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Finding the maximal -strong components in a directed graph.

Given a directed graph, i.e. a set of vertices and a set of directed
edges, each leading from one vertex to another, it is requested to partition
the vertices into so-called "maximal strong components". A strong component
is a set of vertices, such that the edges between them provide a directed
path from any vertex of the set to any vertex of the set and vice versa;

a single vertex is a special case of a strong component: then the path can
be empty. A maximal strong component is a strong component to which no

further vertices can be added.

In order to establish this partitioning, we have to be able to make
two kinds of assertions: the assertion that vertices belong to the same
strong component, put also ;-because“we haVé to find maximal strong components--

the assertion that vertiogs doanbf belong to the same strong component.

for the first tybébof assertion, we may use the following

Theorem 1. Cyclically connected vertices belong to the sameistrong‘component.

Besides (directedj connections between individual vertices, we can
talk about Aiqected‘connecfions between different strong components: we say
‘that there is a‘CDnnection from a strong component A to a strong componen£‘
B if there exists a di:ected edge from a vertex of A +to a vertex of B.
Because A and. B are strongicompcnenfs; tHere is then a path ffom any
vertex of A to any Véftex'of‘ 8 ; And as airesult, Theorem ! can be gene-

ralized into
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Theorem la. Vertices of cyclically connected strong components belong to the

same strong component.

Corollary 1. A non-empty graph has at least one maximal strong component

without outgoing edges.

So much for theorems asserting that vertices belong to the same strong
- component. Because for different points to be in the same strong component,
there must be paths between them in both ways, assertions that vertices do

not belong to the same strong component can be made on account of

Theorem 2. If the vertices are subdivided into two sets svA and svB,
" such that there exist no edges originating in a vertéx of svA and termina-
ting in a vertex of svB , then
fifstly: s the set of maximal stroﬁg components does‘not depend on
7!’ the presence or abserce of edges originating in avvertéx'
of svB and'terminatihg iﬁ é'vértex of svA , and

- secondly: o . no $trong component comprisesVVErticesffrom both sets.

From Theorem 2 it follows that as soon as a strong COmponeni without
outgoing edges has been found, we can take its Vertices as set svA and
conclude that this‘strong component is @ maximal strong component and that

- all ingoing edges of svA can further be ignored. We conclude
‘Theorem 2a. A strong componeht'whose qufgoingkedgés, if any, are all ingoing

B

edges‘bf maximal strong comhbnents,‘is itself a maximal.strong'component.

~Or, to put it in another way: once the first maximal strong component
’Qithout outgoing edges --the existence af which is guaranteed by Corollary 1--

;has been,?dund>/—fidentified as such by'Qeihg a strong component without out-
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going edges-- the remaining maximal strong components can be found by solving
the problem for the grapﬁ consisting of the remaining verticesvand only the
given edges between them. Or, to put it in still another way, the maximal
strong components of a graph‘can be ordered according to "age", such that

each maximal strong component has only outgoing edges to "elder" ones.

In order to be able to be a little bit more precise, we denote by

sv: the given set of vertices (a constant)
se: the given set of edges (a constant)
pv: a partitioning of the vertices of sv .

The final relation to be established can then be written as

R: pv = MSC(se)

-

~in which for the fixed set sv the function MSC, i.e. the pértitioning in

' Maximal Strong Components, is regarded as a function of ‘the set of edges se.

The éorrespondihgiinvariént‘relatidn;is‘éuggestsd by the standard
technique bf'feplacingta'constant by a~va:iablé}’fse1- say; whose value will
always be a subset of se:
 P: oL pv = MSE(éeT); ‘ T; e
_Relation P is easily initialized for empty se! --i.e. eathtVertex of . sv
is a maximal strong component all by itself-- . Because sel is bounded in

_ - ‘ . . o
‘'size by se , monotonically incressing - se! is guaranteed to terminate; if
we can accomplish this under invariance of P , relation R has been estab-
‘lished by the time that sel =se . In our diécuSsions it;will be convenient

also to have a name,  se2 say, for thé‘iémaining edges,ki}g.‘,se}='set ¥ se?
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Our task is clearly tobdiécovér.the most donvenient order in which edges
are to be added to sel , where "convénienéé” is related to the ease with
which the invariance of relation P is maintained. This, as we know, can also
be phrased as: what is our general intermediate stat;, what types of pv-values
“do we admit? In order to describe such a general intermediate state, it seems
practical to group the vertices of sv also in disjoiht subsets (as we have

done for the edges: se! and se2 ). After all: we are interested in partition-

ing vertices!

The general intermediate state should be a generalization of both initial
and final state% At the beginning, for none of the vertices it has been estab-
lished to whi¢h~maximal‘stFong component in MSC(se) they belong, eventually
it has been establiéﬁéd fd: all vertices. Analogous to“se1‘ we can introduce

(initially empty amdkfinally comprising all vertices) svi, where

. svl "contains al;_vertiéegvof .sv , for which the maximal strong componeht_

in MSC(se) to which they belong has been identified.

We intend to use Theorem 2a for deciding that a strong component is a
maximal one, that is, after having established something about all its out-
goin§ edges. When we,now“identify:
sel with the ‘set of all précessed edges, and
© se2. with the set of all unprocessed edges, i.e. edges whose'presence has not

yet been taken'ihfo:account,
‘then we see that

‘Pl all oqtgbing edges of verticeslin év1 ‘are in  sel.

e
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It is, however, tdb crude to group all remaining vertices in a single
set sv2. The way in which sv! is defined implies that, each time a new
maximal strong component of MSC(se) hés been identified, all the pertices
of that maximal strong component have to be transferred together to sv!
Between two such transfers,‘in general a number of edges ha¥eto be processed
(i.e transferré& from se2 +to sel ), and for the description of the inter-
mediate states that have to be taken into account with respect to "processing
one edge at a time", the remaining vertices have to be separated a little bit
more subtly, viz, into two disjoint subsets, sv2 and sv3 say, (with

sv = svl ¥ sv2 F sv3 ), where sv3 contains the totally unprocessed vertices,
P2: no edge in sel! begins or ends at a vertex in sv3

(sv3 is initially‘equal to sv and finally empty).

Transfer from sv3 to svl can then take place in two steps:
BT : .

from sv3 to  sv2 (oneat a,time)'andvfrom “sv2  to svi (togetﬁér with all

‘other vertices from thg.Same‘definite makihél strong component) .

In other words: ahong the vertices:of sv2 we shall try tovﬁuild up

v(by enlargiqa s§1) the next maximal strong component.of ‘MSC(se) to be trahs—ﬂ
 ferred fo svt., The méximal strong compdnents in MSC(se1) --note the argument!--
are such that they comprise either vertices from‘,sv1 oniy, or verticeé from

 sv2 only,’or a (éingle) vertex from sv3 . We propose a limitatioq on the
‘ connectiqns thaf Eﬁe edges of ;§1 pfgvide between the maximal strong compo-

. nents in MSC(§§1) that coﬁtaiglnodes from 592 only: between those maximal
strong components the edges of sel shall provide no more and, né less than a
single directed path, leéding from the "oldest" to the>"youngest" one. We
call these maximal stioﬁg components ”the-eleménts of thé chéin".kThis choice

is suggested by fhe fdllowing‘cohsidétations;v~
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