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“The opera}'.onc.l ]n§er?re\'a}ion o() extreme so\u}ions

Edsaer' w.fDB\csho. ond C.S. Schollen.

For Yhe repeh\-‘we conshruet DO: é_gtB—b S%‘_ 5

Wwp (DO, R has been deﬁnecl os the sl-ronjeﬂ- solu~
}'lﬁﬂ o?

X:IX= (BYRIAGDE v wp(S,X M)
and wlp(DO,R) as the weokest sdubion of
X:IX=(BvR) A(\B v wlp (5,XN]
he lwo equakions being reloted by
[wF (5,X) = w?(S,—\rue) A~ wp(5,X)]

From an oPerahona\ ont of view we”knowﬂ '})‘m"
an o«c\-iva\lon o? Yhe repe}’n}ion ‘eo.cls ‘}o cne o our

MM‘UO\HU exdus}vc courses o? evenk (wmn res]oe.c\" ]‘o

Some Pos)‘concli“ion ’R)

— }he repehl'icm ;ermlno.xes n . gna\ sx-o.\-e sotis-

-—-'H-.e re\oeh\"non %rmino‘\'ea o c {)‘mn\ s*a)fe sa)-\s-
Fb'ma 'I'R

— 'Hwe repeh\icm “con¥inues ", l.e. \eads ')o an 'm?in'n}e
Sequence o‘? GC"‘N&\}O‘Y\S oF S

— the re)oe\ﬁ\-icm "Se}s s\-uc\t”, i.e. leads Yo o nem-
’}er'mmo"’mj ch‘i\f&}"io'n o? S .

'1)1e 'u.r‘Fose o? 'pni.s no‘e s ‘l'o charo\c\-er‘\‘ae ar
each ol” +hese ?Our courses o? events ”ne in}\‘ia\
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c,onc\i}'lcm under which i)- may occur, Qs e bj-Pmduc¥
we s»lo“ o\o‘l‘mh an oPero}ionJ 'us\-‘neco.“-ov\ o 'Hne above
deﬁni\i ons of) wp (DO, R) and \A\FC’_DO,’R) .

* ”
E

We \aeavm )tj o\:servinﬁ -"ha} -n'le. }oos\u\o\ed dic\ao%mj
o? ?ino.\ sx'a‘res into 'H'\ose SQ\'is?J’ms ’R and +hose
SG\-?SFU‘mS R PrQSumaoses "‘-he exis}ence o? w\m\‘ we

call

po'm'} Preclica-\'es “

1n Yhe seque\ P-q., ond r are voriahles o? )r:,Fe.
#Poin“ )orec\ica}e*. Their ):ro)oer}ies Qre CGP)L«!"CC! \9_5 Yhe

Gxioms

RQE(EP'-[P-?:Q]:P)] Cor any Q (o)
[F$1®35ﬂ[p=—'§'Q] for any B, Q : (43
By subskhding  drue for Q ,we oblam
Prom (0 L(Ep: p)) (2)
Crem (2D Al p) for ony p . 3)

Lemmoa 0 For anu ba V ol predicales and an
—— e ' P Y9
Foin¥ Pred}co}e P we have |

Lp=(EX: XwV: X)) = (EX: XmV:[p=>X])

Proof’
- [PE>(EX X V: X))
= -[ (1) and de MO"SOMS
[P%(EX'\X)]
= { Prec\.ca.\c.s
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(e X::. [p?-> 'IX-D
={(1) ond de MOI:SG»}

.‘(EX; XV [P%X]) (End QF ’Proo?.)

Lemma 1 For any bf_‘) \v OP Foin* Freclim)res we have

[(E prpm Vi P) = (Eq:"l(q mVD: 4 q)]

P
True
= {(2) and pred. Cn\c}
[(Eq:1(qmnV)iq) (Ep pmV: pd]
= {Pred. cale. and de Mor‘som'fg
[(B_q; 9 (ol '._r_.V)-. 'lq) = (EP P in V. F)3
true
= { pred. colc]
Q) Pa: PinVA (q ‘:_nV)-.'l[FE )
= {Pfcd. cale.}

(9_ P:9q: Pi_pv A '1(q n V). ﬂ[‘a%cﬂ V'l[clEbF])
= {0}
(aP,o‘: P '\_'QV N 1(0\ ‘lg\f): [P£>1 c‘] VYC\ %'\P])
= {?red.co\c.-, note that [Q =Pl = [’Pa-\@lg
[(EP'- F"l‘v'- P) %(E‘\_q:’l(q i_r__-V):‘lq)} :
(End o?f\)rcc,?)

So much ?or- Hhe Po‘m* Frec\‘. cates |

* *
*

In order '3'0 Shouo OWr \neur‘ushcs we s}or" Lﬂ in-

ves}"ao.}mﬁ under u}\a\' cirt:.ums\'anccs a, s'mj\e QXeCU\'icm
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o? S, started in shole P. moy lead Jo stale q .
’Bg virlue 0? the stondard 0)oera)rionc.\ in‘erpre\c}icm

O w\rz, we \nove

L P w\P (S, 9] = “no execution o? S, starled
in P> leads Yo q )
Neaa)"ur:j both sides we ?’-nd

'I[P ) w\P (S,—uc‘)] = “here exists an executiom oFS,
storted n P Phot leads Yo c1”.

On account of (1) and Yhe de?‘:ni‘im—- 0? e canjuéc\}e.
the \e@-\nomd side com be rewritren as

[ = Wp"(S,q))

So mu_c\n @:r 'H)e r‘e\oxiO'n \De*ween P omci o‘ g-)or
S cemsidered in 'asc]o}'ucm. Tn the rePe)-’:}icm we howe

[F %33 =" in shale P> S is sharted another )ime".
Ca'm\o'-n‘mg Fhose dwo, we get

[PE)’_B/\N\?”(S,q)]E-”in do B =5 od, skl 9
1S o possible successor

Q? S\.Qk “ .
With ? de?;ned 1:»3 [?X 1R v m\FgQS,X)} . the
\e@-\mnc\ side s [P$ F*OQ. Note Yha)y Hhis ?

s un‘.versa\b Cchu nc\'\ve .

So wmuch r our heunstics. Our nex} seckion
exwp\ores n absYracho '\'\ne re\c.\‘;cm [\9 %?d‘q—_\
@Jr universo\\:j cm«\)unc\-'-ve @

M 7
o3
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With resrec} o Frec\lco.}e -\ransformer «? Yhe rela-

tion Suc (For Successor’) behween Foin\- Preclicax-es
s deﬁnec\ by

9 suc p = {fa%rrc‘] ror ol P> 9

Relakon des (@r “descendant” ) \s deeneo\ os

Ahe. reﬁex'-ve )rrcms;)-ive closure o? suc | e Hﬁe

s}ronaes} Aro.ns‘.)-'Ne re\a\'ion so.}'-s%‘mg

P Ei_e__s_ P ?or o.“ F
dep D qdesp  foral pog
(We have re?mmecl @-om denokhin

des suc.
beca.use 'hle S\'Qr s o\reqd:j u:ﬂ ';o cle-no}e -‘-}12
Ccﬁ’ouaa)ﬁ)

L4

ﬂ des:endinj C\'\Oﬁn on s G Sequence

o\) PQM} ‘oredicc}es c|i (Osi) 50“55%37\3
[q0 = p] and
(Biz: c\(i+1) suc q':)

Nole $hat clescendmj chaing Moy be o? iniYe
]enﬁ-l-\n : n the las) ?ormu\a the \erSQ o? 1S
understood v}o be such as do e—V\COM’FQSS all elements

O? e chain.
\A’e nowd }urr\ =1VE o c.ptemx’lt:m ‘\o )]'\ﬁe e.o‘uuo.\"mn
X. [XE \/A ?X] (‘4)

\m}h um'verso\“ c:.mjunc.\r'we. ? . (’Poro.mel-e-r \(

has ‘oeqn n'\'}roc‘.u.cec\ For ‘Hﬁe SQ\CQ o? ]previ‘:): our
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resuns lm“ cml be u..sec\ w\\h =% %w ver:J sFeciﬁc c\noices
for Y)

Tn Jhe o“ow'ma . SY s dePinec\ as the s}rmjes\‘
solution o? 4) and WY
call —from EwWD84ga-4 —

as i}s \«Jea]ces\'. We re-
o s unBOu'ndeab Ccm;)unc\'ive

h s universall co-n‘unc}*'we_',

[SCYAZ)ESY A hZ) @ra]\Y,'Z. (s)
Ou.r‘ re\evOm]‘ resu“'S are co

Fo“owinﬁ ¥wo H‘)eor‘cms;
“Theorem 0 .

Tor any Foin}' preclio:xe P

[T: = 3 ¥rue] = ”Qn desccndinj chains on
p ore Fbini)-e“

'nneorem 1. Tor' Gm:j Foin} Preéicc.\e P cmc:‘ c«n:j

Prec\ica}e Y

[“93 h Y} = (80\ 9 c_i_eEP: [q:—ﬁ'\\‘])

Mofjhem’emj -ﬂwe Fr‘ooF isS b.j s\'lOwinS '“')n\‘ m

"[)9"‘—')5 '\'rue] = “Yhece exists an in?‘»r\i\e &escenéir\wj

”
chain on \o

each side '\mF\ies +he o}her.
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"\[P = 9 ‘\-me—_\
={M}
[F% 19 Yrue )
='[3 Jme s a solution o? (4) wihh Jrue Far‘ \1"_'3
[)3 = 1 ?(3 ’\rue)]
=94 de?‘mi\ion o{) cwjuso}e}
[P% g)*('! SJrue)]
= { (o}
[P % £*(Eq: [y g e )]
={ F"’ is universally d\sjunc¥3ve3
[T’ 2 (Eq: Lg= 1 gined: 7N
={Lemma D}
(Eq:[q1gine): [p=P*q))
= { (1), de?ini)iun o? suc ond Prec\.co.\c.}
(Eq: qsucp:lqs ghue])

We ccmc\u.c\e '\'\mﬂ M.j Po‘m\' ))red'acc."e SQ\V'\ns “}e

equ'cx\%cm x:(ﬂ[x% '\me]B has o successor sdvin

'\‘ho} eoluo.\-icm, ?rcrm w\n‘.c\n H’te ex'lsxrence o? '“12. '\hﬁhi)‘e
C\escené‘mﬁ c\ﬂo.‘m Fo“ows.

j?.‘-‘_-é_l—_ Lek q'l Ci),o) \'.)e an inﬁni}e des::endins
c)'uoun on P .

hue

= {de?‘;n%\'ions o? 91 and o() _5_35}
(Riiogi: [qi 2 E* (q G+ N

= {Pred.ca\c. oand c\ef‘:ni)ion o? ccntjubo“e‘s

(Ri:osi: [PGqGrmM» 941
=> { \')reci.ca-\C-'S
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[(Aiosi: P1qGed) = (Ritosi:n qi)])
= -f s}ren3¥k2n1n3 -“qe om-\ecgden} \:5 '{’(1::\0)/\”3

[(ﬂ; 0s\: ?(ﬁq D)) = (“1:0&\: I qi)__\
= '{r s unlverSG“ con%unc"wc?s

[?(g|1q|)$ a)‘_l

= { 9 rue is the sxrcmge.s\‘ 5o\u"icm o?(é) with
}rue. FO Y KnQS)’Q‘l"._ \Qrsk ’S

Lg}rue (git'lC‘I)-}

= {wea\(enr:j the comsequent and [olo = P]B
[3 frue = 4 P]
= {PredlCG)Q CQ\Qu\usS

Lp = odue)
{Cfﬁ -
A [P—> 9 Yrue )

(End o??f‘og\? o? Theorem 0.)
?roog) o? Theorem 4
_L;_%_,'_R_ In view Of the de@ni}ion o? éﬁ:’?_ W+ su?ﬁces

x'o 'Prcwe
[]‘9=> hYl = [Pé}\\’] and
[P% hWY) = (Bq: 9 suc p: tq%\'\\(])

Since h'Y s o sdukon o? (4) , we have [\nY ’—-":‘b\fl
?rcm\ which Yhe ?:rs\ one ga\\ows. For Yhe second ome,

et q be o successor o? P - We observe

(pobhy) A Tgahy)
={(1):5
[Pa hWY) A [o‘ =1hY)
= { hY 15 a solukom o? Cé),kence [\n\{’ﬁ ?O’-Y))B
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[)‘D E)?Gm\l’)] A Llqs kY]

=§‘[ [F $€“qj and P \s \nono}onicj
[P = F(hY)] A [F = (—”(—: hY)]

= {deen}\-'ncm oP cun\')u&q)e and Pfed;cg}e C_Q\Ct‘\us}
L~ pl

< (2D}

Clse.

Hee  Tp2hYl 2 [qshY)

2L, To begn with we define predicate P by
[P=(Eq: qdesp: q)] (€

[P = (Bq:1(q des p):nq)]) , (7>

(6) and () \oein3 cqu«.;vo.\enx on account of Lemma 1.
Since P des ? we Ccmc’\ude‘. Gom (6

Or

We shall Firs) prove ocboul P Hat [P F"Pl
TO }k35 end we o\)serve

}rue
=~ {dronsikivity and definitien of des?
(Aqr: rsucq A qdesp: rdesp)
=9 ]ared.cc.\c.}
(A q,r: q ?lE§'F A "\(r_t_:_\_g_sP)‘. "l(rs_,_g_co\»
= {c\e?ﬁm\-ion o{? §__tauc.5
(Qa.r: qdesp A alrdespdaloqznfrl)
= {(1) and de?‘m\‘ian of CW'M&CA’Q}
(aq,r: q des P A A (r c\_g_s_va% to‘ég(ﬂrﬂ)
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= { Pred. cq\ c.S

[(Eqr q des p:9) = (Ari 1 (r des PY: £Ge
={-§, \S un\verscx\!_«j conjunc\"wes

[(Eq: 9 desp:q) ?(Er: 2 (r ‘lS_SP} ar)]
= '{(6) and C?)S

["=¢7) . (o

In order }o prove 3L we now observe

(Eq: q des P: Y.q = Y))
= {‘Precl.ca\c.?;

[(Eq: q cj_e__s‘-: c‘) = Y]
= { (€%

L PaY)
= { (N

P YA ?‘P]
-—b{de@n'\\\cm c.? h and Knas}er—'\_o.rsk‘.}

[P=hY)
= { (8N

lp = hY]

(End uer?roo? °¥) Theorem 1 )

* ¥
»

Q@er M'\Q c\owe. CXP\QTQ“?OH OF ‘})‘le re\o."ion

q suc ~l.e. [PE>€’0|}-— we s\r\a“ o our
f'csu\)rs P‘}'o equa\-ion (4) w‘&h ? Siven \fgb

[?X =B v w\p(S,X)]

'we reca“ “’\a“ \m“\ '}\Ms c\woice g)or- ‘? re\a\-i on
q suc p  admils o? the \n}er‘:rda\ion
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“"n doeB—> S od , shate q is = \oossi\O\e succes-

sor o? stale P i

Wemark. Nole -'H'm) with fH\‘aS choice -?or ?, equ.a}‘acm

4 whh [y= (BvR) AGBV wp (S, trueN] :j'.e\ds

our ver ?irs)r equq}-,c,ﬁ s QF which wp (DOR)  hed

been defined as Yhe stromces) SO\M“‘U‘(\_‘, with

[Y‘:-.: BvR) , e_c‘ua\-:,cm (4D :j‘ne\ds our second equo.\‘\on,

o? which  Wpl(DORY had loeen de@nec\ as the
E’\cm. CEhcl o? ()\)Qmo‘r\(.B

Wea‘(es\‘ So\u

NEH\ ‘\he a‘:)ove o?crc.\"mnc;} 'm}'erFre\'c.}icn o? Suc ,
"“neorem 0 ehQ\O\CS s '}0 IV& On O ero.\"lcha\ 'm*h"—
Ry P
Fre)-o.\-i on o? -“12 Preo\icrﬁe 3 '\'rue :

9 Yrue O\f\o\roc}eﬁzes all ('m'.}ia\) states
{’or which DO will not “conbinue ” - ie.
w.l\ not lead )ro an ‘m?‘mi)‘e Sequence o()
achva)‘io-ns o? S .

Theorem 4 ena\:\es ws o Ve an opero}':vna\
'm,fer‘\ore\'c}'lcrn Yo hY Nz B v W‘P(S,}rue)].
With Phis choice gJor g R IO‘ %B\l’-} meons that
n shele q either DO has Yerminated or }the
ac\-‘-vq‘rion o? S S Suamn\-eed Yo Jre:'\rr\'aarwc.\3<°,.

—‘F;'cm ’n’\eorem 1 we now see:

h ("lﬁv WF<S"‘rue)) c\narcc)rer'n‘zes Q“ (‘mi‘i'o\-)

s}o}es For which DO will no} ”3e)' shuck ;1.e.
will no} lead Yo c hon‘}ermino\\-inb a:}‘.vo.\ion o]?

S .
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Our next choice for Y 15 Trz=BvRY Wik s

cholce g:)r Y, [qi‘)\l’] meons thal in s\~o}e q >
DO has net Yerminated or has Yerminaled with

R holdin . From “Theorem 1 we now Sek:
9

h (BvR) characterizes ol Cimi ial) shates For
which DO Wil no} derminare widh R .

“This orera)‘-onc] 'm}erT:feXo\}ﬁcm u? h(BVvRD ._.)uS\-i-
ﬁes ibs ‘;c‘enh@ca\ion w%)r\n w\PC'DO,'RB. (See
eo\r\‘rer /\\)Qmar\t.>

“The ‘\oint ex \usion o{) CCm)-lnu‘m e*}\"m s‘-v.c.\(
o exc 9+ 3 :
ond A‘erm'ma“'lm\ \nn“\ 'l’R equ‘uva\es uc\ran?eec\
'\ermlhc.‘-'.cm w-';\-\n R . Trcm\ ’»18 o.\sove wWe see %cx
‘H’E CorTCSPOﬂC\iB ‘m}ia\ s)a}es are c\no-ro\ex-cri'zed
by .

9 Jve A WGAB YV wT:(SAme.BB ~ h (BvD.

"FTOW) (5) we Ccmc\uc‘e an)- }he Q\ooue chu‘,vo\es
9 (C’BV'R> A GB v wp CS,)n-ue)))

ibs o?ero.‘-'\ona‘ 'm}er]ore}o‘}icm ‘us\‘:g)Ses '}s 'uc\en\'i-
ﬁCO«‘;Cﬁ\ W IN wp (D0, R). ( See earlier Re-
V‘nc\r\( )

Tor ')rhe, SG\(Q o? C%P\e}eness we remo.r\-v.

—_ h B c\'naro\c‘er'nes a“ (ihiha‘) .s}o.\-es For‘
which DO wl“ not Aderminake
- 3 B charac‘er12es o“ (in%)"i o.\) s"‘u}ea ?crr'

w\nick DO \n.n“ } s}uc\‘
- h(3 A wPCS, Yrue )) characterizes all Ginibial)
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stades G which Do will comdinue |

/i]ne We“-\mown re\a*‘ucm
[wPC'DO,'R) = w\F (Do) A wp (Do, }rue)-_\
*0\-(35 on Oxccown} o? 'n)e, o.\oove f}\qe ?orm

L 5(('5\1?)/\ GRB v wp (S, drue ) =
h(BvRY A g(Bv wp(S,tned)]

which is Ccm?il‘hned ‘03 (s) .
fﬁnq\b we c\nec\c 'an} W 1S iMPoSS'o\D\C 4«: amm'n-

Yee hcm}erminq;‘ucm and ')re.rm‘mo.\-\cm, i.e. that
Ih® A wvf:C'DO.)tme) = Ga\se] , of, )DD Ye above
ond CS), that [5 B A w?CS._. }'me)) = ?Q\sel .
Su\os\-i)'u\'?ah OP 3‘5 Grsumen} Fc.ﬂ‘ M ooin (4

:j‘selcls X [X = 3 A wp (6' %me) /\("\:B v N\P (S.X))l
XEXEB/\\N‘PCS,X)‘) 2
which has indeed FG e as s S\rrcmses}' so\u‘icm‘

or

é6 Q‘or'a\ 1684
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