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Consic\e\‘ Ca c\ireC\'ec\ ac:jc\'tc Sm‘ﬂ\ Eac\-\ "c:;u'rouoﬂr (: di-
rected edf)e) \eods ?rorﬂ Vs “source’ (= source node )
Yo its "o et (= }anje\' node)_ The ¥Gr3e"5 o? Yhe
orrows o which  x 1S e source are e\iP}icc.\\J

called 7 the ‘rarae\'s o? x " . sirulorly, “the sources
o? x" are -H\e sgurces o H’le QArrows o’? w\nic\-\ x

-]—hfee. redi cc.xes o.re

1S H'\e. \'O-r e}-. ‘“\e ?o“owin
'eo‘u.ivo\en} %ﬂ' Om‘j ‘pmr .o? rnodes X ond ‘j
() Yhere exist o mm-em»?b ‘—,G\-\q ?m x Yo Y
(i) » is on ascendont © D
Gii) 4y 13 o descendoant of X
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ie. "Pheino an ascenden) o? vs Fhe nonre@txwe hronsitive

r/
closure of “heina o source o and '\oe'ar:‘j o descendant

" 15 o of “oing o Yorger o
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['ﬂne relaten ”\oeing N c\escenc\an} o? [R-J= o.r\"!cx\
order \oe\-ween '\'\ne rnodes. No\’e }-\'\c.\- n\e same tar\-iq\

order con In Senero\ \oe inducec\ b:j man:j 31-0.? 5

%ra S VY\O-D Ccm\'cﬂ-‘m arrows Yol are Ye&unﬁ\o\n]'
n )t-te sense that Yheir remova) would leave Yheir
sources ascendents OP %ei‘r Rrge\'s. Tn o\-\ner worc\s.
))Jne, dir’ec\'ea onc‘cjc\ic Srar.v\'\ c.cm)ro\rns ™ S%em\ maore

‘m@rmo}im‘\ Phan Hhe Induced Y.)c.r\;ia\ or&er.]
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Each node x owns an inteaer value v.x. Be-
A

”dom‘mq\-esf 19

lhween sets X and Y the relakien
de?mec,\ \OJ
X domina\'gs Y = (EX,D: xeX Fa bGY: VX 2 Vj) 5

'\den\'iﬁqin a SinS\e}Uﬂ SC}' MH'\ '1}5 o*nlb e\@men\-, e
ol a3 ful e o shabe Hhnge Ve “x damnales Y
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”X domino.\‘es 5" Puf 5’\:\3\6 nodes x ond o I Note
X=¢ v Y=g = )( dominokes ¥

So tor, we cm\b dealt with -}ermino\osb (and we oy not
neec\ al o?i\‘). \We mo::j fmu"e. Yhe vu\ues owned bb Yhe

nodes, and, M Yhe usual oshion, wWe shall ccm?me. oursewes
lo successive wmoves , « move ccms':s.}"ng oe \wo vodes

exc\homsms Yheir va\ues. Our 800.\ S R ,S'\\Ieﬁ \o'\j
R. (a X:% o node: X domim\res s }urse’\’S)

or, Qqu\v@\eﬂ\‘\b
R (E.( X: X & node: X dom‘mo.\'e.s s descendom\-s> .

T am now not n Phe mood o? ‘orovin Phe ec\u'\\m-\!hce

0? Yhe obove hwo ?ormu\Q\‘\QnS; it ‘should be o theorem.

Lel an “inversion  be c\egnec\ \Dj

((x:‘j) s and 'mvers',cm) =
(b s G descendant 0? x) A -\(x dominoYes 33

Does the Pv.)“owmj progrom
d_f_? “: P,q: (Pa‘ﬁ) 1S an Inversion — VP, VL Q= Vg, V‘D}\ Qé

ectoblish R ?7 (Here T hove used the '\ni}ic.\‘;zins
word: if Yhe ecluLoA'lorw has no sdu\'\oh, Yhe 3uard 33
{lse ” the equa\ion coan bYe so\\led, *-\ne word is
we and Yhe un\‘chowns, w\nic\n ore \occ\\ VATiQ \es o?
the \o\oc\«J are '\nihq\'\zec\ so as Yo solve Yhe eo\b\c}‘um.
Tn this 3enem\izc.\"\cm, the Yroditiono) Su:m:\ eMmeraRs
as on C-’.qu.c.)ﬁon in z2ero voric.\ra\f:'s.) Yes, '|\' C\QQS.
because the re\er\q\o\e slatement decreases Yhe

Y\um)oer o? IiNVersions.
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Proof We CM‘D need Yo consider Possi\o\e nversians ‘7
e Borm  Gp), Cg) L Cpgd or Cad T

]? X 15 an ascenc\om} o? T) R it 1s also an ascendont
o? q and Yhe value E’Xc\f\omae Yoetween and 4 \eaves

-Hf\e. hum\oer o? nwversions o.mm\ﬁ (x,‘:) ond Cx,q\
U\nc\no.nsec\,

1? X s on ascendoant o?q , but net oP P>

we. o\raServe H\a\‘ ,ﬂ as n'\e E'Xc\r\om e decrecses V'.q >

Nno  INVersion (x,oe 1s InYroduced. For x%x=p ,

we even Knowd Yol an inversion di‘saﬂomrs.

For inversions o? Hhe Porm Cpy) or Cq.c:p the
irror o«rsumer& olds. (End o?/\)f‘w()-)

Since

(€ p.g= CP,q) S an inversion ) =

(E P9 ::(CP,OD 1S an \nvers'ncms AN Cc\ 15 o }&rge\- O?P))’
aur nrooram Can (:on?ine. i\'se\F QQ?}", time ‘-o & 9
whidq P‘qs 3'::. -\O«rse}‘ OP P -

Let ws now wec\ce.n /R n \\'5 second ?ot'mu\c\;ion
and adwmil one exce-PHcmo\\ node , i.e. le¥ us comsider

g By
/P: (a X: %=p V (x dominaYes its o\escenclaﬂ\'fa))

Since

(\0 dominctes its decendcmH) =
(‘D dominales its ‘fo«rge‘rSB N

(Eq:q %oraé o? P 9 dominores its descendonts )
— a\so \'\nis s O \-\neorem T_ du;m“ %e\ \'\\43 Prov‘lnf) noLvy —
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Y A (F dominctes its \‘ors)e\-s) = R

l.e. even ‘m\roo\.uc‘-n G weokeninﬁ d{) (R -3 s\'&r\'mﬁ
with its secomd e hon  draws our cttention Yo

o P Yhal does not domincte (all) its dargeds.

|

?

Hawvin ({Ju\ﬂol Cu ‘P “"\OA does T\o}' do'm'nno.‘e CG“)
ts '\-Qr;rj;?s, we con select one its }o\rﬁe}s 9 W+ does
nat domimcre and have P and q exc\-\o\nge
the values Fhey ownm. Afler the exchange | g
ma.y @i\ lo domincte its descendanls , @s quv
has been decrecsed. ]P so, we would \ike q ‘o be
Yhe ml:j node ot dominc\\inﬁ i}ys descendants.
Noc]e P C@r‘l-ain\:j ccn}-‘:nues }c; oﬁ] }o domino}e
s descendants 1 we choose ?Cn" 0‘ G \‘Qvﬁe\'
o? P bhel does hot domincle ‘s‘s other \'arse}.

Hef\ce we Qare hupina} "‘\f\o} /P 1S an irw‘ariom\'

or the [ollowm repeti Hon  — s OCCuArTi n
ﬁ'\r\e 1nvo~r‘s€cm\‘ ';SD hoque (9\0‘0&\ Xo P’Hne \o\oc.\« :\%nd

no \cmﬁer vieuwed os un‘&‘houm o] }-ke Q,c\uag\'\ah —_
g\_g}[q(q '\Sos}&rse} o‘?‘a)/\
(01 domino\“es the \‘Qrae\'s o? \O) A

1<»P dowminoYes q)

- 3 V‘.‘) » V.C1 = V.q R V.'P 5 P::Cl
1
od

——r——

and now we Nave Yo convince ourselves thot

Yre value exc\ncmge estoblishes ’P: v L€,
Ax: x=9 Vv (x dominotes its decendants))
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and Yhis under He i Hal Vc.\'nc’\i\'b o? 1’ ond Hhe auard.

’Prog_{ Qur ow}er case &no.\jsis d’ls\-\hsuis\wes \'\mree.

CA.SEs,

() *x#p A X#q-
From A x#‘a we comclude that ‘\V\'a\ﬂ&\\n

( x dominotes ks descendonks ), hence it SU\?—
?ices Yo show }het the value exc\no.nse behween

omad 9 does not o\si? (% dom‘uv\c\\-es iFs
Sescen&o.n}'s. We O\isxihgu'\s\'\?

(0_9_)__ (P 15 o descendomt 0‘? x) = Cq 1s & descendard Px ).

Trn Yhis cose, the velue exC\nomge. belween P
ond o does mot wmodi the ]ooﬁ of values owned
\oij Pre descendants of” x ., and  hence does nor
C\'\o\ﬂse Yhe Vc\\ue, Q (X C\Om'\nc}es ]}5 descendanEB_

Co‘l) (P 15 G c\escenc\cml opx) % (q s & descenc\om)i U.E‘K) .

Trom (q 15 3rar5e¥ o? P) . we hove mn Yhis case

1 (Ta is @ descendont o? x ).
From ‘1(\'.7 dominctes a)) we conclude Hhot Cm\fj

P‘s owned wvalue increases n the velue €)<c\nc.nse

bhehw een P ond Q .
COMb't“ihs Yhese \’NO. we comclude -an} Yhe vauee
exc\r\ange A0eS hox‘ g)c.\sieb (X dom'mo}e:i ﬂ-s c\escenc\o.n):st).

6) K:’P .

We observe
(:j is o descendant o? \9) =

(y is & ¥o.r3e¥ o? T’) Y
(_% 1s o descendant o?& 40;"‘5@\- 0? P)

e i»here@yfe o\is\r'm‘suis\-. e Ywo -not necessariy
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exclusive - cases (10) and (L0

(r.0) (:.3 s o J,-crse‘\‘ o? P) .
We d\s}\ngwis\n

(1.0.03 l:j-:..g‘ . since ‘.n-;\-ia\\‘j | P dc)minc}es oi),
hence <O\ C\Om'mc.}es P) s e,uen\-v\c.\\j C P clomi-
notes q) , €. (P domino&es ‘:j)

(1.0.\) Ej:{:q T Since '\ni}ic.u:j (o) c\om\nc.)tes ‘H’te

Yargers o? pPY . hence (q dominates 3)’
w%\va\\j (P dominates ‘33

(D (b is o descendont o? o '\-o.rgd- 'S o? P) .

Since (r is a Yarget o D) implies Cr# D,
we conclude - Fr’om ’ng\ r#if 'm¥icK\ (r de}:h
notes s descendants )| ve. (r dominates 'j) ,

From <C’1 dominctes the \-oxrge)rs o? P\) we
concluwde initial C q domincres )

Cermnbinin Rle hwo, we conclude nikall

(q dorminat €3 «3)‘ hience even}uo\\lb (\,3 Lowinctes
lj) —]M@P@nd%} O? r=q or \:j:Ol \ -

Com‘o‘m\na (4.0) -ie. (100) and (1.0 - and (1.1)
(P d0miho.\‘e.s its desc.encian}s) . e, (x dom’mo}es '
s descwendonts).

(Q) K= q .
Tn bPus cose, =x=9q

Comb‘mir\3 (0) -ie (0.0) amd (04) = (1) and (2)

we comclude

C&Xtt x-_-;c\' A (x dom’mo}es its c\esccnc\om\-:sB) .

(Eﬂc\ QP ?Tooe)
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'ﬂ'\is Waos o? cowrse nol- ‘H'te. \(‘mc\ o-? proo? 1 \ike.

x x
*
'Dtﬂ:@ndinﬁ on The S\'\wpe U'F e raFL\, relaYion W
C o, be \/ie.uwt'lc\ as C S"eppih gtme }o c o \e\-e
cr‘der‘?nb'. -\-\ne moaximunm VC\\*&Q owned con Vbe ound

oW on the nodes \M’l}how" Sowrce "he.f'wi':ﬁ'um‘oxm
3 >

among Phe nodes without )for'ge}‘-
Our progrom s o? in"eres\- becoumse Yhe
v\um\oer o? s}-era}it‘ms 1S newver grec}rer Yhen Yhe

\om Ses} T.wc:\-\\.
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