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,Recarding ']'}76 s"ruc}ure o? '}r‘ees N n’ieir \eowes.

The Po“om'ms resulls are by no meons new. T loand
Yhe result Pcrr the binarb }ree m the lcte F:?\'\ess the
result Pur the 9%94‘0\ free —or Sume)r)nins very similar
Yo ib— was discovered m the late sixlties )p:j C.S.Scholyen
and , HP 1 remember it correcHy, by DT Ross as well.

1 0ok

are $wo P:lol

'}-"ursﬂ‘j ’ with o renewed 'm}eres" m Yrees T realized
that T had never seem the results FroPefl.:j recorded
-—Hw.cj Moy be somewhere ‘m Ynuth's ?mo_:)c\o\::eo\io.\.__;
sechc\Lj, Yhonks o o recent remork )’fj C.S. Scholten

T now undersfond thevn much hetler Yhan \aeg-re.

The reasons ﬁ-r wralins his shor

Oﬁ—)srjrina ()P Hwe resun-s oxe }%e ?:“Owihg H’\ecnre,ms.

Theorewm 1. Consiclezr Pcrr‘ loosi}'nve 'm}esexr n '}'}we Va\u.es

r(n) given \03
r(a) = 1
r(n) = the sum UP a“ Produe}s T‘(é)* V(J) , Such
that  (+y=n  with 0<<£,\')<n.
Then r(n><4n. (Ncﬁe Yhat ‘r(n) ectua\s the num ber
r‘oo)'ec\ ';‘rees m)k n 130&65 ‘5uc\-\ Yha} C—:ac\'\ inxezrno\\

nocle, has exa\cu:j ‘}WO 00}30#\5 O\T‘rows.)

'ﬂmeo-r‘em 2. Consider ?crf' ]oos;"nve 'm\‘eg)&r- rn Yhe volues
r(n) Gven \o_j
ra) = 1
rén)= the sum oP all Y)roc\uc}s r(e)wn r(j), such
that (+o4j=m with o<c',...,)'<'n.
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Then r‘(n\(éln. (No)re Yot r(n) equo\s e number
rocted drees with n leaves such hat eoch internal

hode \ﬂas ot \eas\' two ou\-c_o)oin\cj o\rr-ows.>
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¥

For a dree that is not & leaf’ the so-called "draversal
order h:; i\'s \eowes 15 recursive.\j de{?ﬂec\ as H\e '}mvwsa]
orders e leaves a-P i}s sublrees deall with w the order
OPHIOSQ Su\:"r‘ees, e.q9.

ANV

: 9 10 3 4 S 16

Ne S\'ia“ clnarac\'eﬁze 'n‘le SMchre UP '})’Ié ‘)’rees ‘:3
anackms Yo each \ea.i) o label me a Bm}c a\\o}m\ue\*
oand liskno these labels m hoversal order. The S\‘o.lec‘
thecrems ?éllow Frtm-. Yhe gd that —as we shall show-

r the )o;mr:j omd. the gemam\ rooted tree lobels
‘o o tour-character o.\P}\a\De\' and a six-choracler

slphabe}  respechively  suffice.

The labels sevve Fwo purposes. "F?rs}Lj, r)'}w:j hove o
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n i

dere which nodes — leaves Yo shlart with— are "soms
a{)‘}}le same "'Fétn’-e/r’i Secc.mc“j., ‘Deccu.&se cm\ \a):e\s
o]() leaves "lowe Beem ven , the \al::e\ oPa. o«})'\&r w;ll
be de{)med bj the labels oF its sons. (’Resre)ffu“j

@Y\oush, we Co«nno\‘ anvoid a\So O\')’}'O«c)ﬁhs an irr'e\evan\'

\0-\92' -\0 the roo‘\' o{) *»12 -]ree)

Each inlernal node has ome so-called ”Rrsx- Sem
ond one so-called “lash Scm,’_; i+ mouy howe “middle sons -
(In o exo\mF\e; 0,1,%, and A ore Pirs\' Sons 3
2,5,7, ond B ore middle sone; 4.8,10, omd C ove
lost sems.) Tn order that +he labels delermine which
nocles - \eowes }o S)"Or“ \Ann\- oxe Suns a-P Hre Same
Pln‘ef‘ » We S)WQN aHac\w di‘shnc}- |a\oe(s }-o F:rs} Sons,
'}o mio\c{‘e sons , and -10 lds} suns, Beca«se })\e rr_\ic\c“e
Son moy be missing , Yhe labels the Fir'sk and lash
Soms c-Fa ?ap\ex must  delermine the -Fa“'\ex‘s label.

\,Jil]m x Poﬁi‘vilih%,for o ﬁrs} Son's label omd 9
possibili]-ies ?w a last som's label . omd anm ar\;s)rom.,
label grr he @u\ex, we comclude the requir€m%¥

x4y 3 size u?'nwe a\F)vaBel- . )
For the binm:) tree -no mio\o“e, sons ~ the dis)—bnc}im
betiseen be bween ?irs)' oma \as]’ Sens requires

Size "P the a\Fka\pe}-}: x4y : ()
Relokoms (1) omd (2) com be solved @w‘ 3ize =9 .
Four the Senem\ Yree , w which we athach to each
middle Son +the some label , we howe, mmstead :rP(?.)

size ch‘»\e a\PLo)aelr 2 X+l+y : (3)
Relotions (1) omd (2) cam be <olved ]e:-r size< 6.
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The @Hawms coo\inss showo  thal these a]ra\m]be\~
sizes indeed SQﬁ?ceu

TFor  the bino«m Yree  we re/]oresen‘\' each lobel
}:ua the pair (b,c) with Of¢ )o,CS\. A Fonwf
with }a.\oel (b,c) ")a.s:

a tirst  som kn“‘\ lo}ae) (0,\:)

o last son  with lobel (1,0 |
i.e. d‘lS\"ﬂ\c“ lQ)'E\S 'H’IQ‘ Sﬂhs% ‘]"he 5)'0\'&)& i‘nequ\_a\ihes'

For the e)ene,rn\ dree we re/]oresen" each lobel ):.3
the pair (b,c) wath oshbg1 ond oscsg2. B
Po)'}iw M“’\ la\:\el (b,c) )103'.

a Firsh sen with label (0,b)

2ero of more midc“e sons  with lalae\ (O,‘z)

o last son with label (l,c) )

i.e. dis}‘mc)- \abe}s *H-.o} ‘SGl'tS?j %e s}a)ed "ranM.ali)'iQS.

’p\a}uo«ns}ro.a\- N 2) eril g 80
5671 HL NUENEN Fropdr. Edsger N.'.Dg\es]’ro.
The Ne“(w\ow\ds ?ﬁurroug-\s /l?esemcl-. Tellow



