so isM(u′.C). Hence, we can
use (1) (2) (4) (5) with Lemma 18.6 to obtain6:H, ι0 ` ι′ .
W(u, path).C. Note thatDepths(W(u, path).C) > 0 because it is
a class type, andE(W(u, path).C) =W(u, path). With (1) (2) (6)
using Lemma 18.3, this yields7:H, ι0 ` Encl(H(ι′)).W(u, path),
and then (1) (2) (3) (7) with Lemma 21 yields8:⇓ H(ι, path) =
Encl(H(ι′)). From (6) via (A-CTYPE) we now obtain that there is a
p′ such thatp′.C ∈Mix(H, ι′), and by Lemma 14 and Corollary 15
via the definition ofMix we conclude9:p′.C ∈ Mix(H′, ι′).
Finally, sinceH′(ι)(v) = ι′, (8) (9) with (WF-MEM) shows that
ι.v: path.C OK in H’, as required. 2

LEMMA 26 (Object creation preserves well-formedness).
Assume CTOK, H OK, H, ι0 ` ι . u, H, ι0 ` val . t,
p = Assemble(Mix(H, ι), C), Members(p) = T f, T

′
v,

|f| = |val|, ι′ new inH,

si =



W(u′, this.Q) if Ti = this.fj .Q andtj = u′

W(u, this.Q) if Ti = this.out.Q
for i ∈ {1...|t|}

andC(t) <: s. ThenH[ ι′ 7→ [[ ι ‖ C ‖ f : val v : null ]] ] OK.

Proof: Let H′ = H[ ι′ 7→ [[ ι ‖ C ‖ f : val v : null ]] ].
Assume1:CT OK, 2:H OK, and3:H, ι0 ` ι . u. 4:H, ι0 ` val . t,
5:p = Assemble(Mix(H, ι), C), 6:Members(p) = T f, T

′
v,

7:|f| = |val| = n, 8:ι′ new inH,

9:si =



W(u′, this.Q) if Ti = this.fj .Q andtj = u′

W(u, this.Q) if Ti = this.out.Q
for i ∈ {1...n}

and10:C(ti) <: si, for i ∈ {1...n}.
By (WF-HEAP) showing thatH′ OK means showing that every

object inH′ is wellformed. By (8) and the definition ofH′, H′ is
compatible withH, andH is undefined atι′. Inspection of the rules
(WF-ROOT), (WF-OBJ), (WF-NULL ), and (WF-MEM) shows the

17 2005/8/8



value of each member declared in a mixin of the object is either ⊥,
null , or an addressι1 at whichH is defined. Hence,ι′ is not an
enclosing object or the value of any member of any object inH, so
from H OK follows ι2 OK in H for all ι2 whereH is defined, and
hence alsoι3 OK in H′ for all ι3 whereH is defined. SinceH′ is
defined inD∪{ι′} whereD is the domain ofH, we have now dealt
all addresses whereH′ is defined exceptι′, so we need only show
ι′ OK in H′. SinceEncl(H(ι′)) is defined we know thatι′ 6= ιroot,
so we must use (WF-OBJ) to show this.

Note that 11:ι 6= ι′ becauseH is defined atι. From (5)
via Lemma 14 we get12:p = Assemble(Mix(H′, ι), C) =
Mix(H′, ι′).

Now we need to show that the value of each memberm ∈
Members(p) satisfies the implication in the premise of (WF-OBJ).
We have to consider variables and fields separately, and we have to
use induction for the fields.

If m is a variablev then from the definition ofH′ we conclude
H′(ι′)(v) = null , and by (WF-NULL ) the implication is trivially
satisfied.

To deal with fields we need to consider their ordering and handle
the “smallest” ones first—by (1) fields are ordered such that for
each fieldf, DclType(p, f) = this.outk.f.C ⇒ ∀i. fi<f f, i.e., “a
field only depends on smaller fields”.

• Consider the smallest fieldfj among the fields ofι′. Since
fj cannot depend on other fields inι′, its declared type must
be this.outk+1.f

′′
.C′′ for somek, f

′′
, and C′′. By (9j) this

implies that13:sj = W(u, this.outk.f
′′
.C′′). Note that (13)

implies thatsj is a class type with classC′′ and 14:E(sj) =

W(u, this.outk.f
′′
). By (4j) we get 15:H, ι0 ` valj . tj . If

valj = null then we finish by using (WF-NULL ) because
H′(ι′)(fj) = null .

Otherwise there exists aι′′ such thatvalj = ι′′. Note
that by (13)M(sj) is defined. Using this and (1) (2) (15)
(10j) with Lemma 18.6 we conclude16:H, ι0 ` ι′′ . sj . From
(14) (16) via (A-CTYPE) we conclude that there is ap′ such
that 17:p′.C′′ ∈ Mix(H, ι′′) = Mix(H′, ι′′) and 18:H, ι0 `

Encl(H(ι′′)) . W(u, this.outk.f
′′
). Using (1) (2) (3) (18)

with Lemma 21 yields⇓ H(ι, this.outk.f
′′
) = Encl(H(ι′′)).

SinceH′ is compatible withH this immediately yields19:⇓
H′(ι, this.outk.f

′′
) = Encl(H′(ι′′)). and with Lemma 17 this

yields 20:⇓ H′(ι′, this.outk+1.f
′′
) = Encl(H′(ι′′)). Finally,

(20) (17) shows that the member related implication from (WF-
OBJ) holds forfj , so we are done.

• For a fieldfj other than the one with the lowest order we assume
that the member related implication holds for all fields with
lower order thanfj . If the declared type offj is on the form
this.out.Q then the proof in the previous case can be reused.
Otherwise by (9j) the declared typeTj is this.fm.f

′′
.C′′ for

somem, f
′′
, andC′′. Moreover,tm is an object typeu′, such

that21:sj =W(u′, this.f
′′
.C′′) and by (9j), 22:C(tj) <: sj . By

(4j) (4m) we get23:H, ι0 ` valj . tj and24:H, ι0 ` valm . u′.
If valj = null then we are done. Otherwise there ex-

ists a ι′′ such that valj = ι′′. Using (21) and the de-
finition of W we get M(sj) 6= ⊥, and (1) (2) (23)
(22) (21) with Lemma 18.6 then yields25:H, ι0 ` ι′′ .

W(u′, this.f
′′
.C′′). Note thatDepths(W(u′, this.f

′′
.C′′)) >

0 because it is a class type, so from (1) (2) (25) with
Lemma 18.3 we get26:H, ι0 ` Encl(H(ι′′)) .W(u′, this.f

′′
).

Let u′ = 〈p′′〉.f
′′′

, then W(u′, this.f
′′
) = 〈p′′〉.f

′′′
.f

′′
,

and then (26) with (A-OTYPE) for some suitablel yields ⇓
H(ι0, this.outl.f

′′′
.f

′′
) = Encl(H(ι′′)), but then there is anι′′′

such that⇓ H(ι0, this.outl.f
′′′

) = Encl(H(ι′′′)), which from
(24) via (A-OTYPE) shows thatvalm = ι′′′ and in particu-
lar valm 6= null . This and (1) (2) (24) (26) with Lemma 21
shows that⇓H(ι′′′, this.f

′′
) = Encl(H(ι′′)). SinceH′ is com-

patible withH this and Lemma 16 yields⇓H′(ι′′′, this.f
′′
) =

Encl(H′(ι′′)) and usingH′(ι′)(fm) = ι′′′ we can construct
27:⇓ H′(ι′, this.fm.f

′′
) = Encl(H′(ι′′)). To conclude, (27) is

the first clause from the right hand side of the member related
implication, and the other clause (about the existence of a mixin
ending inC′′) is an easy consequence of (25) as in the first case
of this proof.

2

Finally we reach the subject reduction theorem, which essentially
states that evaluation of an expression with a given type leads to a
result which also has that type or it raises aNullErr, and the receiver
will preserve its type, and heap will remain well-formed.

Proof of Theorem 1: By induction in the structure of the deriva-
tion of the evaluation judgment. We start by assuming the left hand
side of the implication and then show that the right hand sideholds.
For easy reference we number the parts as follows:1:CT OK,
2:H OK, 3:p ` e : t, 4:H, ι ` ι . 〈p〉, and5:e, H, ι ; r, H′. The
task is then to show?1:H′ OK, and either?2a:H′, ι ` val . t where
r = val, or?2b:r = NullErr. This is sufficient because by Lemma 20
and Corollary 15, (2), (4), (5), andH′ OK ensureH′, ι ` ι . 〈p〉.

Case (R1,R2): Trivial.

Case (R3): The usage of (R3) implies thate = path, r =
val, H′ = H, t = u, and 6:⇓ H(ι, path) = val. In proving
(3), p ` path : u, we must have used (T3), which implies
7:W(〈p〉, path) = u. Using (1) (2) (4) (6) (7) with Lemma 23
yieldsH, ι ` val . u, which is (?2a). SinceH = H′, the remaining
result (?1) is trivial, which finishes the case.

Case (R4): From the evaluation we get6:path, H, ι ; ι′, H
and 7:H(ι′)(v) = val, and from the typing,8:p ` path : u and
9:W(u,DclType(u, v)) = s. The induction hypothesis applied to
(1) (2) (8) (4) (6) yields10:H, ι ` ι′ . u. Using (1) (2) (10) (9) (7)
with Lemma 24 yields11:H, ι ` val . s. Since (?1) is just (2) and
(11) is (?2a), this concludes the case.

Case (R5): The evaluation yields6:path, H, ι ; ι′, H, 7:e, H, ι ;

val, H′, 8:H′(ι′)(v) 6= ⊥, and9:H′′ = H′[ι′ 7→ H′(ι′)[v 7→ val]],
From the typing judgment, (T5), we get10:p ` path.v : s,
11:p ` e : t, and 12:C(t) <: s. Moreover, (10) via (T4) yields
13:p ` path : u and 14:W(u,DclType(u, v)) = s. Applying the
induction hypothesis on (1) (2) (13) (4) (6) yields15:H, ι ` ι′ . u.
Applying the induction hypothesis on (1) (2) (11) (4) (7) yields
16:H′ OK and 17:H′, ι ` val . t. Now use (7) with Corollary 15
to conclude thatH′ is compatible withH, and use (1) (2) (16) (15)
with Lemma 20 to get18:H′, ι ` ι′ . u. Next, use (1) (16) (18) (17)
(12) (14) (9) with Lemma 25 to conclude19:H′′ OK, which shows
(?1). Finally, note thatH′′ is compatible withH′ because the only
difference between them is the value of one variable, and then use
(1) (16) (19) (17) with Lemma 20 to getH′′, ι ` val . t, which is
(?2a).

Case (R6): The evaluationnewpath.C(e), H, ι ; val, H′′′ and
the typingp ` newpath.C(e) : s0 together yield the following:

•
6:path, H, ι ; ι′, H

•
7:ei, Hi, ι ; vali, Hi+1, for i ∈ {1...n}

•
8:p = Assemble(Mix(H′, ι′), C)

18 2005/8/8



•
9:Members(p) = T f, T

′
v

•
10:|f| = n

•
11:ι′′ new inH′

•
12:Constr(pc) = T0 C(T f) {e′; }

•
13:H′′ = H′[ι′′ 7→ [[ ι′ ‖ C ‖ f : val v : null ]]]

•
14:e′, H′′, ι′′ ; val, H′′′

•
15:p ` path : u

•
16:p′

c ∈ M(u.C)

•
17:p ` e : t

•
19:Constr(p′

c) = T0 C(T f)...

•
20: si =



W(u′, this.Q) if Ti = this.fj .Q andtj = u′

W(u, this.Q) if Ti = this.out.Q
for i ∈ {0...n}

•
21:C(ti) <: si, for i ∈ {1...n}

wheren = |e|, pc = p|p|, H1 = H, andH′ = Hn+1.
The choice of symbols above implies that the constructors found

at the end ofp in the dynamic case and at the end ofp′ in the static
case must have the same signature. It is easy to see that the last
element ofAssemble(p, C), if defined, will be on the formp′.C.
Hence, by (1),M(pc) andM(p′

c) must have a mixinp′′.C in
common, and this together with (WF3) ensures that they will have
the same constructor signature.

Applying the induction hypothesis to (1) (2) (15) (4) (6) we
obtain22:H, ι ` ι′.u. For eachi ∈ {1...n} we obtain the following
implication by the induction hypothesis:

2

6

6

6

4

(1)
Hi OK
(17i)
Hi, ι ` ι . 〈p〉
(7i)

3

7

7

7

5

⇒

2

4

23i:Hi+1 OK
24i:Hi+1, ι ` ι . 〈p〉
25i:Hi+1, ι ` vali . ti

3

5

We can establish the left hand side of this implication for all
i ∈ {1...n}, which shows that the right hand side holds, i.e., that
(23i)...(25i) hold. Fori = 1 we use (2) (4). Fori > 1 we use the
result from the implication withi− 1. In particular,26:H′ OK and
27:H′, ι ` ι . 〈p〉.

Using Corollary 15 and Lemma 20 as usual we get28:H′, ι `
ι′ . u from (22) etc., and29:H′, ι ` val . t from (25i) with
i ∈ {1...n}, etc. Now use (1) (26) (28) (29) (8) (9) (10) (11)
(12) (20) (21) (13) with Lemma 26 to conclude that30:H′′ OK.
Moreover, (13) directly shows that31:Encl(H′′(ι′′)) = ι′.

We need to obtain results associated with (14). At this point
it is crucial that we use induction in the shape of the evaluation
derivation and not the typing derivation, because there is no typing
judgment corresponding to (14). However, we can rely on program
well-formedness to obtain such a typing judgment, and then use the
induction hypothesis on (14) together with that typing. As (8) (12)
(13) shows,e′ is the expression returned from the constructor in
the last (most specific) mixin ofι′′, namelyp|p|; to avoid repeating
this unwieldy expression many times we letp′′ = p|p|. By (1)

there exists a typet′ such that32:p′′ ` e′ : t′ and 33:C(t′) <:
W(〈p′′〉, T0). Sincep′′ is one of the mixins inι′′ we can use (1)
(30) with Lemma 19 to get34:H′′, ι′′ ` ι′′ . 〈p′′〉. Finally we use
the induction hypothesis on (1) (30) (32) (34) (14) which yields
35:H′′′ OK and36:H′′′, ι′′ ` val . t′. Result (35) is obviously useful
because it is (?1). Result (36) is not so helpful because we need
to prove thatval has a certain typeas seen fromι, but (36) is
concerned with the type ofval as seen fromι′′. Nevertheless, it
is used below in a more indirect manner.

The last task is to show that the final result,val, agrees with
s0. If val = null then agreement is trivial and we are done.
Otherwise there is aιv such thatval = ιv. From (1) (35) (36) (33)
with Lemma 18.6 we get37:H′′′, ι′′ ` ιv .W(〈p′′〉, T0). By the
grammar,T0 = path′.C′ for somepath′ andC′, soW(〈p′′〉, T0)

is a class type with classC′, i.e.38:W(〈p′′〉, T0) = u0.C
′ for some

object typeu0, and since we must have used (A-CTYPE) in the
proof of (37) we get39:∃p′′′. p′′′.C′ ∈Mix(H′′′, ιv).

To finish the proof we need to consider two cases for the shape
of the path in the declared return type of the constructor,path′:

• path′ = this.outk+1.f
′′
: It is easy to see that all depths are

non-negative and40:E(u0.C
′) = u0 = W(〈p′′〉, path′), so

41:Depths(u0.C
′) = 1 + Depths(u0) > 0. Now use (1)

(35) (37) (41) (40) with Lemma 18.3 to get42:H′′′, ι′′ `
Encl(H′′′(ιv)) . W(〈p′′〉, path′). Let 43:p′′ = C1...Cm.
Using (1) (35) (34+Corollary 15 and Lemma 20) (43) with
Lemma 18.1 we get44:Depth(H′′′, ι′′) = Depths(〈p′′〉) = m.
SinceW(〈p′′〉, path′) = 〈C1...Cm−k−1〉.f

′′
we get from (42)

(44) via (A-OTYPE) that45:j = Depth(H′′′, ι′′)−(m−k−1) =

k + 1 and46:⇓H′′′(ι′′, this.outk+1.f
′′
) = Encl(H′′′(ιv)). Us-

ing (31) and Lemma 14 we get47:Encl(H′′′(ι′′)) = ι′, and then
using (46) (47) with Lemma 17,48:⇓ H′′′(ι′, this.outk.f

′′
) =

Encl(H′′′(ιv)). Based onT0 = this.outk+1.f
′′
.C′, (20) yields

49:s0 = W(u, this.outk.f
′′
.C′). From (28) etc. with Corol-

lary 15 and Lemma 20 we get50:H′′′, ι ` ι′ . u, and from (49)
we get51:E(s0) =W(u, this.outk.f

′′
). Using (1) (36) (50) (48)

(51) with Lemma 23 yields52:H′′′, ι ` Encl(H′′′(ιv)) . E(s0).
From (49) we conclude thatClss(s0) = C′. Finally, we use (39)
(52) with (A-CTYPE) to conclude that53:H′′′, ι ` ιv .s0, which
is (?2a).

• path′ = this.fj .f
′′

andtj = u′: UsingW(〈p′′〉, path′.C′) =

〈p′′〉.fj .f
′′
.C′ and (37) we get47:H′′′, ι′′ ` ιv . 〈p′′〉.fj .f

′′
.C′,

which by (A-CTYPE) yields 48:H′′′, ι′′ ` Encl(H′′′(ιv)) .

〈p′′〉.fj .f
′′
. From (1) (35) (34 + Corollary 15 and Lemma 20)

via Lemma 18.1 we get50:Depth(H′′′, ι′′) = Depths(〈p′′〉) =

|p′′|. Now, (48) (50) by (A-OTYPE) yields 51:j′ =

Depth(H′′′, ι′′) − |p′′| = 0 and 52:⇓ H′′′(ι′′, this.fj .f
′′
) =

Encl(H′′′(ιv)). By the definition of⇓ H′′′ this implies 53:⇓
H′′′(ι′′, this.fj) = ιj where H′′′(ι′′)(fj) = ιj . From (13)
and using Lemma 14 we getιj = valj . But then 54:⇓

H′′′(ιj , this.f
′′
) = Encl(H′′′(ιv)). Knowing more abouttj and

valj , and using Corollary 15 and Lemma 20 as usual we deduce
from (25j) that55:H′′′, ι ` ιj . u′. From (20), using our knowl-
egde aboutpath′ and henceT0, we now gets0 =W(u′, f

′′
.C′),

hence56:E(s0) = W(u′, f
′′
). Finally, (1) (35) (55) (54) (56)

with Lemma 23 yields57:H′′′, ι ` Encl(H′′′(ιv)) . E(Hs(t)),
and then (39) (57) with (A-CTYPE) yields 58:H′′′, ι ` ιv . s0,
which is (?2a).

By inspection of (20) we can see that no other cases than these
two are possible forpath′, which again shows that (?2a) holds in
all cases, and thus the proof of this case is hereby complete.

Case (ER1): The error rules are easy to handle, so we do not cover
them in full detail. This rule is of course a shorthand for three rules,
one for each conclusion. However, they may be handled identically:
Since the heap is unchanged the requiredH OK is immediate, and
so isH, ι ` ι . 〈p〉. Finally, r = NullErr satisfies the disjunction.

Case (ER2): Consider the first of the two rules. Fromp `
path.v : t we conclude by (T4) thatp ` path : u and
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W(u,DclType(u, v)) = t 6= ⊥. Applying the induction hypoth-
esis onCT OK, H OK, p ` path : u, H, ι ` ι . 〈p〉, and
path, H, ι ; ι′, H yields H, ι ` ι′ . u. But then by Lemma 22
H(ι′)(v) 6= ⊥. This is a contradiction, so it cannot be the case that
the evaluation derivation is based on this rule, so we need not show
that the right hand side of the soundness implication holds.The
same proof works for the second rule.

Case (ER3): By (T6) we get 6:p ` path : u and 7:p `
e : t. Apply the induction hypothesis to (1) (2) (6) (4) and
path, H, ι ; ι′, H to get 8:H, ι ` ι′ . u. Next, (1) (2) (8) with
Lemma 18.4 yields9:Mix(H, ι′) ⊇ M(u). From (T6) we have
Assemble(u, C) = M(u.C) 6= ⊥, so from (9) with Lemma 4 we
getAssemble(Mix(H, ι′), C) 6= ⊥. This is a contradiction, so so
it cannot be the case that the evaluation derivation is basedon this
rule.

Case (ER4): This case is when the constructor is given an incorrect
number of arguments. We already argued at the beginning of the
case (R6) that this cannot occur.

Case (ERP1...ERP7): These error propagation cases just ensure
that an error in a subtree of an evaluation is always propagated
as the result of the entire evaluation, and the induction hypothesis
is applied to conclude that onlyNullErr can be the result, never
TypeErr.

Case (ERH1...ERH4): This rule will only be used in a con-
text wherep ` path : u, and by the induction hypothesis,
W(u,DclType(u, v)) = t 6= ⊥. Now we can use Lemma 23 on
each prefix of the path to ensure that agreement exists at eachstep,
and Lemma 18.1 to conclude that the statically predicted number of
enclosing objects exists, such that evaluation of eachout step will
succeed, and finally Lemma 22 to show that for each field lookup
the field will be defined, although possiblynull , and hence the re-
turned result may be a value orNullErr, but neverTypeErr.

2

A.5 Error handling

The rules dealing with error situations are shown in Fig. 13.

LEMMA 27 (Coverage of path evaluation).For all H, path and ι,
⇓H(ι, path) ∈ Value ∪ {TypeErr, NullErr}.

Proof: We prove the lemma by induction on strcuture ofpath .

Case (this): Definition of⇓.

Case (spine.out): First, note that for spines,⇓ never returnsnull
or NullErr:

⇓H(ι, spine) ∈ Address∪ {TypeErr}

By induction hypothesis,⇓ H(ι, spine) may beTypeErr or ι′.
(ErH3) handlesTypeErr. If it is ι′, thenH(ι′) may be⊥ or an
object. Case 6 in definition of⇓ handles⊥. Case 2 in definition of
⇓ handles objects.

Case (path.f): By induction hypothesis,⇓H(ι, path) may benull ,
Err, or ι′. Case 4 in definition of⇓ handlesnull . (ErH3) handles
Err. If it is ι′, thenH(ι′)(f) may be⊥ or val. Case 5 in definition
of ⇓ handles⊥. Case 3 in definition of⇓ handlesval.

Proof of Lemma 1: By induction onn with cases on the structure
of e. The base case for the induction,n = 0 is trivial by rule (Kill).

Case (null ): Trivial by rule (T1).

Case (e ; e): Immediate from induction hypothesis, and rules (R2)
and (ErP5).

path, H, ι ; null , H

path.v, H, ι ; NullErr, H
path.v = e, H, ι ; NullErr, H

newpath.C(e), H, ι ; NullErr, H

(ER1)

path, H, ι ; ι′, H H(ι′)(v) = ⊥

path.v, H, ι ; TypeErr, H

path.v = e, H, ι ; TypeErr, H

(ER2)

path, H, ι ; ι
′
, H Assemble(Mix(H, ι

′), C) = ⊥

newpath.C(e), H, ι ; TypeErr, H
(ER3)

path, H, ι ; ι′, H Assemble(Mix(H, ι′), C) = p

Members(p) = T f, |e| 6= |f|

newpath.C(e), H, ι ; TypeErr, H
(ER4)

⇓H(ι, path) = Err

path, H, ι ; Err, H
(ERP1)

path, H, ι ; Err, H

path.v, H, ι ; Err, H

path.v = e, H, ι ; Err, H
newpath.C(e), H, ι ; Err, H

(ERP2)

path, H, ι ; ι′, H e, H, ι ; Err, H′

path.v = e, H, ι ; Err, H′ (ERP3)

e, H, ι ; Err, H′

e; e′, H, ι ; Err, H′ (ERP4)

e, H, ι ; val, H′ e′, H′, ι ; Err, H′′

e; e′, H, ι ; Err, H′′ (ERP5)

1 ≤ j ≤ |e| path, H1, ι ; ι′, H1

ei, Hi, ι ; vali, Hi+1 for i = 1...j − 1
ej , Hj , ι ; Err, Hj

newpath.C(e), H1, ι ; Err, Hj

(ERP6)

path, H, ι ; ι′, H H = H1

ei, Hi, ι ; vali, Hi+1 for i ∈ {1...|e|}
H′ = H|e|+1

p = Assemble(Mix(H′, ι′), C)

Members(p) = T f, T
′
v |f| = |val|

ι′′ is new inH′ Constr(p|p|) = T C( ){e′; }

H′′ = H′[ ι′′ 7→ [[ ι′ ‖ C ‖ f : val v : null ]] ]
e′, H′′, ι′′ ; Err, H′′′

new path.C(e), H, ι ; Err, H′′′ (ERP7)

⇓H(ι, spine.out) = TypeErr, if ⇓H(ι, spine) = ιroot (ERH1)
⇓H(ι, path.f) = NullErr, if ⇓H(ι, path) = null (ERH2)

⇓H(ι, path.f) = TypeErr, if H(⇓H(ι, path))(f) = ⊥ (ERH3)
⇓H(ι, q.q) = Err, if ⇓H(ι, q) = Err (ERH4)

Figure 13. Error handling

Case (path):Follows from Lemma 27.

Case (path.v ): By Lemma 27, evaluation ofpathcan benull , Err,
or ι′. (Er1) handlesnull . (ErP2) handlesErr. If it is ι′ thenH(ι′)(v)
may be⊥ or val. (Er2) handles⊥. (R4) handlesval.

Case (path.v= e): Includes the steps frompath .v , except the last
step wherepathevaluates toval. Thene can evaluate toErr or val.
(ErP3) handlesErr. (R5) handlesval.

Case (new path .C(e)): Includes the steps frompath .v , except
the last step wherepath evaluates toval. Then ei may evaluate
to Err or val. (ErP6) handlesErr. |e| 6= |f| is handled by (Er4).
Assemble(Mix(H, ι′), C) = ⊥ is handled by (Er3). Finally,e′ may
evaluate toErr or val. (ErP7) handlesErr. (R6) handlesval.
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