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On ileration ond recursion

1 s customary —T know, in ?o.c‘, o? no other way- to c.\e?ine
]-}erahoh recursive\a. '.Bw} 'l'lne kc\nr\io‘ue, H»ou&k s SQumcl as

$c>umc=\ Cor be, \nqs - Fro]oer-}‘j '}\wa} mia\ﬂ} be ver:j nas‘lb,
O\‘]' \205“ Fro'm o. me'}hoc\o‘o\vjma\ ')ooin‘}' o? VIRuD, ano‘ i?i)’ Yurns
out not }o be Yhat ho.s’r:), ¢ s ot \eas)- Cknno:jihs.)

1 can already illusiode what T have in mind with the
53n¥&x ?or ‘hcx}urc\ hu‘mberS, ?or w\'\ic‘n 'n')er'e are G') \eas}
'}hree ?orms:

<nalurc\\ num‘oerﬁ u= <A‘|35§->l <ha}'ura\ num\oer> <di3i}->
<no\-ura\ Ylum)oer >tz <di33¥> ] < di31}> < m}urcj nhm\:?er>

<na\-ura) hum\nerb B¥-
<di5i\r> ] <na}ural hum\.’)er‘> < ho}ura\ Y\um\bef‘>

Iﬁ Q wa:j 'H'le \as} :s\zjn}ax is I)er\nq?s 'Hae mosl‘ \'\onest.
1} leads, however, Yo an o\m.‘oiauous orsing © o\l nalural
Vium bers u() at leas} 3 dig)}sz W} def:ﬁes ‘]OC\f‘Sihé as o
nondeterminishe process. The ?irs} WO san}oxes re)oresen}
the dwo usual woys OF reso)vi-n3 thad honae}erminacn_ “The
\OUU“POSC o? %35 ho%e- s Yo ex‘:\ofe houw Muc\n Yhel choice

oo \’\u.r“.

14 1S o‘u.i)e Possﬂo\e ‘H’xa} mos} o? Ihe ex};\oro}&c:n S,
‘mc\eeé, oe carried ouﬁ in Yerms o? Yre Q\oove exam};\e.
'Bu)r > ?H‘S“ﬂ, T Oy no\‘ (e N o Qx‘aef‘\' ir (:Lu‘orno\'\ic Com-~
P‘;‘ler Se.nera}"mn, anl . SQ.Conc“b, 'rnn '1h¥er'es\' in 'H;e,
ques}'th orose ith Connec\‘ion W;Hﬁ onnzr &ssocia}ive

cyf.\eruh unS '\'»’I an ConCQ'}'Eﬂahorx .
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‘h!e encoun“er -}he Same ]:)')enomenon wi‘Hn E\erq\'ecl ?u-nclio:-m\

comyo s‘.\ion R wi}\n

‘?nﬂ o= '? (V“X3 or with
Ph“ x = ?h <€ x) or with
e PP (P™) and Plx s 0

\vJe o.\so encaun}er ‘1" 12 roarammins \o.nauaaes \'n\(e,
SASL, m which we con deélne ~ with my sbnkax.._

?Ox = X Su\o\o\emen}ec\ with

C\'\'ir-) | 3 Ca:b) = |_[) nN=0 —» O\:\o
[] n>0 —» c\'\‘n’; (n-1) \0

B,

c\'\op n X = ‘\fn:o-—-) *®
I n>0 = g wher

Piq = c\\or (1) x
e .

(Tor 'H'ne_ So\\«. OF c.omr)or'lson '.‘ wou\c\ Perho\?s have. been
nicer Yo de?ine c\ni]o \o«:] Yhe *riv'.o.“n eo‘u‘.va.\e-n} Yext

ckip n % :-.ifn:o——é *x
n Nn>0 - Ch'aP Cn-'\j b w»\e.re

a:‘b = M
o)
C\eo‘rl:j ch'u‘o Omci c.\no are }\ne SO0ome gunc}ions, ancl

W+ does nol seewm unreasona le do require trowm implemenia-
a r
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’hons '“'m.)r ‘}'lu:' Qva\ua‘}e c\'\iP Omc] C\nop ot} '}'he sawme €X%-

pense Cin Yerms o-F Yime , Spoce , ond amount u? So.r):c;je

3e,ncr‘cx‘\ec!>. Th this nole 1 miend o Q.x?\ore whether
Yheorems o}:’ou} the one are wmore eo.s'.\b ')roved ‘}\m.-.
obout the other. (1 hope Yhere is no dil¥erence, bul i?
'H’lere 15, we Mad \De‘n'er* \fnom )

Tn derms of tl - fr "Yail'~ Fhey are deffned by

C\'\O 0 x =%

c\nP 0 x =X
c..)\iP (nu) A = c\'\iP n (‘l'] X) c\'ioF (n—n) n = {:‘ (C‘\op " X)
Llemma OR Lemma OB
C‘\a"o n ({l X): ‘U (C»\ir n 'K) choF n ({:l x) = 'H CC)\OF ™ X)
M%ﬂ Encluc\'ion; n=Q s o\wiou.s. ,Proag 'B\B 'nnciuc"'ton; n=0 is ohvious
c\ni)o (ner) (3 %) c\noP CHICOED
= {deﬁnihon oP c\'ﬁ?} = {de@n‘.}ion og) c\'\by},
chip n (‘\:l(-ll x)) 4 Cc\wo\o n (¥ %))
= {'mduc"lo\q \n:J)oc-Hnes‘-s} = {induc*ioh \r\'jpoi-\nesis}

H CCHP n (4 X)) kl <'U (cth - x))
= {dcgnihor\ o.? c"u]:} = {de?}ni\‘ioh o? c\noPE
l'.l (CL'-P (ﬂd—l) k§ H <€.ka (h-nj XB
OED QED .

1 have CGrrielo\ ou.‘} ‘H\ose ']’wo S.'“\'j Fruu?s SiAe. \o:) shde
'G)r )—‘ne Sa\«e o—f Com]—:ariSOH: -“'Qﬂ are equu\b Sim]:t‘Q.

-n'l?. aw\cwarc\ ‘n‘-in is ’H’lQ)‘ I Cou.\e\ ﬂﬂi (;:ncl @ rooP
3 P
{)or‘ C\'\\P n x = C\'\OP n x “'ho.)- WwWGS samme}ric n c“\iP
Gnd Q\f\f-b]b ' 1 needed QQ}‘)ler Lemma OB or Lewmma OB,
-1 WGS Ve-rj ThucL Qnﬂo:jeé w\nen 1 F.;umc\ mase\f forcec\ to

'-\rea\' an obviousb S‘jmme}ric_ si}ug}ion asbmme}r:cq\lb'
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Lel' Uus how \oo\x 03 ‘H’le ?rooFs o?

chip n Gw‘-c.e x} = twice (c\ni? n x» ond
c\no]: La C‘lwice ><3 = }wice (qho]: g XB

w-}\" '\wice CQ\D\ = a0 - “w‘.ce L': > ﬁum mkick we
EMquio}eb derive H (%Wice x} = ')-wice C“ X) ) T\ne
'}heorems \wo\cl Fclwr n=0Q 5 we cm\:j neea\ ’}o Ccm]'ao.re 'H'»e,

'lnducxion '&“GPS.

C\ni Cn-n) (-}w‘u:e x) c\'\o (n-n)(-‘rwice x)
= {de inition oF) c\v\‘-F} = {dc inidion OF C\\u?‘g
chﬁp n (H (-)w‘.ce. x)) t <c\nof: n (’huice x))
={PrQPQ.-b 0? '\'wicel = {indu.chcm \\n‘;oﬁ-\ncsmg
c\ni)o n (Ywice Ctl x)) ) <+wice. (c\noP " x))
={'|nducl'acm h\jyo})\esiss = {Pl“ofﬁ-l‘b OE "W"Ce'ﬁ
dwice (c}aip n CEL X)) Awice Cl:\ (c\\o? n x))
= {de?;ni\-ion o? C\"'PB = {deﬁni}ion OP Ckbf"g
Ywice (c}\i): (I'\-H) X) dwice Ccko‘: Cn-u) X)
QED. QED .

Qsain"H‘)e 'lWO Froo@ are Qo‘u.c.“:j SiMP\e. ’:E-Qm ‘H\e Q\;gve
e.xFerienc.e 1 G wi“ina '\O ex}ro.?o\a&e 'n'\a.‘} Pr‘cn{)s n ‘}erms
of c\ni]o are as S;mia\')}?rwaro\ as those in terms o? c\ﬁo]:.

But now ‘l\‘ b?.comes Fro ounAB Ghnoainﬁ 'ﬂ-m.l' H’:ed ore
e\iﬁpe.red‘. The cleanes} wa:j ou}l s unclou\o'}ecilj Yo establish

?or }\‘em}eo\ Punc}‘non o.]))o\ic.o.}iov- 'wv'lmediaxel&

?(m-i-h))& ={)M<‘Fh X)

Omcl '}o wse “ﬂo} eo‘ua\ilj in 9_‘! SuhSequen"' \oroofs._fhus
all su‘oseo‘uen* Qf‘aumen“s about iterohon — and we must
encounXer rnany o{) +hem — are '\hsens‘»}':ve o the Irrelcvcm‘}
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choice. w‘w“ner i\‘e.ra.'}lc-n \'\o.s \oeen ori&‘;no.“j de@nec\ "
'“‘Ie 5}"3\2 o—F C\'HP or in ‘H\e. s}ble. o? c}lor.: . T'l' 'wou.\d
Yhen be homest 4o de?:ne

c]no'ar: n \.‘a:‘o) =
EF n=0 - a:b
D Naxl1 ——>» b
0l P»q: P> A g3 A Prg=n-—
€_ c:\'loi):\ I: Cc\no'nf; c‘ (Q\r.;))

w\nere T have '}Q\weﬂ 'H'le \i\oer\j o()usinﬁ an "]hiliu\lz‘ms
Su.nrdh wn e los} ﬁu.ardecl €xpression.
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