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In 31\'19. ?b“ow'ms, X ond Y \m“ 5}07\0\ g)cn" s}rinﬁ
congranys, R, 5.C,D ond the Vinear G rromy ?(i:os'mN)
will stand ?or strin vc-r'uo.\':\es, and conca)atnc.\'lcm will
he denocted \9\3 ~u9& ‘ux\‘a\oosi\"\m; #.X denotes the
length of skrin X

9 9
Bealion

L N, K:int {o<K<NJ
. L PG 0 ci< N arroy
{ €= XY ~ #X=XK}
. Rot
{f-yx}
1
1

e are Wen )!\ﬂe @nnc}icma‘ syec:-

N\n&\' do we \Cnow a\oma.)r Cchcc.}'enou\'icm oP s}rin s?
Well, Yhat ¥ s associative -je C(ABIC = A®E) -
and Yhal I} has }the cmp\"j s\'r'ms _which we denote
b‘,j Fg , 0% iaen}ﬂ"j e\emen¥,-:'.e. 9¢=ﬁ A 959 =P~ .

The \(now\edﬁe o e 'sc\en\—'a\b B\Emen} 18 OF'WW-
ortonce Yoecause | enohles us Yo mnsert inYoe Yhe
Pos}-mndi}"m & constant, Which we can Yhen replace
b:) Co varic\\o\e, 3 50»3. \n.lin'\ou\' C\es}\’uc\"\o‘n o?
Yhe 55mme\r3 between \epf anad T Wt we can re-
write  the Pos}ccmoli\'m-n as P: Y & X ond head
?m" Yhe r\Y’t\rc»f’lc;nr\)r ?: ~ B X But Hm:\\r won‘}‘

do on account o? the. Precond‘.)ncm. So what about
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Yo more wvariables O and C 7 Witk ?:91’3(2

we con characterize Yhe postiemdihion 195

(A, B, = (Y, &,XD ond the Tbr'eccﬁc\'t\icm Yoy
(A;B,C3 = O, 4.Y) . Bur s won'l co Yhe yob
either because + would wmean thot the venchle
Yhot reF\acec\ Mre comstont in Jhe Fos\-Conc\i\ﬁcm
has Yo \De. ‘ih‘l)'IO;\'t'?.eO\ Wwith i\'s ?ma\ Vc..\ue,{

That one emp\r:) s}rins inseryed in ’Hne Pos\'cmd‘n-
Yion did not Give as €nou3k ?reec\om . bul we are
Se—n-inb close because again withoud deshuchion
of e samme}r:j behween \eﬂ and right, wo
zm}p]'b sa‘r"mgs con be inser}-ed in “\N’D di%@ren*
WG:jS ; "'m \ge‘:ween ! and Jf(?n"c:uvrxt}\’r . ‘Yho& s, if we
rewrﬂ-e_ +he Pos\‘(‘.cmd!)icm Qs V= Y ¢ & X ), We
cowld rewrite Yhe }orecondi)ricm os ?: SARY g

With

Vo - f-ABCD
we would have do Arcms@rm

(A, B,C. DD =(¢.X,Y, ) ©)
inho (A, B, ¢, D) =(Y,8,9,X) (1)

M. B,C. D)= (X¢, ¢.)
inYo (A, B,C,D) = (QS’Y’X’,?)_..

Owr O\f\o\ 8IS SO %r‘ 3’|ve,s NO yeason g)or S)rcrng
pre ference. In owr choice , we hove wpen com)o\e\mn

BC = ¢ , Yhe allernalive would hove AD =515 )
Tn édﬂ\*‘ds]‘ Yo Yhe S}ﬂrzﬁ BC Yhe 5*1‘%1\3 AD
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% D_g_} Cu Su‘os\'rin o? ? s “1(’. G\fl"ﬁa )"'\.e. manivu\a-
5H(‘ms om w\f\;c\'\ wi\ ?Nen\'uc.“ \ma\ke wP “‘\e &‘Soﬁ}\'\m.

This is o reasaom For' Ye errinf9 -H'\e Jfronsi)')crn

?f‘ (U) Yo (“) . (End o??&mark 0.)

Hav’m c\r\osen QAT 'm'\\"m\ and Owr gna\\ s\ra\e,
whaot would now be our invoriont 7 A reo.sma\z\e

Susaes\tcm 'S
Y1 - AC =Y A BD=2YX

Remork 1 There is the ollernotive

Cg :Y N :DB =X

Phat we sholl look oF loker. We hove chosen Yo in-
ves\-\ga\—e. % ?irs\- bLecouse n i+ Yhe concatena-
Yions ocouwr n '\'\ne order n w\'\ic\q Hr\e_ s)rrmg)s
/PO—- . (Er\d o? /\?chr\a 1.)

OCCIAY TN ? - S

Le\' ws now \oo\& ?or S'tm?\e h'\u.“'i \e QSSi&n-
ment s\‘o.\'emeﬂ\"s Yot reduce #(C’B under

invariance o? V. “The wost e%c}'we une
reduces #-(C’B) Yo z2ero ok ome E)e\ SWoop -
So - Q,C,B,’TD .= (A C),¢,gﬁ,(’.5’5)3

Le¥ ?(z Pron‘r) end  r(= vear) Be used Yo
denole. )ﬁ-\’le \Por\'ﬂr‘l onin UP (=N S)rﬁna ‘su\c\n 4\wc}
C()-z r23 = 2 g)or O\n\\j S}T'\ﬂ:j 2 . Then ’P’\
1S muin}&)ned 103 '\'\'\6 Gﬁiahmen} s)rc)rem enx's
SA. ﬂ,C L= (9 ?C), T.C

Se - B, D := ff:s , (B D)
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The above S}“&)‘E‘men)rs ) o\esigned so as Yo maintain T4

have Yo mamtain

Po P=Q BCD

b maﬂ‘:\’)u]o‘}'\n P and we now W , ?or reos ons
Qge iciency, TO con¥me Yhose Yno.n'nxoac.\'icms Yo Swaps
o

dis‘o'm‘ Qarroe Se men\"s o e ua\ \en )-)-\ o n'\is
Fur]oos\l we 'mv%s\'ie;?}& Ef‘ ofr ;\t}emen\\?s Hwe.
¥

wec\\<e_s)~ T:re.conc\‘s}'lcn wh TPS’PGG\' }o /PO.

s6) Wy (S0, Po)
= 1 P xiom o?QSS'\ nmenys
= (AC) ¢ BD
= {%Per}')es o CoﬁCc)reno.)'leml
P- ACBD

W\’“C\ﬂ, “1011\45 l—o )f\r\e. '\Y\'\}'IO-\ Va\idi\"j o? /PO Cen e

achieved \03 5waT>T;mS B omd T . Bs we had
decided xo res}ric} SWoS '\0 c.rm:j segmenh UP

Qquc.\ \Enﬁ}\n, For 4B =4#C we ore dore.

(51) (s, Po)

ssignment and COV\CGAQV\&}'ICM"S
P= fCB rnC D

w\\‘nc\-\, }}\Om\(s )ro A‘\’le 'lni}'lo.] \rc.\'\c\"\‘j o? /P(J , i.e.
f-a B QcrcD

Con \'.)e. ac\'\'\Wec\ \o Swo. in B anc .C . "\%e
com & oin} #B = #vCQC)YT’Q?n e me}l ¥ FB< :HC_

(s2) wp (%2, 7o)

= {(—\Ssisnmen} and COV':CO\)QY\G}-)W?)
Q«.- A ?.'B C vB D



EWwDg4i-4

w\wac\n, 3;\10«1\(5 Yo Yhe ma\m\ \fc.\idib o? /?0, 1-e,
- A (B rB C D

can be O\C\’\IQVe-d SWG r B and C . “The com-
shraink o # (v '%? #C Con Ye e}t i? #8B> #.C

Tn Yerms o? A B C, and D Yis lecds Yo

0.B,.C.D =F,%X,Y,¢ 1#Br» ~ ¥c21}
QE +£B < #C — 51

1 #B> #C — S2

od

; So

v
>

With the re?rese&o.}‘:ona\ conven FHion
A = ?(i:os%-:k-\o)
B = F(i: k-b £i<k)
C = (;:ks'\<\<+¢)
D = (i' k-\'c-ﬁ iV < N)
we Yhus ?‘m& ?or Kokt
L b,e,kzint s b,c, k= W, N-K, K

P _c_l__g bcc - Q:Saﬂswa‘;, (e-b). kb ; K,c:= k+b,c-b

1 b>c — gtsegswa?.(k»cv.\(.c K= kb, e

od
s ?z se{jswa‘:. (k-\‘)) \( c

1

. which sesswap .2 swops Yhe array segments
PO x<|<x+23 - | ?éj £y < :)+Fz) 279
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T looks as iP we Con now 5“@\‘3 discard Yhe Sug-
3@5}‘;0“ QP 'Remor\« 1 . ‘nne Gna\c wes "'o SO,S‘l, ona
S92 ore s"Mia\\)t ?orw&rc\ enous\-\, %Du} %\ne an\bsis o?
the requiremeﬂ\- ‘o modn}mn “Vo \eads Ao manivu\a-

Yions o? ?,wi\c\er Yhan whol Yhe whole program s

Suppo sed Yo odhieve.

A closer Omo.\ sis o? oOur So\u\ﬂcm ravec\\s a curiosi):j.
We hove used Yhotr our pos}ccmdi\ian -P: YX is
'tm)a\'uec\ \o‘j “Po /\'P‘l“ A BC=¢ bul i+ is Tin Ft)c)r”""'
imr,-\’uec\ b the weeker YO A 'P1 A (B=¢p v C-.-gb)?
-){\ne comP“ c\}icm Con o.\rec;ck‘oj 'lferh‘\'tﬂc\)re- as Soonm OGS
one o? tYhe dwo is emply. An unex?\oa‘ra\o\e ?ec}we
Gs I ond C Yurn ermP 5‘|Mu\}o\neous\'j_ The oh-
servalien raises the queshon whether we con re-
x.v\csce P1 b:) G weaker 'mvowio\-n} such }.\,\Q} Hne.
as} conjuncy BC=9 s not s)rr‘cmg)er Pron neces.
sary. A weaker P2 would e

P ACBD = YX
\.;\-dc,\w , 33,\' wou\d \De S}rcm‘rj enous\ﬂ since

= {degni\-ﬁcms and cwca}enc.)'rcm.?)

P-ABCD A ACBD =YX A(B=¢ A C=p)

= {\_ei\on'l'zS 4
(-AdgD A APED=YX  (nge: v mdeadef A

= { Leibn':z% p:-c:-\;_\d shll Squice.".)
? =YX

SG mc\in}mns 'P?. as we“ as ';\- mo\‘m\ains 'P’l, GmA

1 propose Yo Meep b (o deoling with the case thah
ﬁ"BP"‘: #< . ’;2:5' wes the ngo.\-(er P2 G’eedcm Yo

ro-fa\o;ce St ond 2 7  \let us )frb
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P2 s maintained BD
Sa. ﬂ,C,B : (9 C\J, EB, T'.:B
S4: C,B,D:= LC,rnC,(3®D)

bo»\'lc\n c\ecrease ‘H‘(B C) BD #‘.Q Onnd #‘3 Yes ec}i-
ve\b, We ‘mves\-’téjde as Wekere Yherr wec.\&eSt pre-

condiYions  wath resPec\- Yo YO

(S3) wp (S3,”Po)

= {sti nment and Concoﬁeﬂo\“}icmg

which , Yhankes Yo the inikia) validity of Vo, ie.
=0 B B € D

con be obtained by Swa ppingy ‘?.’B and C ; 33

is OPP\iCQ\o\e with #B > #.C

(s4) WP (53,Po)
= {st%snmen\‘ and Conc.cA'an.\‘ICnﬂB

P= A rCc fc B D
which, thoamks Yo the nitial vo.\'\o\i\:) o? Yo, ie.

com e oblained You swa pin B and rC : S4
s a]op\ica\o\e with .3#,'5 <P#(? _

Coding with the same represen}-a\iqnq\ comvenlion
a3 be?ore we discover thal X's inicliza¥ieon is e
Cm\‘\j assianment do k& . hence thol variokle is nob
nedded ond  therefore, ancther solu¥on for Rot

k>
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L v, ink; b,c:= K, N-X
;do byse — ?: segswap. (K-Y). K.c 5 b= b -c
I b<e — F-. sesswc«?-(\'{-b).(\‘(-rc-‘:).\:3c:=c-b
od
; £ seqswap. (kb k.c
i)

Pr_n' notural 2 . Had we extended r nega\we 2
a  swop o? the array 5‘?-5“'\8?\\‘5 D XA2 €9 <% )
ond ?(i: Y4z € i< qﬁ) " Yo the \ash 8u.ccrc\e=\

commond would ave heen

Note We Cm\j bothered o de ene ?:5355“’“1"*-‘3-7-
¥

b<c ~—» ?: Seﬁs\uc.\o. . (Kﬁ-c)-("b)', c:i=c-b

‘ﬂ‘ is ‘omba\o\b ‘:ro?er' 40 de?me Gseaswo..?. X.4.2

as a SL\)C\P 0?
PG: & min x2) 1 < (x max x+2))  ond
PG: (y min y2) s 5 < (Y max y+2D),
(End o? N oYe.)

We shll have Yhe Su.55es‘-'ncm o? Nemark 0 . We could
exP\ore Yhe invarianYy T0 A P3  with

“Vs. AC =X A BD=Y

ond now our \-orﬁe}' s Yo gel A= A D=9 .
The s;\-uo}'mcm is QIS coura ms‘j—) du’??ef enk

¥ with the invarnon} 0 A4 where Yhe TJos\--
condi Hon wWas a\maob m\Phec\ i? either ’B:(} or
C=¢ . Fur ther ex‘;\oro‘}‘!on shows }Yhetl we do run
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'm\-o \'rou\O\e c‘nd “wo-\' )‘\ne B 8es\‘i0h 0? ?emaf\« 0

s mot Yo e recomwmended. S 1S nof smr?r‘usm:).
Swo-ﬂ?inf) Awo disdorn} array se'_cjmen\'s is i}s own
inverse, and “Remark 0 n essence ests o
imvert one ©

St
Eow" Qo\r\;\er 5o\u\'icms %?1 Ye sense
op ‘a\ob'\ns Yhem VYockwards ) The earlier so\.u\'i'cms

Fe.r ormm  gn \D Omu\ ] Euc\idis a\soﬁ“\m %yr )-he
9co\(N,K) and versiom o? Euwelid's a\gor'\)' wr 18 mnof

on o.sr}-roc}ive o osal. Hemce we discard Yhe suo-
or )
ges\ﬁon UE WRemark O .

*
-

Concotenation 3is a simp\e c\cjadic c]oera\-cr o s\nnas
niceL:j QSSOC%O\)(’IVG. ano o\\ )r\nc.\~ “There is a\s:: Cu 5‘nmP\e |
Mcnadic

m}or on shrin s , nice because 3} ois ks

own jNnverse , viz. Ve reverse of o s)rr'h'\ : i? #.2 £,
rev. 2 = 2 , and Rar“'uermorc. rw.(XY3 - vev. Y yev. X
or

rev. (rw.x re. Y) = Y%

which bie\c\s o yer:) é«\%?eren\' sa\u\“cm Ecn"’ Wot
1 s, 5% Y

, 3,3:20,%-1 ; do i<J-—3P.5wo~yij oy

3 ‘H"‘,J-'\ 9_é
3 'i,:) c= YK, N1 ol_e i<;> - ?'.Swo.\o.i.:) ; i,j = \l'\-'\,:)-'\ od
) 'i,")::: 0, N-4 ; ol._:_; i<j - ?:ch\}o,i.j : i,:) 1= H'\,\'y*\ od
1

\?,a\nere Q: swmp.?-") 'm\'Erc\nanses Yhe wvalues OP Ei anel
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TOF /RO} we COU‘O\ ‘\K'ICM/Q. 8’\'\!29’\ 4\’\?_ -chqi\rc\‘g“\'_
SFec'\BCc.\“cm

IL N, K: in} {0<K<N'S

> \t ?(320-‘-‘<N3:c«rro~; {(B'\:OSKN: ?.‘\ =”F‘.i)\_§
, Kot

{@rosicN: £iz TGO med NN
i
J

T4 s \ooss'a\o\e Yo devel oll the obove Al 5ar‘1)'\w~ms
W‘i\'\'\uu}‘ Me miroducion :‘ﬁ S}ﬁns V'Qr‘io.\o\ES, i.e. car.
ra‘:nﬁ ou* e w\ao‘e 0‘85’“}\!‘0\\‘\0\"\ 'n Yerms o Gnive?Sc«\lD
u\cm\":?sez\ equ&\i\ﬁes \gelween e\emen\'s Q end
k & , A3 in e o\oove Mnc)ﬁ:‘mo.\ apeci icQ\rion.
When You )rrO W+ Yo will discover Yhal Yhe exercise
is om ob usco\}ing Poﬁn in }\ne ‘nec\c. Hao\ we
storted he above ?\J\Y\C."EOHQ\ S ec'\Fi ca¥ion , the

iﬁv%\“\cm ) X ond Y ww\c\ Y)m\o&\ob \che
Yooern owur  Kirsh cLu\‘:j.

('“ne o.\owe S\Decigcm\";cm haa OX4en \aad )io ve‘l-
onother solutiom Er Rol in which the rvequired
\P@r‘mu\}'&\"}m 1S WT'F“'Q"’\ Qs H'\e Y)roo\uc} 0? Cac\ic_ -

mutations . In order Yo delermine hose, " acd (N, ¥
has Yo be computed.) -

Austin, 28 Seplemher 1985
rof. dr. EdSSEr \af (:DS\»(S\'TG\

'De/Par\' ment o? Com]au}er Sciences
The Universi\'}j U? Yexas o} ﬁus‘r?n
Rustin, TX 78712-183 | DSH



