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Our proog ?orma“

We said earlier thal we are in -Pc&vou\‘ o? whot
we called “coleulalional Proo?s " as o resull, man
o? OUr prooXxs On‘e,'lncleec\, CO,\Cu]oJ"uonq‘: the s\'a}e.-
men} oE a Yheorem ‘15______‘§_Q____g§$ence a boolean expres.
.S':on, omdﬂ -_'\“\-‘SV\“;0€ 1S " essence o c*o.\cu\q}')cm
?.va\uq\"mﬁ “ﬂc} ‘ooo\eom ex?ressim '\‘o Yhe vealue
rue . The wmos} s\'ro\':g\n\-rorward woy o?
Qva\ua\—'\na o booclean expression is io sub\‘)ed
i+ Yo one or wmore va\ue-—\oreserv'mj -\rqnsformc.-
Yions :_.m\i\ Yrue or {)Q‘se s reoched. The reason
Mot o numboer o? consecurive 4ro~ns€orma¥wv\s
™oy e needed is becouse we wish Yo corj_f)ine

them o Tno.nipu\c‘hms @om =8 res\'r'nc\~ec\m-r:é];ér-
foire.

Kemark We S)na“ ho\' res\‘ric\~ Hao.\' r‘eper\'oire Yo
Ve absolute minimum because Yot would wol
e ?rac\-ica\ ?or' our ]Our'Posest i} would make
our cojeulations wuch lemeer thonm we would
lke them Yo be. T+ would be like doinj wmaothe -
maltics with out }keorems, reciucin each oraumen\‘
down Yo }he cxiems, and thal is not Frc.c\-ic:;\.
The reader should bear in mind Yhal our vur-
oses - \.e, us‘ma \ogic- are quﬂ'e c\iﬁ’ercn} rom
those o? Yhe logicians thal 5\"40\5 \ogics: G;r-
Yheir purposes R is o\\opm?ria\re Yo reduce 1oaicq\

systems o Yheir bare essenkials, bul not for ours.
(End o? Remark.)
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Let [A1 denocte the booleon expressiom Yo
be evaluated , and let the evaluction rake , sey,
3 s}e)os, which would omount Yo the occurrence
o? 2 intermedicte results. More precisely,
for some expressions Bl ond i<l

the first step would establish  [A]= [B)
the second s‘rep would establish  [B)= T) :
the Phird s\'ep would estoblish  [c] = Yrue

.
»

then Ythe w\ﬂo\e cc\\eu\o.\"\on wou..\d esteblish
1) = drue . (Hed Yhe Yhird s}ep esrohlished

[l = {’a\se , e whole caleulotion would have
established "] = Fo.}se )

Note Hna‘r n Yhe o\\‘bove \"enc\er'lv\s oF Yhe cc«\-
cu\q\"lcm, Yhe intermedicle eeressions LB] ond
1cy each occur ‘wice. Since , in 3enerq\, Yhe
B oand C coan be oluﬂ'e elaborale GX\OreSSims,
we weed ‘?0\“ brevﬂ-j's scke o Fo\'mo." in which

such re)oe}"n\'tons are ovoided. We propose

§SN
= {hmr why 1R)= TBDY
13l

{»\'Ih\' w\nn 1Bl = IC.}%
[c]
{ hin} ""\‘f_j ¢ = )rrue.}

Yrue

Remark The virtue of nr\is €ormo-\- IS wmore \-‘ncm
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brevi\‘v c\]one._, 'For' it allows ws Yo conclude
Al = Yrue without reading the intermedicte
expressioms . In our ‘f’ormer render'ms e would
Wove Yo checke thot the \“'lj\n\'—\nomoi side OP
IA)=IB]) s the same expression as the \QQ-
hand sSide o? LB)=1¢]) . Our Fc)rmo.\' expresses
theat someness \oa:) sanh)c\-ic wmeans. (End o?

Qe'mor\(-\

Tkouah in PrihciF\e su?ﬁcien)r) owr Pro::? {)ormc.\-
can do with some re@nemen\-, as the '?o“owiné example
S\‘lovo.s. Le\- OLAT Proo? o\o\iSo.\"lcrn \oe of' }-\ne ?orm
tF\ED] . (Renderec\ N Owr -F)ormc\]‘. 'n'\e. Co.\cu‘c\ion

could be o() the -Form

{AR=D)
= {hint why (A =B]}
[B =D]
= {)n'ml- w\n_j [B = C]S
[c=1)
=  {lhin} w\tj fc=1Dl}
Hrue

Note Com‘aof‘ed with the Frcvious ekamp\e., the ?irs]'

"WQ ‘f\'nn\-s n nne a\oove are s’:ro 2r since -Le}\bniz-
XY, Z: WX=EYY = IX=2)=1Y=2],; since
LCaD)= true | the las) hint

[ End o? Noke.}

fcr an
[C=D) s }he some as

S)O“ONS H’IQ PF‘QV'IOu.s exmm\a\e.

The obhove is not veU nice i? the expression
?o-r which D stands s o \ens}"\ ene: il has
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o be repeu\red Prom Yime Yo line.

We *\nere?ore. render Yhis argumen\- W Yhe @rm

A

= {hind why 18 =B
B

= {“'ln} W\lb [%EC}B
C

= {hint why [Cc=D)}
D

under Yhe new conventon Yhal each relctional
operator o} the \eﬁ- 'S unwersc\\\:jwqu&;\i?i'émc\\55 B
irs own porir oe square brackets. Hence the

obove amounts Yo Yhe ossertion

A=B) A1B=C) A 1C=D]

~ Note Since [L[

A1=C®B1) = ((A1=1B)), the news conven-

ho-\ 7-“\2 'lmp\‘l_éc\ :éaére \oro\c\(e\'s dogé h&—c\'\onge._
OT ':rs} exam\o\e, [\ w\'\ic\a \oodeoms were com-
Porec\. The new convenlion has boeen 'l-n\r'oc\ucecl
sc cs Yo be cble Yo cccommodate on the \ines
o? our PR}O? {’ormq\' boo\eom s}ruc}\;r;e; o.s
well. (End of Note)

ﬂ no\‘ Uncommovre. OcCCUTrrence w\nev\ we T;rove

L[]

A =D]) \'DD means o? such ¢ “conbinuwed equ{vo\ence
is that one o? e intermediote expressions is

AvDh . 'In owur -E)or‘\rna" we wcu\c\ Se\‘ Smne\-\r\'ma
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OP “\e ?Orm

8
= {\'\'mi-'s

= £ hint}d
AvDdD
Lrind

Lhinkd
D

I

]

asser\‘ina Eﬂ E‘D] onNn occoun)r o?
(A=sAvD] A TAVD=D]

Since the ?irs" Con:)unc\' is Yhe some as ['D=>F-\]
and the second ome Yhe same as [F):‘;'D] .
such o P"°°V o() eqm'uve.\ence boils down Yo o
\oroo? bb "mu)w\o\\ imp\ico}ion ! , and we oﬁen
prove Ye Iwo '\mP\\cq)r'\cms sepo.rrﬂe\:j. (Mhis i
'm‘?ormo.\\b known as ‘o P'mﬁ-?onﬁ ar:ﬁumen¥ )
Remark Mang texts on theorem proving seem Yo
‘Sugses\‘ that o \oms-Porﬁ orﬁumen\‘ 15 -'\Fno\-
Yhe cml\tj w&:j - Ahe Pre{%rrec\ wWoy o? c\emans}ro}ins
ecluivu]ence. 'T‘nis o‘)ihion S ho\- ccm?‘nrmecl \o:] our
ex?er'\ence3 QVo\dinj unnecessany PN9- pPong argu-
@hen\-s W1“ \urn ou\' A‘o \03 . Power u\ wa\c.j o?
s\nor‘-en'ma owur argumen]‘s. AF Yhis s\-aae Yhe
methodological advice is o avoid e Pin9-Pong
orsumen\‘ if you com, but Yo learn Yo recognize
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l\ne S'I}‘\AG\'iOh vy w\/\‘tc\n nne T)ina-]bons Qrsu.men\' is
ox]oFroPric.}e. (End o(),\?‘emo.r\()

or nne genu'me

There are two recsonms, w\n_j
ormal s inadequale.

Pihg-‘{ans o.rjumen} Yhe chove

The firs}! recson is revecled b Ccms'\der’ms o
proo o? IR=2D) n which one o? the interme-

diale ex pressions s A AD

A
= {\'ﬁn\'a

B { \\'m\}
AAD
Lhink

"

{h'm*.s
p> >

w\nic\n asser\'s T_ﬁ ED] on accown\' oP
Y_QEF\!\D] A LAAD = D)

The grs} co*n.'\unc\',\'\owever, is the some as [A=aD]
and Yhe mcond one the same os [D3A), so here
we hove o fé?fe&ﬁ*o“"lcnn rother diﬁ’eren} Prcmn
the previous ome o? echH:j Yhe same ‘Pmo? o?
equivalence \"'ﬁ'j mutuol '\mp\ic‘s\}ion. “The o.vo.i\:
“b‘\")’b o?;)ue} these dwo o\o"lvns s not nice;

it 15 much nicer Yo hove o more newlrol one

' between .

1)
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The second recson is “‘10\' Yhe \as} Ywo exo.mp\es
Yend Yo \ead o elcborale expressions with a ok
o? repetition Vel ween the diW@renl’ Yines: v the Yop
helf, A s repeo}ec\ Al Ye Yime | 1 the boblom
Ha\(’, D s re."aeo.\-eé cl the bime. Since o main
pur pose o? our ()ormo} is Yo avoid repeh\‘acm,
we hed betrer do Some)r\n'ma o.\'.:'ou\' W+ We con
do so \°_'j ocimi“'mﬁ n the \eﬁ column the

im?\ico\\ﬁm SHén cs well . Tince

[X=2Y) AlY=2] = X=2)
IXa3Y] A I=22) = X227

9

ang imP\ico.)rlcm S *roms'a}'we ., 1.e.
IXaY) A TY=22) =3 (Xa2) |

o proo() o? L1RaD) cedld, ?or instance, have
“'\Q ?Orm

A

= £ hint w\n [A=BIY
B

= fhint why [B=aA)}
C

= fhinl w\nn A" L
D

)

which asser\'s \—_ﬁ ea’D} on occuount o?
IAa®) A 1BaC) A [C2D)

Qc\mi\'\"lﬂﬁ , besides =, clso = n the \eﬁ» calumn
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ma:j Sreonj reduce Yhe amount o? wri\'mg needed.
Seo fc\r, so good, bul in order Yo be rea\b F\ea.Sc.n)-
do use, our ?ormo.} needs 1o accommodale three

fhr)r\ner, ‘mde’:enc\en\- reememen\'s.

The first ome has nothing 4o do with Yhe amounk
of wri)‘m\j‘; i+ emly cllows us Yo write and read
f\\m'mss n o c\iWeren} order. Besides the ':mp\ico..
Yien =3 we odwmilr \ke Conseguence < (read:
Q'?o'.’rt“.::m..rs ﬁ‘om#) , ond ?fom a \Osico.\ T:o‘m\‘ o? Vitw
it mokes no c\‘\ﬂ?erence whether we write [A=D)
or (D& Al . (T} s o ?o.c‘;\i\b qna\ogous Yo the
ﬁ-eec\mm o? wr‘;\')f:j Yhe same rP\Q\ﬁon ei’r\mer‘ as
X<y of as  y>x ) Consequen\\ﬂ, our last
Froo? o? fA=2D]) could equ\vc.\enHJ hove

beenn yvendered In Yhe Form

D

< {\f\'nn\ w\flj tDé C] 'S
C

= {k';h} w\'\. t Ce B]}

= Y L ES g

< {hint w\«‘j 1B<n)}
R

OPIQV\ the choice between .IMF\}CO}'IO“S or <on-.
sequences is itrelevant, bul we hove encountered
W\an:j co\Culohons thel in He one woy regquire
Ccmsidero.\:\e. c\o\irVoJQﬁCQ. Yo wri\'e. down in Yhe
Sense thal  the morivation {701‘- Cer\"ain mom‘:\ou\o.\'tcms
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becomes O\??O\f'ev't“ several lines down n Yhe cdl-
culetion , where Quer:j“'n'ms m'\racu\ous\b ?G“s
inte vlace, whereas written in the other W oy
Such c:c.\cu\a\"lons oﬂ‘en have the P\ec\san\'
TaroPer\':j el each wext W\O\ﬂ}'r)u\&\"luh is a*r‘ons\‘j
5u59eg}ec\ b:j whol has c.\reo\o‘.:) been writYren
douwn. Calculelions Yaar in the ome Wy shke the
reader €S Pu\\inﬂ rc.\obi\-,s oLy o? \nc.\—s can oﬂfn
be derived in the o]oraosi\e direction on Yhe prin-
C\P\?. Yhelt )h\'\e.r'e s reo.“ om ene Hﬁ'ma Yo coan
do. In Fac\- we —f)eo.r Yhatl the Yraditionel Prec\omi-
nance oi’ the '\m?\icc.‘r':on over the censequence in
com Dination wﬂ‘\'\ owur ha‘oi\' 0? readin fro'm \eﬂ
o o Wi has 3rec}\3 conlribu&ed -\o ﬂ?e 5ener'c.\
MUS\"I icabion of mQ}thc}ﬁcs.

The second re?inemen} concerns demonstrandao
o? the gjorm [E] = [ﬁ ED] . (The {’O“Ow'lt:j
1S mulclis mu’rc\nc\is Qquo.\\ opplicable Yo demenm-
strande. o? ‘the ﬁnrm IEY = [IA=D).) The de-
monstrandum s equ‘wa\en¥ o 1IEJARA = (BIAD)
and we could have wsed our earlier {Dorma\-;
i} ES,\\owever, una\‘)'rac\-‘,ve ‘o re?ec¥ LE) on
each line, Yhe wmore so since LE) s O?Qn n eeded
%r Yhe L’)us}’afico\}"vcrn o() Cy sina\e S)re)o amly,. “The
Ca\(:u\a\"lcm miS\ﬂ'- '\-here%fe be Presen\-ec\ n Yhe
fouou‘lrﬁ Form:

A

= {hink why [A=B1}
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B
{ hin} whj [E) = IB=C1}
C

n

J

§ han} N\r\D tc =D}
D .

This ?orma}‘ 1S5 o?ﬁ-en Q Pro r‘m\e. w\'\ere T_Ej wouid
e the {)ormc.\ s\‘a.\-emen( 0§ oy (usuo.\}j nomed)
FroPer\-b o() one o? the clomic sbm\oo\s occur-
fing in A and D . A \Firs}‘ s';ﬁ\n} some reoders
oy, have the Uneasy ?ee ina thel the onleceden)
[E] hes heen S\muag\ed in , but we can re-
assure Yhose readers; whet we have done s
neither dae]p , hor Pus\w : we introduced a con-

venien} 's\nornrwmd -\'ho} )orovecl SO\-FQ o use.

The '\-\V\‘trd C.onveh)f'lon concerns H\e omissicn o?
un‘\ver‘sG‘ quan\-‘rﬁm\'ioﬁs. 'I? oar demons}rnnclum s

n F‘"“ (BX::[Q.K ‘_-"_'Dx]) we wm\c\ wrile:

“We ohbserve ?or oy X
A.x

= {k‘.h]- w\\D (Bx:‘. [QX = BX])}
B.x

- { hin} W‘ﬂ:j (ax:: IBx = C.K-})S
C.%

= § hint w\-\j (Bx:z [C.x = -DX..D}
D.x !

ond Sim;\orl‘j i? we \'H;cl '\o demonstrate o
un'\ver‘sc.\\j O\uom\"lﬁ@c\ imP\iCc.\"lOV\.
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:Bb wo:j af) equ?\e o? how this c..“ wor\cs,we
sholl now ?rove A Con")unc\"we. ‘or@d'\cﬂ\e \mnsgarmer
is monolonic , o theorem thel QP?QQ\S Yo the

Fo“ owin3 de Gni\i ons:

(N a ?unC\-.on ?Tom Preo\}co}es Jrc._‘:»r'@d;c:o.}e-s 1% (@:r

h]s\'orica\ re&sms) CO.“QA "Q _i;;;dice.‘fe 77 -\ro\nsg;fmer"

Giv) C? is coniunchve ) =
GRS f@(x.«\\() = OXAPYD

i) ({? is m0no}on’1c5 =

(AP, IP>Q] » LPP [0Q))

The proo? m'ns\'\\ be rendered os Fo\\ows.

’—PFOQE We o\oserve '?or on Con\')unc\"lve T)redice}e
3rroms€ormer ? and om:.) Tzredicc}es P and Q-

IPP » £aQ)
= i redicate ca\cU\us?l
{ f’ig,\ (’ Q = {)’P—.\
{ 1s ConJu“ chive }
[f.(PA@) = V'P-.l
& 9§ Leitbniz}
LVPa@ = 7))
= i\oree\ico}e Cc.\c'u\us}

[ 'P =t Q3 . (End 0{),?‘”00?3

—
-

The above opves Some \deo, o? Yhe c\esree o?
detail provi ded n the hints. The Yo hints ° predi-
C‘OA‘ e C‘O~\ Cu\ wS " bo}\n re?er ‘\'o H\e {) orwm u\ -\
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[XaY) =2 [XAY = X)

o() w‘r\ic\-. Yhe recder s su‘:?o_sgd lo \(now Hhot '\}
}\o\ds ?or om:j rec\'\ca\'es X,Y . 'ﬂnese ]n'm\'s e~

‘?Qr' \-o ane o(’ ‘-‘- 4 mon‘npu\q\:'lcms From oY res\ric.\-e.o.\

repe.r\*oire g Hno} we men\icnec\ in }\ﬁe. \’->€<51v\n'\n3,

The h'm\' "? S COn\‘)unc\"we' \s 3\\!% w\ﬁere 4-\19.
reader cowm e suppased Yo know Yhal Hhis meons
Yhat op Vi coXion o? dis}ri\Ou)‘es over Conywnc.
Fon. 1¢ e situchom is less ‘?Otmi\iar' or the
Su‘os"\\u\‘lm \S wnore COMP\‘accﬂ‘ecl, we we Yhe
‘ms‘rom\io.)rion ex \‘\c‘.n . (Th Mis case, we would
hove r‘e?erred Yo Yhe second line of Gi) " wikth
X, = VY, Q"-) When @ man‘;\ou\o.\‘ion \S Cm@nec\
Yo @ su\oex?ress'\un Cas,in Yhis cose, Yo the \e@-
hond side °Q the equ‘:va\@mc&\,our hinks do not
ide.n\']? \'\\e su\oex‘oress‘non; M\e recder 1s S\APPOSEc\
Yo do so h\mse\?’ \OD \c\en\'i?:jinj n w\r\ic\'\ Su\oex-
pressiom Yhe hwo relcled expressions c\iﬂ?er.

The hint “Leboniz re?ers Yo
(x2y) = Px=fy) |

ve. thal o ?uv\c\-icn c\‘o)o\‘.ed Yo ?quucj Of‘éumev\\'s

b‘\e\c\s Qquc.\ values
Qua"m, 6 Januar‘j {487

\qro?. dr. Edsser \5‘@5\45\7& |
'.Depo.r\'men; O€ Compu\'e\" Sciences
The Unwers'a\'\'j o? Vexes o} Ruskin
Ruskin, TX 38712 - 138, USH



