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/?roog ?e@exlv}\j ?o\ ows ?rcm H’se 'nc\'empo)ence. oF D,
-}ro«nsi}ivi\d g)o\\ows me '“wc G.Sscc'\a"w‘i\lj o? “, ond

anxis mme} o“ ouwas rom -\\')e St v Q\r © ? D .
J D J )
CEnd o ? /Proeg. D

Theorem 1 TThe ﬂ [} monc‘*onic., Ve,
ash = alle g b{]c

M as b
= {deg o(-) S}
allk =b
= {\.e’-\aniz’g
albllc =b]e
= {Preper\'ies °§) “S
)N (ble) =(b]<)
= {dcg o€ Sl
alle < b]e : (End o()/):’r’ct)€->

We \n}roduoa ‘“’\Q Cms}om} 0 as sPec%o\ regu\ar
exXpression : it ois the unit  elemen) of “ :

Qxicm?. ’Wie, eXFrCSS"on 0 s reﬁu\ar and Sa\isges

0 “a = o or,ec\mva\en\r\b, 0 ge

Our second conshruckor , called “concatenation ':
.mdic.o&ed BD Jux}rc\?os',hcm ond ho}‘ Pro"‘ob\ﬂcec\,
is inYroduced \o:j

Qx\om% 'Y\we expression o\s 'S reau\ar./\\’ne. C\nvisiua

'm?:x oPera\-or s ass<>cao}3ve, i.e.
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(a\a)c = a(be)

Sum)ac\‘\c ccmven\ﬁon, ’In view o? )‘)’)e qssoc(c}iv‘y\b o?
con c.o\%eno\hon we o\\ow ourse\ves '“ne amMmissSion o
Pofen-)-keses. COnc.cAanq\-ion }\os a %isker \s\nd'm

power thon the §,ie. ablle = Gb)llc . (End
a? S&nxac}ic Cmven\‘mn.)

Qx\om4 Conc.o}eno\\icm A‘neri\Duyes in \90\'\'\ c\irechons

over )r%e_ “ , L€,

(0\[“3)C = C\C“\OC
C\(b“C) = b “GC

%%r% 2. Conco\}enc\\ion s mono)‘omc. (1a} )Don\ ‘t}s

argumenk, 1.e.
ash = oc < be
bse = obgac

Coro\\o«ru‘O, asb A c5c\ = O&cC < \DcL

M asb bgc

={de€ of <} = {def of <5
O\“ b =b bﬂc =C

= JLlebniz} = {Lebmzd
(Q“BBQ = \DC. G\(‘DBCB: o

= { Axiom 43 = {Bxiom 473
ac ke = be ob || oe = oc

z{deﬁ'og s& = {c\e?. o?»{?}
ac \OQ . a\o { oac

(End of /?roof of’“ﬂcorem ‘Z.)
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Axiom 5 OQa =0 ond a0 =0
For COncc&ena\ton > O '5‘m5)e um'u} e\emen\ 15

‘m}roo\uc_ec\; we denole i} \9’3 1, which will
skorH& be reco5n)2ed as on Q\D)Oreviq\'\on.

ﬂxiom 4 ’“ﬂe eX‘DVGSS'\On 4 s r%u\ar c\nc\
R L —

so\\ris@es 1a=a ond ol = a

(Ex‘oress’ncms 0 oand 1 'd}ﬂ?er ?rtm\ e_ac\\ o)‘\\er

and @“um ol e \e*\crs.B

Our last Ccms}rb\c\'or, called “closure ': indicated

b,fj (e Pos}ﬁx * \nﬂ“wlﬂia\'\es\- \o‘mc\'m& power ond

Pronouncec\ ”s‘o\r ', 1S ‘;n}roducecﬂ \ab

Axiom 7 (Q“\o>*= Co \o”yf
RAxiom 8 (ab)® - 4 “ a (ba)* b

Theorem 3 0* = 1

?roog )fru.e.

={0x 8 wih b0}
(a0)” = 1] e (0aY 0o
=V{Qx.5 . \w'\ce.B
=10
= {Px.2]
0% = 1 - (End of Pd?)

’ﬂweorem 3 :{us\iges our C\'\o\rOsQ}'in’La\'D(m o

I3 I'

Qs Oon o\s\arevic iorn |

£ 1



mgae/e»meaz—4

“Theorem 4 The ™ 35 'paem?o\*en} , e, o zoX™

/P__’;?_Sf }rue
={Axiom 7 wh b.=0}
(C\BO)* = (a” 0")*
= {gx‘»om 2 ond Theorem 33
o = (oM 1)*
= {QX'\om 673
0\* = " . (Enc\ O€ f?roog)-)

’ﬂ')eoremé Jus‘?ﬁes 4\1(:‘, nome ”C\OSUre".

“Theorem & 1 =1"

/Pro O£ ‘\ rae

{’“’Iec\’Cm4 \An“w O\:—;DS

0¥ = o™
= ‘S.'Wlecrem 3?}
A =1* . (E‘nc\ ()E %of)

Weorem é 0*:1“0«&” ond \9”=1“b*\3

/Proog Trom QXiom Q \')b b::’\ ond O:=A1 resy)ec\'we\ ,
and QX{OM 6. (Er\d of /Pr‘c:o()>

“The or ewn 7 ot = ¥ o

Prool  Hrue
=~{’n'\eorem 6 u.ri\'\'\ O\:-':Q*B
oX* —~ 1 n o o ¥¥
= ‘{'“\eorem 43
o =1 ] o”a”
= {Pxiom 6}

o¥ =11 || a* o
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{Ccr‘o“o\r:j 0 ond 15a” ?rom Theorem 63
oX = o™ ot ‘ (Ené of/Proc().w

’n'\eorem 8 a 5o

/PFODE '\ rae

:;{/j\\eorem 6 > un(?c:\c\‘mg cmce}
o* = 14 DQC'\“O‘-O‘”)
= {Qx'\om 4 and gximm 671

o¥ -1 ﬂq“aaa"

= {Gﬂom ‘\3
o\ n ca = o ‘ : CEnd o() 'Proo?.)
Thearem 9 Closure i3 monoXen'\c , e, ash = st \o* .

M Under the O\SSMmF\iOn csh > 1-%. a“b =hb s
we have 4o prove "I = b" . Since W*g o™ b*
13 cbvious Cgom Qx‘nom 1) , 3} osa g)?';ces —on occount
QF Theorem O, an\*’usamme}'b——- o prove G\*B\:* < b*
under Yhe o.ss.um):\‘son alk = b . MWe dboserve

@ro\w‘c

< = a"n bL*
= { Theorem 8J
c g (o |\ \cf")’)f ’
= {Oxiom 7 ,wh aizc* and bizb*]
C < Ca«u bxx)i
= {’\'\weorem 43
c g (a*b")”
= ‘{Qx’.om 7}
c g Cafb)*
= { assumphion allb = b]
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csb? . (Enc\ o? /\Droog.)

(The ohove P%Q? is due Yo ?udo\? H. Mok and
Sv\e%h Qahh.‘)

Theorem 10 ash” = a* s b* :
/Proog. a g b afs b”
= § Theorem 93 = { Theorem 8%
¥ s b™" o g b
= {Theorem 4§
at bt (End of Proaf)
x *
>

’“«e re\&}%on < Eom CQ,B) )oe\rween on exPresswn

e ond o posir o? variables Cab) s deg)'mecl as the
5%01'»323» re\a}'ﬁcm sq\'n.:%'ma

0 & (a,b)

C g_r_cgg Ca,b) oand b Er_o_r:\ <Q>\>>

(CBCD E?E (o) = ¢ %_c_:_w_w Co,h) ~ d %Bﬁl(c"\fb
Cced) gr_o_@(c\,\:) = ¢ &:_QCO\,BB A d %o__r:» CRY)
c* ?r_oln‘ (o) = < E:E?."i‘ Co,b) . :

T dlows ws Jo formulae

Theorem 44 < g)r_ul_n Co.,b) = < < (&B\o)*

/Proo£ i ’“')e_ Pr00€ 1S \33 ‘me\uc\icrn over \‘\me_ Sfjn)rax. We
ob serve grr H‘»e bosa - Yr\am\:) o ace cun)‘ 0? “Theorem -
0 W™ | o s b)Y , b sGal

”For H’le ’ind‘uc,)%cm s\ep,\m \orove \Anaer‘ )"‘12 \'\bf:o)r\ﬁes‘»s
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¢ s (alb) A dgCa)b)”
() <c)d < (a]b)? (heorem 1 and  Bxiom 1, idempolence)
Gi) ed 5 (alw)? (Corolleny 0 and Thearem 3.)

Gi) <" g Ca)b)” (hevrem 10.)
(End o?/\)roog).)

Com\zin‘mg 'ﬂneorems 10 ond 'M’ we 32}
Coro“orv\ 1 < grcrm (o\,\s) = c™ < CQ“\D)x

Trom Com“orb 1, “Thearem 8 , ond /\})Qorem 0,

Om)") S:jmme\r‘tj > W& Coun c\ude

/“n€orem A2 Q“\o C AN < &0_{9 (O\-)\'.)) “-—-=\/ C.*::CO‘“\DB*.

* *
X

’Inxcrme_‘zzo 'Xn Yhe meon }'mrre we \f\qve. d\Scovef‘eA

a Few ';mprovemen}s 0? '})-,e, cbove., e should odd

Theorem 4/3 o < C\“\b
/\7roog/ ;'TLAC_ .
c’-‘-{QX\O’m'\’S
alalb =al]b

= {de@n;hcfn of <y
& < QD\D . CE’nd 0“7?r0of.)

Theorem %4 qn\gsc = asc A bsc

/Proof Q“\o £C

= {'Theorem 4/35
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asalb A bgalb A Q“\bsc
= '{'ﬂ'morem o, '\ronsi}}vi\as

asc A bsec

asece N bsgc
= {de@ni}ion o{; S:S
ale=c A be=c
——%{\.ca}\‘)n’.z’i
GD(\DDC> =C
= {d,eeni\‘ifm o? 'S}
GD):» T < . (Enc\ o?z\:’foof.)

Tn conneclion with Axiom 2 3} would have
been C\PProy;r‘.q\e Yo recal Yhe 3anera\

’“’\eorem ’;-or‘ o b\narb opern}or w‘:}\'\ a 733%\" and

G \eﬁ um) e\emevﬂ, %e \.m'»\ e\emen)‘ 1S unique.
Proof (Aebus Lhoaze ~ bFUR:Db)
=> { a:= UR 5 [ U\.S

UL$H UR=UR A UL JH UR-=LL
= {leibniz}

UL = UR . CEnd of Preof’)
'nve, ')heorem s oP Qqua\ Te\Q\Iomce, g:;r Qx\om 6

We are }CW\P)‘QC\ “0 feF\QCQ Qxiom ) \35

Axiom 5' ab =0 =0 v b=0

]

’Wne or"ﬁina\ AQxiom 5 wou\a\ ’“‘\en 3@\ '}%e sxc)us o?

a COro\\arb.
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’X.h G s'xmi\ar vein we are ):cmp}eé 3:0 S}fcngﬂkn

Axiom 6 b:j Qdﬂ'm& Yo I}

Axiom € Yo 1 <ob = ‘\Q‘E&/\‘\S\a
Theorem 2 72 T1=ob = 1=c A 41=b
?rocg 1= A 1=D)b
= {QX'»om G}
1::0~\O
‘\:.0\3

= { Theorem O, re?\exivs\@}
1 5 cz\:o ~ A =Q‘D
= {Axiom 6}
1 See A 1gb A 1=cb
= { Ynono}on'»c'a‘:j ofc‘onco.)enc.\"cm ond QX‘\om 6?&
185aA~15b A 12eb A bgeh A asab
%{Le\)’)n%z}
156 A 1355 A bsd A a 54

= {—n‘\COrem 0, Gn)'IS:ij“?}'j}
1= A "=b . (End Dv?rooﬁ)

We YrO\OQ\DB need as we)l

A xiom vi 15alb = 15a v 15b
Axiom vii a1t = oa=0 % o=

(Mt a=1 . we derive (Fom Bxiom i 140 )
(End o()‘in%rmezzo)
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:FUrH\er o\c\d"}icm:

1
Theorem 64 oo = o¥a

/Proof 2 = oo

= { Theorem € with biza}
z=a(1]a*a)
= {Axioms £ and G:’s
2 = o.no.a"&
= {Axiams 4 oma ¢}
2:(1]}&0")&
= {’ﬂqeorf.m 63
2= o® o , CEnd 0? /Prc.:of.)

* x

We observe

X = CC\Q)*B&(QQ‘)* *)
= '{\.ei\on‘rz and QX‘mm4}
1“"‘“(““)”[‘ a(oa) =1 |ax
= {'“r\eorem 63
(ca)" | & (ca)* = 1 I} ox
= {"}

X = 1“&)«

)

Trom qu o.‘:)ove. wWe Qefnc\b\ae H’\a} )‘\')e Qqua\hcm

X:(x: '\“O»X) (o

1S selved \:»J (ao\)”no\(aa)* , On accoun} QP
“Theorem 6 , i} 5 alse solved b o* . Our

axXioms So g’c«r —~ see RArte Sclomac " Theor o?

Automealte 1969 — do D_g)_‘ SuﬂQ‘ce Yo comclude
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(O\c\)” “ fo% Caa)” = o . €))

We could \rt) Yo solve dhe yproblem b\‘j Fos}u-
\o\‘mﬁ tha} (6) has a \An‘;olue_?So\uy-icm, bulk that
would be o m‘ys}ake, as s shown \:D «}\we_ %\\omrg

Qha\\tj SIS,

Teoren, 13 tsa = o *

/Proog a* = oo
= {’ﬂneore/m 63
A noos" = ao¥
= {o\tﬁn;)ﬁm o? S‘S
1 £ ae™
= {Qxibm 6'/273
180 A 1 g5c¥
= {15a"}
1< o , C End o€ ?naop)

We now show thal ?or 15 eoiuos\’ian (o) »s
s olved bj a*] a*e

. Vo this end we observe
2= 1na<a*no*c)
= -{Ptxaom 43

2.—:'\Hc\a*DQc\"c

{ ’nﬁeorem 6&

]

2= a”naa*c
{'\ $C& and ’“xeorem '\3}
2 = o"na”c

h

NO*Q '“\0‘ n '\'\ne. O\\DOVQ O\DSQrVQ\”'IOn we \'\O«VQ

not made Om:j QSS‘AMF}'iﬁ'h G\oou} c . S‘w\v:‘e 151,
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Yhe cbhove observalom with o=1 ond 1 =z14 —The.
orem S5 — %e\\s us thal Yhe pos}u\o}e Fhat (o)
hos o unigue solubion leads Yo he comclusion
'\'\ﬂa\‘ 1“C s un‘.o)ue , V.e. ihAQPthen} c? C .

From the ‘sdempo)‘ence 0? “ we would then

Ccrnc\uc\e '\nC =1, j.e. C 81 ’VW on <.
ﬂx‘rom vii  them 'Xe“s us %d ?or O\v:j T wWR
have T=0 v <=1 . Su(‘\\ 0O Wniverse, \’TON?NQ“.

is Yoo mecgre Yo our taste: n view of our
eorlier remark Yhel o ond 1 d'»??er ?fffm al the
leHers and -~ Bxiom O~ et each \e)k)rer 1S o rcﬁu\or
CXPr?ssicm, we would be Ccms}cierihﬁ )rxne nokt so inYer-

Qsl‘)ns S'n}b\c.\"tcm o? an em)ob C&\TJ\"\Q\DQ\)\
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