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9 re\a)ri Onc.] SUMNIMGC T
St

Here woe Preserﬂ- Jhe reletional caleulus as

o speciclization o() Yhe ]oreclico&e. celeulus: Yo
the \atter we add ‘\rwo oj)era¥or3 and one

COﬂ‘S"‘C\ﬁ')‘.

To bea'm with  we m)-rocluce Cu uﬂcn:j Preﬁx

OFEFQ’)-OF, which -—(guowing ‘He.ssel'mk— wie Ccn

L]

‘H’\e ”es')-r‘angemen-}-” and c{eno}e b& ”7‘(- I)-
S S}Ueq '“’72 sSame \’161'\ \:)inol.ina Power‘ s 7
—i.e. \nig\ver than <l 'ln{)ix oFera¥ors exce}::}
?unc\-iona\ QPPlicc\%on — under +he usuwal rulke

+hat unary Preﬁx O)Dero}ors ore ria}\l-mass«;a}ive.

The es—}—ro.nge.men)- is introduced bD the
?ol\owing hoo axioms . (Note. A summary ©

formulae is given ok the end of this paper)
() 1P > Q] [@ = %P
1) [Pe Q) (Q =« *V)
From (0) follow
(2D [*Fa\sa = true | and
) [+(E@:Q@) = (AQ:+»Q))
Trom (1) {ollow
(«) [ xtue = {Glse]

M

it
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I

(5) [ x(AQ: @) = (EQ@= Ned)
/Proog’ o? (2. t f?a\sa = “l'uel
!}

= Ff‘ed. ca\c.%
[ true = ar?o.\se]
= { (0)}

[{-’a\se = xtue )
{?red.ca\c.vl
rue CEnd o? Vroof o’ (2))

?rOQE o?(’ﬁ): We observe —Por O‘"‘_:j 12 , and @

Y‘Qﬁain:j ove;” Some Se},

[’-P = *(_F.::Q:: Q)]
X4}

[(EQ: Q) = P )
g 'j)recl. C.O\\C.-i

[(R@: @ =» »PJ]
] in&rchanﬁeg

Ax: 1@ » »P1)
{(Y

QA [P > Q1)
{ in"}er‘c‘no\f‘pge 3

- [(RQ: P =3 Q)]

= 4 Pred. c&\c.}
[P = (AQ: QD]

and since the aqu’;xra]ence o? Q‘l’ﬁ)‘ an las}
lines Whold ?or any P , (3) F;\\ow%.

(End QP ’?roop OP(S))

]

)

h

]

]
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CTormala (2) {ollows from (3) by choosing
Q@ an em?b range. ( End oP Note.)

Note

Trom bol axiems we conclude
(6) [P = x@) = [CQ = *xP)

/Prco? E’P = #@]
{Preo\.cclc&

[P'» +0] A [P« O]

{(O) cnd (“.)}
Q=P A LQ <= «P)

= 4§ Pf‘ed- cale. b
[ @ = #’—P} . (Eﬁd DF/PI‘OQE)

(6) writh Q.= xV 8ie\c\s

I

h

Tastonbich nj

the c::::rv::\\our:s
7)) TP = %P ;

e. +he es%ranaemen}" is an invo,u)ﬁof\-

Next we introduce an &sbmmehﬁc
r‘o\}or Cc;. ledl ComPosr\‘loﬂ "

lOann’b
denoted an “;” , Lohich %llowms

Schollen — t.oe gme n l:inc\ir\&
Jr\rwm tHhe Lunary olvea“o&oa‘s and
the binary lbgico.\ o]':er'a’rors. COMPOSI)FIOﬂ

occurs n  three axioms, iz,
® [ Plq,R) (P, QI RY)

Lol ch s&ﬂ-eg -HnoJr composihon is assoc'.o}‘.ve,

and

)’)Qu:)er‘ \6":5%
h:gha; “"\HO\O

i



EW1047-3

o P = D] = P> »Q]

?

which links Com]ﬁosi)-ion ancl estrangement

Yo +the constant D “'@3“0“"”3 ‘Hese;e\'\r\k
called “the d‘uuers}}:)"_—. , ond

(10) t*(#’P; x Q) ’\('\Q;ﬂ’P)] ,

w}x'uc'h \'mks Composi\ﬁor’\ ancl es-"ransemen+ ‘-o

W

'Hne h@\.s&)ﬁ on,

[ xiom (?)_ we ex]o]c:i}" \'D:J Dmi“‘}—ing sSemon -
Hc:c‘llJ super [?]Mous Pc.r‘en)r\‘:eses in conhinued
ComFoSil‘ionS. C\X‘\om C9) ) w\m‘ch 15 ownr
c“\tj axiom aouwr the conslan} D [

]

\main\\‘j usea Yo reworite i-mP\icaHuns_

(1) TP =2D]) = [ P = D)

TProof [P Q =» D)
{ (2}
[P = »Q)
{ (D]}
& = »P)
= 1(9) with V& .= @,P5

[Q,P = D] (Bnd of /Proc>€?)

Whaot in (11D mifj}\}- lock like an inter
c\r\anse o? T and QQ is  loelter ‘tﬂ\‘erpr'e]@.ol
as o rotaton. We leave Yo the reader to
show s ?or ‘ms%ance, que equ;va\ence o?

N

i
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() PR = D)
H) [, P = D)
G R, PBQ 2]

>

,  ancl

The )’)roo? s Yo wuse dhe associc.\-%vi\:_xj oP
Fhe composi}ion. A hints, T tntend Yo rePer'
+o C'H\_) cn ;}-5 —EL?Q--QI&_\LZ_?\iﬁOﬂS LUunder :qu_

nome “ro\‘o}i on 72, B

Our second wse of (9) s Yo rewnte
~ —Q2: [P=22]=[x=>2]) = [P=Q]

?rcm Preol’lco.-)-e Cm\culus_ /Because. ¥ s an

involubon —le. C?)-— we me-y rewrite the
\e@-hand side @f the above as

(a2 (P=x2] = [Q@ > »2])
On account OF) (9) wee dedwuce

) (AZ: P2 D) = [e;2 D)

I}
)
&

Now it is ‘51mP]e fo show thatl #D
the C\e@-— and riah]*-honc\) ider\}‘i}‘\j OF

Comrosi)‘ion, e,

1

(13D LD, P P

(414 E/P, AD = /P]

=iy

Prooll . We observe {ér any Z

L+«D, P, 2 = D]
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= {roh:\\—iong
[’P;Z; *xD = ':D]
{9 wh P.&:= V2, +DJ
[P;2 = xxD]
= { C?), e, % 15 an '|n\ro\u\‘iovw?l
(P2 »D]

w‘r\uc\q, qccor‘dina "‘0 (1‘1)’ es\‘abliskes (’\?:D. ’ﬂne
very similar proof of (14) s le@- Gs an

exercise ‘o the recder.

CEnd o(> /Prooﬁ)

W

We now exP\ore with the aid ol]? (o)
-Hne boolean exPress'lon

[X,Y = 2]
We ohserve @_—,r any X.Y, Z
[X,Y = 2]
1 x is an ‘If‘\VO\LA‘}"iOnzj

LY = 7\«:\«2]

{ ()]
[X,Y, 2 = D]

— T~

i

1)

== {(9)} = {r‘o’ro}i on]]
[X %#(Y;%Z)} ,[Y;ﬁsz @D]
= {09}

[y = » G2 X))

and Yhus Wwe hove derived
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(18D [X;Y =)2] = [X=> *(Y;fZ)]

and -—U-Sinﬁ <= and Feﬂumina——-

8) [Xe 2] = LX) e 2]

NEX\"., we use +he above o show et com-
FOﬁi%‘ion 'S un‘.versdb d\s'ju\nc}*ive n both
arguments.  In order 1o show thet composi-
bon s uni\/e,rs‘:uli% distunchive in ilFs \e{a-
operond , we cle ér fixed M the
?umc}'»ons -P andl 9 bj

£?X = X;Y] oand [82 = x(Y;#Z)]

ﬁ—ine

?

and shall derive the universal d]sJunc*ivi1\j

of P From Yhe rewri Hen (15‘)-.
[EX=2] = [X = 9q.7Z] or el X,2 )

TAn order o show that com ss) hon 1S wuni-
versally disjunchive in its right operand,
we de&?me ﬁ?or' k?ixed N the fr?.«n <t ons
TO ancl 3 B:)

[?Z = \1/,2] and [9X = x{* X, Y)] ,
anc S‘Hc;l) denve Hae uni versal o\is\)unc)fvib
ol? *? Prom the Fewr'nH‘en C16)'.

[X<«(2] = [gX«Z) fral X2 &

Note  +hat | X and Z beina dummies, e hvo
fomu{ae rnorked C%) QXPF‘ESS '}he socme cOnsH‘ainF
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on {3 and g - Theat ‘?01" i p andl
So\)ris %inj (*) , {7 'S unkversQHj dis-
Junch‘e is o well-known theorem R whose

Pmof i"é'"'"'given below. Notre that in the
desiam oF) this PmoP’ one has lﬂc\r"cll& C\nj

F)reedom . ot each s%ep, there s on\b one

H\ing one can do.

jjﬂ‘if Tn order Yo derive _@r any range OP +
[F (_E'P:: P) = (E'P P'p)]
we observe —F%)r O‘n\‘j 1R

[REP:P) = R]
{ ()
1 red i cote CQ\Culus}
[ (AP: P R
{Predico}e col c,udus?x
£ ()Y
(AP [fP = RI)
{ redicate CQ\CM'MS}
[ (éj’P:: P =RD)
‘[ redicate CO\\C‘Q\MS}

[ (EP: PP) s R
Fr‘om which observobion the demonshran dam

?ol\ouus. (End o? /Pmo&?)

3]

i

]

i

]

i

4) 3 is universml:j distnc:H\fe in both oPer*omds.
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- The reader is supposed ko e f%m‘.\far- with
+the \DES}- known Ccﬂsequeﬁces Q.P ? 102'”‘:3
universo\\\fj di%juncFive: [Q{?cﬂse. = ?c\l-se]
anch Tj is rmonotonic At FEsPeci- o =
We now turm +o Ctod , our Yhird and lash
QXiom aboul COM)'DOS'l)"aon, —.D' ConﬂQC\rS eslrromge-
ment  and ne\c)c\\-lon, ond does so In & S ym-
meh‘ico\l I Gt One of owLim  NEQr ]”Ju«r]‘;oses
is Yo show theat Y\E&O-‘HDI’\ and eS}rQNSQMEﬂ'}
commute, butl because the constant D s
SO Closel associated wi Hh ComPos}*\-iOn , We
‘Pir‘5¥ investigate whether we can ]C:nc\ o nice,
s'.mPEe relation between * , 01, and D
Because * cnd 1 are mvolurions and
* 1D is the iéenl}i\- e\emen’r oil? ComFosi}lon,
(10) 1% \'1‘:(3\5 Yo hove an instantiatioa +hat
udmi\'s SimPIi{?iCc“\‘}orﬁ_ T“r has indeecd. (Noire
ther the nstantiction c{-’ (10) is all but dic-
Yoted ‘ob the desive Yo E’XP\OH' ot both sides
that D is the iden)'i‘rj element o() composi-
Hon.) We observe

frue

{0)  with Y, = 'l*j),:DE
L (x21 %D ; £D) = N (-\D',‘H*TD)-!
= { ¢14) , 1 i3 an }nvo'\ul‘)ong
Lxx1xD = 1(1’5)3#]))__3

{—.’6 B E=1a' iﬂ\ro]u'\'\on ; (14)}

LaixD = 11 D)

- {7 s an ‘muo\u.‘\"uon?;

)
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= D)
T have derived
e
—rhhls Al

]
8) | *xD=1D
(4

)‘O O
L] {-O
d

i.e.
mmu."e R

Co

X

X)
= X7

) Lax X =

(19

observe »(2-,
g (2), we

Proot” Riming e apply

ﬂimaﬂ3

Proo i

arbi’rrarj

e :D]Hon, -\}wiceg
{*-1*?& ’ A invo la S __\
.{% 1S ; 5 %X Z)__é_jx ,*2}
(%*(xwin—. e D]
) {(:E));;ﬁ"wxj—‘:’} N
[%‘1 7 ¥ X)r -
5o Gz 311\@% on 3
[+ D = A = on .mvoﬂ
. i
{ ¢(18) -‘—1<”i Z}; y
“—:5 .
) ’,}we J
E{jionmeos:D] .
-ﬂ_iiX ~ = 1%
[ ax L N
) A% A ]
{ (s o
[ 2« 2%“‘??051}-\\.@ S_ ,, |
_ { C_{;:'@%-Z];Q 1= 11X X . 2
[‘1?9) with ’2,)]
[ {x X ; L0
.

]

|

Ul

]

h
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Prediccte Z \fae‘ang o\rbﬁrc\r\j, (19) vow 5\3:“0@5
on c«cc:owln} OP (‘\9.) —?rom —Hﬁe, eqz,v';\lc\\eﬁce
O\? Pne «?‘irs* and lest ’\‘En’ms above.

(End o()/P\’“Ocp)

’ins?ired \c::j Yhe commu-‘\-m}ivi\j o? *% ancl 7,
we now ':r\‘\'r'D duce C SPQC]Q\ St:)mbo\ O.nc] name
—@3{' ‘H’)Qif‘ {Lndiono\l Com}josi}\on. -ﬂ‘ 13 dEno)‘ec\
hj +he }—i\c\e_ e~ and called the ”‘)rrcms]oos#‘;onq.

Tt s formau:) de?\ned )Dj
(?.Q)_ _ [N/P:: X7 /P] 77[&&) = % ’?]

ﬂ\So oD s any ir\voiuhorw ana ‘I}‘ Commmhs

with % and 7. More preci Se\j
@) [ =7P)

Go) L[4P = 7P]  [aP= 1 F)

o) [P =ex7P] [P = » ~P) ,

the Proo?s are ]eﬁ Vo the reader. Formaulae
(16) ond (18) can ve rewritten as

(21) [~ @ R) = ~>Q ~7)
(227 [MD = D]

T\na\\g we inYroduce the constand 5
salis %'\n& —~see {(13),(14), (18) -

(23> L[J=-D] [3; *xD) [J=c~J]
(2¢) [; P =7) L™, J="T7] ’
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Jr\':e. ’?ee‘ins be‘mﬁ 41’104‘ -n’)e ideﬁ\“i\':j e\emer\\' 01@ ‘H')e

Qom?osi‘]‘icn deserves its own name,

\Je observe »For cmcj f‘&nge OF Q

~(EQ: @)
{(QO),deﬁﬂihor\ OFN}
x (EQ: Q)
{3}
] (B@ * Q)
= {de l\’\oréon?;
(_E_Q:: 1 x Q)
= { D}
EQ: ~Q)

e, *}ro\nsPosi}r‘uor\ distriloutres over existential

C]uc.r\‘-}ﬁcc..‘hon (':.e. [ ur‘\'l\IEFSo\n:j di.?-)unc}ive) .

/)

S‘mce -5ee ('20)— +ransl{>osﬂiorw dis)fribu%-es

over heﬁo.jr':on as well and ”é§5§'§é'a P

exis‘\ren)‘io_) quahH](i)Cc:.Hcm Sugﬁce ?or ol lOSiCQ\

expressions, we hove derived

(25) —\~ro.nsPosi\'ion diskributes over the

lofjic:Q\ oPer‘c--}or‘s anrcl Jr}}e qmn}-iﬁgalﬂons_

Kemark Note thead comPosihon —~see (21)-
IR excludecl {%Om -n\e losi(‘c\) oPera)l‘cf‘S; ComPo~

Si}ion is & re‘o)rioncl QPero‘H:r'. (Enc\ o(?emark.)

X
X *
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'B:j deﬁni}‘lors
(26D (’FE 15 o Pr‘econcliql'aor\>
(’P s o POS\'CQ\"\C\'I}ith

(23) (/P]S c "JOS“C‘ondi\‘fUhB =
(WP s o \orQCondi'}ion)
flows we shall

S \eﬁ- to the reader. 1n whal
decl wnth Os}COﬂdihons; the explorcation op

Yhe dual theorems s leﬁ‘ {o the recder.

An impor+an+ theorem aboub Pos\'COnc(iHons

is that « \OQ‘ICQJ ex]ore.ss'non of) Po&condi%ons
B Qgcﬁm . ostconditon. As n the )Oroof)
o (25) |, we prove it 1@;—- the specic\ cases
E existential qHQn*‘l‘ﬁCc{hOh and negetion .

O

Tirst e shouo ’H'\c\} 3{? P ran 5 over G
se} o]p ?o.s‘}‘Conc\'nhcms - e, (Et '[+Puei?5 ?])_.

I -'\-rue; (E’P/P) (E’P’P)]

/Pr‘0c3£ We observe {Z,r ke Fans‘lnj over Foskonc“}ions
"'rue;, (_L_f'p'.: P

{15 s univers;c\l\fj clisJunche}
(E’p.‘: +ﬂ-\e3/P)

4 P is o Fos‘fc::md.i}-i ong

CEP: P
C(End o-? /Proop.)

M

—

w—
—

)
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To Pr‘ove -H\c& Hne. r\eﬁa}riOn oP o Pos§-condi¥'ior\

s o Posi-c::nc\ihon, we frst ocbserve

[-\-rue;’P = P

= 3 pred. caded
E*‘*"*e‘a’P = ’P] N [ “rue;’P <= ?]
= '{ (24)?}

[ \‘rue;’P —-—}?3 A ['}-rue')’\j < JJ/P]
1 Lirue = :)—_] ancl 5 S V‘Y‘\OﬂO‘)‘Dﬂ}CS
[ *ru.e; 1 %;P]

J]

Hence our Pr‘oo]() c;]:-)iaor}'lcm s

[ J\'Tue.{g => ’P__} = [ %rue; T = ‘]’P]

/Proo? We observe ?c::r‘ Om:j 1°

[ true, ° P = P

{C16) with XY, 2 .= P, true, 1PJ
[* (*‘1’\3', ‘hue) <« *1";33

1 conl—rQFo sitive (20 ]
[~ (~P) brue) = 7))

i (21), (20) and [ true = erme]ﬁ

{ End o{) ’T’roo?.)

[ truey, P o= P
Bnd thus we have established

)

]

1

(28) losica\ ex]’)u"ession‘s built ?f‘om P°S+C°”di~_w_ﬁ_f___,

Hons are Pcs’r conditions
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Next e prove

(29) ]:-\‘me;,/P = ?] = [X) <\(A?) == X,Y N (P]

’PrOOE The Proc»? o? the Equiua\ence s )QD mu}uo.\
im]:iica}icm. The one direckion uses thal VP s

et Pcs’rc.ondf\‘so»ﬂ_, the other one Yhet AP is one.

Tﬁ bo-nn cases (wWwe use ‘H‘le le_mmc.
_QQ, (Q s & Pos}*conc\ihon) = iX; @ %Q}
which T%Hms gom Yhe monotonici \\b cs{) com-

Yaosi'}r-mn.

LHS = WHS We observe {)or‘ arb X,Y o
Y)oskonc\ihon T
X5 (YA PD
I MAT =YD, LYATP ﬁ:v'P], monotoni cil:j o{):’}
X, Y A~ X,
=  { D wih Q=T monolenicily of A}
X, AV

LHS «="RHS

X, (Y-’\"‘D) v P

< ‘{ <%) wn\-k Q:: 'IFP}
X, (YaAPd v X, AP

{; dislributes over vV §
X:((NYATP) v AT)

{Fr‘ec\. calcl
X3 (Y v 47D
&= {[Yv P& V] and monobn‘.c;b Qf ‘,33

X;Y (End of Proa(?)

J

H
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NO*‘G’\‘\OHQ) Convenbon “Trom nNow onwoards
the reader s Su.j:posec{ to ke so Pcwn':)iar
NN CQO) that n the wse c{) 1o and ~
the com,’:osi)r':or\ o{) an dvo  will 'tmmedia+e}j
he renderecd b the Qlﬁ)f‘d. Trior Yo the
mboduckon  © ~ , one has the choice
be\—ween. "er and %'IX}- Yhe in‘Toduc‘ﬁon
o{) -qu “Suz)oer(){ucms ? o~ eneJOIQS “s to
infrocluce ~ X as the canon) c;a) represen -
tohon. T shodld hove inlroduced this noka-

hof\c\] Cc:nVEn}\On eou‘\'\'er. (E"\C\ o() NQ\‘ci}ional
C_or\uenHon.>

Th order to relale the chove Yo Tarski's
QX'\orno\\-iZo}}or\, we derive s ___Q Jr}f}eorem

Tarshi's  aXiom ,
[/P)Q ~N~R = ‘?G\SQJ = [@,/R A AT = ‘rc\\se]
Prool” We ohsecve -g:r ey T R, R
[/P;Q N N/R = '-Fc-)se}

= {( r‘eo\icc\le o.rxd) re,lahonc\l Co\lcu\u.s}
[ ‘I(T'), Q) Y */R]
{Vred'\cc}e colcalus]
(TR = ot
- _'[ r‘e\o.:\-'uonc\l c:o.\cu\u.s}
| R = DI
{r‘o)‘o}i Oh?s
QR T = D]

{os chove §

h

)

h
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TR A AP = -g)a\se)

‘ (End o€7m$)

To quo)fe Hood"e and He i%n\a on Tarski s
%f"nu\o}}or\: J(T\)C-BPIG\CEmen} O ‘Hﬂis 1&‘5}
axiom will nok be Jamented. (To this T
con add thal, by our current stondards,

;

Q(SQ ncn\o\}i_onq ’T_(’;rski 's ‘]‘@x“ s c&rocious.)

Tn orc\er‘ ¥0 r‘e\o}e. ‘Hwe c):)ov‘e \‘o 'phe,
axiomath zation C)P Hoare and He Ji@rf),

we S\nan derive as o theorem ‘Hweir G X10mM

1@ = GONPN\T]
where \ IS S'Nem ]oj
[X\Y = *(X;x\]’)]

/Proo£ We observe {ér oy P, Q

€ Q\T?)\'I 3

{el_;lm'lno\)"ion OuA—er‘\ 3
2 CC“\Q\“)P); NJ) 3

~ is iclent element o 5

x {C'I Cg\‘a/?) b ?

{ elimina“'}om \}
1R, ~P
{ (2")«& __
~ (P, xR}

-{ introdwetion \3

1 C/p\Q) : (Bndl C’{) /Proo(.))

)}

l

I

|

h
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To which T om %em]:‘\‘ed o add {(’Rep\c\ce-
ment o? this last axiom will not be lamented ™.
¥ x *

Qur QX‘IOmo.‘}i‘Z.c\')'ion o«f 'Hne r‘elo\-)iona\
calculus introduced the ‘\"‘ip\e Co 5 :D> 5
bu%‘ Q“ aXioms 3'1\/eﬂ '\r\'\u«s —F&r‘ ore So\)isgcd
I-E we equcu)-e 'Hﬂe *\'ri le <ﬁf ,:D) W,H\
the ‘}riP\e 2 A {’a\seg To d‘lS)“)\r\SLAiS"\

the two we now introduce o last AXiom
-Fc:f ComPoSi‘hor\ ‘nno\)‘ [ ﬂo} SO\}‘iS —ﬁecl
b:j cOn.J..mcéion

(30) [’Py\'rue v ’hue; @J =_> [’P‘; -\rme] v [‘l‘rue;Q)
) M_NOM ,'ﬁrs}b) ‘I')’\q? —H':e d.isdunc}s ore

7 Cm:j Precxbnc\ihon and Omv ’PDS} condﬁ-ior\ Vves -
]’Dechve\_u’. Note, SECorwd\;.) ; ‘—H'\c.\‘} LHS <« RKHS s
s we also could have written

(33) [Pihue v g @) = [Pidme] v [hwe;, Q)

(Ena G? fl?emc.r\«)

To relate +the cbove 1o Tarski we shall

vae cS O *Hneore.m Tomsk% ‘s 70)(\0_”:)
(31) [P drwe]) v | true ; AP

’Proog We observe {Zaf‘ any /P

t(‘Pi )fme] \' t‘}ru.e', ‘1?_]
<= {CBQ) with @@= W’P’S
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[ (—P_; )rru;e vV 'hue,-, 1’?3
<= {3 s mcmo*mic}
[/135 J Vv 3', "rP]
= 1.7 s ;5 wnids
[P v aTP)
{Pred“i cote CQ\Cu\u.s}

Frae { &nd ojp /Proop)

]

/Remc\rlk T did ﬂo‘}’ SU\CCE’@C{ N Prr.)vin& (30)
?F(n-n, (31) . (Bnd O]P Remark )

Next we shall prove Uhot &S, Scholken
Posxu\oy-ec{ +o c\islinguisk the *ri})les:

(32) [+ru23 11X, '\rue] v [X-}

(Pmof We observe {3:— om:j X

[)rrue; 1X 5 ‘}ru.e] A4 [X}

< {(31) with Pz drue;aX |, monotonieily vi
{true; " C-}rue','l)()] = YX]

< {mono¥onicib []S
[%ru.e,', - -’:J:rue', 'IX) = X -_\

= {ra\. Cc«lc.z_\

[*X) true ; 1(+ru.e5‘l><) = D}
= {f‘cl. Cc.\c.}

X brae = o~ (Grae 7 X
= {Fel. CtﬂC}

[ X, tue = =X, true ]

= {iared. cale.’
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T}nc.ll:j W FJ’UU'C?- C.S.@c\nOHEn‘S
(33D ['l (X, “ru.e;\()] = t‘lX} v {'iY]
’_P_Lo?f we ohserve \Qr any X

L= (X;-\rue;Y)]

= {Prec\. Cc.\ck
Ej’(X 3 (-‘rrue A 4rue.',Y)).)

- { tue:  is < Fos‘rccnc\i}ion; C29)}
Ta( X3 true A Yrue, Y )

= {de Molﬁan}
E‘l(X;‘}‘rue) v ‘l(lrru.e;,\’)]

= {(28) and its dual ; (30)5
[1()(3‘}1’%)] v ['l(%'me)'\()]

5 [ [Jatmad and monotenicity |
(03 v T (,v)

= £ 23
[‘IX:] \s [‘lY.—l

Rather ‘}’fivia“:y , (3%) and (33) can be
S\rrerzﬁ‘“ﬂeﬁed Yo

(32" [’)'r‘ue', '!X; '}ru‘e} ‘}‘" EX] cnd
(33D L (X, e Y)) = {_‘:Xj v (Y]

F\ oss‘.\o\j U\SE?U.‘ -{{)ormu\c.., wkicl‘\ Q)\\ows

rebher clif‘ec}'l:j “:’rom (G3y) s
(34)  [A(X;hue)] = [-X)

Rs axioms , (30) cnd (33) are ln&,ﬂchanje_able..
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@ P=+@) = LQ = 7]

(1) [P+ *xQ) = {Q « «P)

(2) [ afelse = 4rue )

(3 [(x(EQ: Q@) = (AQ: +@)]
(4) [ xtre = {’q\s_e-l

() [x(RO:Q@) = (EQ: » @)
6y (P=+x) = [Q=+71
) [P = »P)

® [P@QR) = (PR
(@) [P,Q =2D) = [P= xQ)
W) [x(¥P; *xQ) = (@ ; 1]
(1) [P =D] = [ P =D)]

() (A2: IP2 D) = [Q,2 D)) =[P=)
Gy [#D,P="7)

G4y LT7; s> = 7]

(15) [ X3 =22) = [ X =0 +2)]

]

13 3 is univer‘SO.l\:j ciis()umc\-‘ive in both operands
(18) [+D = 1D}
(19) [7xX = » X]
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CQO) - (neao.):-':On) , ¥ Ces]‘ro\nge\man¥) and
I Cjt-ro\nssaosi\-ion)
® are oll three jnvoluhons
e distribule over each other
. S&}‘}S{j:j t"l-»m? E/‘P] Qor o) TV

21) [~ (PR = ~Q;~TP)
(12) [m® = D]

(230 [3=2D) [J=+D) [J=~7]
2> [ZP=P) [®»T=7]

(25) -}rcmsi:osii-ior\ distributes over the lOSica\
OPe,r‘a\or‘s and Hﬁe c:,uo\n"i-ﬁco}ions

2¢) (Pis o PI‘QCOF)C\i‘hOY) ) = E/P, Yrue = ?]
(P is e Pos}conclﬂion) = [‘\'I"(,\Q:,/P = AP]

(26) (Pisa Precond'x‘}ﬁon) = [Pdrue = P)
CPis o Pos%‘conc\‘.FOn ) =

('l?) (Pis o "DOS\‘Condi'\‘}Oﬁj =
(m? s Pf‘econdi}ion)

28D \ogical C;’Xf_fﬁs_Si?_ﬂis built flprom Foschd,'_

Kons are posteonditions.
(29) [hue;P=P] & [X; (YaP) =2 X, A P)
(30)  [Pihrue v true; Q1 2 [Pidruel v [hrwe; Q)
G [Prbue) v Diue; 7P)
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(32)  [hue; 1X; Frwe]) v X))
(320 [hue; 1X; hue] £ [X)
(33) (10X, e YY) = X)) v 1Y)
(33 [1(X; due; )] = [ax] v [0Y)
(34) (X 4ued] = [aX)

Reknow \edgem ents

M3 indebtedness to Q.Tars\‘:iJ o CAR.Hoare

and He J'rﬁarlg, }o W.H Hesselink and Yo C S.
~6chol+§_p js obvious. | did not much wore thean
sor‘\'iﬁ-)ﬂne material  and Pf'esen‘}‘ 1N a homo ge-
neous notation.

Rustin, 8 November 1990

?t‘ofdr- Edgﬂer LJ.’:DSlr:s}rc\
(Dch\r)‘mena‘ o() Com?w}er Sciences

The Un]v‘er‘si% o{) Texos ot Rushn
Auskn , TX F8750- 8133
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