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Well-lpcundec\ness ond the relakional calculus

In o we\\n(éunc\ed se}‘, all decr‘ec-s}nj cha‘ms
are o? ﬁni’re \enﬁ'l-h. In Senerd, we cannot suaronhe
Pinil-e \engths {Z‘:r‘ increo-sinj chains, i.e. the "rons‘:vosa
of o well-unded relotion “is , in 8enerq|, not well-
{%undecl. Vet | there s Some-n\inj sPeciq\ about
Jhat 4mnSPGS€= “‘s "‘r‘anspose s we“v-@unc\ed[
This suggests he introduchion o? iw_of\orfvjs .o?,\fjel\'«
founded ness, which we Moy call "le@--@unded'i"
ond r}gh}-- ﬁaundecl", with  the seneral connechon

(S is \eﬁ-(’ounded} = (NS \'s \"iah‘*-—?&andedj .

n s

For S is \eﬁ-roundeol " e propose the c\eeni..
Yon —TPand \oeinj of \-DPG relahon ~

(0) ) <V?-" [’P] <= [’P Vv S','\’P]) (See QPFendix.)

Leﬁda We @;l\csuo the convenhion thol seems
in the Pror_ess OF) be‘ma es\'o-\o\is}\ed oF) aiuinfj
"5" . bind'lﬁj ?owef‘ betueen -l'\ne uno:j 1" and
v on the cme hand and the b‘mar_j “v'" and ‘A
on the other. (End o(’ Leﬁen don.)

For 'S s r'\ak-}-@undecl " e propose
_ WP [’P] & [’P Y, ‘113;5])
The Proof o€ e senero\ connection is ]ep- cs

an exercise @:r }he recder , whe needs
e [¥1=[~X]

4]
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e [N(X;Y) = ~Y, ~X]
. ~ distribules over booleon OPQW}OQ Cin
Par\'icular‘ over Ou'\d —l )

In the sequel, we comfine our aHention Jo the

notion o? 1e@~()0undeclness.

%
* *

We de @ne the dronsitive closure _c_gﬁu_éf as

B i W e e

the s\-wnses} ’R_ Sfll"isﬁmj
(1) (R= Sv &SR]

Remark  Qlernclively, , one can reFlace., 'm +he
obove c\e]anihon, (1) \03 [R= S v R 5]

or bfj [.KR =S V(R;RB . The equivo\ence

Yhese +hree c\eﬁn‘uhms of? e Ironsitive closure
OP 5 F’o\le oulside +he Scope oFHmis note,

R consequence 0? this univa|ence 1s that the
transibve  closure o? the §-r‘o.nspose uF o relobon
eq\.m\s +he Jrrar\sFose o? s ronsiHve closure.

(Bra OF “Remark )

“Theorem 0 “For \e@-@unded S, () delermines
R umque\a.

"Prcgg. With U SahS%inﬁ

(2) [U= S+ S,U) ,

we have o show that [U=TR] (Z)uouos ﬁu-n
(0), (1), () . We observe
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u=7=]
&« {() with Pz USR: S is lef-ounded]
[(U=R) v S;CU#ERD]
£ (O, )
(v SU = S v SR) v 5',(U#-'R)]
i v distributes over Ej
[Sv (550 =2 §R) v S;WER))
= § v cdishibules over =}
[sv (55U v S;CUER) = SR vS;(U;sT?))J
§ 3 distribubes wver v §
(sv (s5,(Bv WERYD = S;CR v CLERMN)]
{Frecl.co.lc.= [ X V<X$Y> = XV\(]}
[S v (S;(UvR) = S; LVRII]
{Pred co.lc.}

Yrue .
(End OP ’p"ooﬁ)

1

h

i

/]

_ Theorem 4 The tronsitive closure opa leﬁ-{)ounded
relation is le@-{)cunded.

’Proof \/Jl‘}'h S and /R SG"'IS%inj (D) and C’\)

we have o show
() <V'P [?J &= [(P \% ?,1’?3>

To this end we ﬁrs} cbserve Fér- om.:‘ P

"R; "IFP

= {1}
(& v S:R); P

= £ 3 dishibultes over V}
S",“lfp A4 SJ’R:p-]fP
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i d‘-s\-ri\:u¥es. cver v}

= S, (P v R;P)

{de Hor O\nS
= S, 1 (PACAPY
le. we hove used (1)

‘o es?ouislﬂ
(4D [fl?’,'fp = SN ("PA'\(’R',‘\’P))]
_ This G)rﬂ'tulc.

relales an Ry ?
nowd Froceecl

Yo on 507 . e

[P v R;AP)

= pred.cale., to sHenS{-hen+he induchom h:jr)oﬂnes.‘s'ﬁ
CP A A(RAT) v R;1P)

= {(4%

[(PAARAP v 559(PAn (R, PN
{00) with Pi= A AR TP}
LP A ARAPY)

= { pred. CO\(C.B
o)

=

(End of’ ?roof? )

Theorem < If) +he -\rf:.nsi\-ive closure oF)c:.
T‘doJ-’:on 1S \eﬁ-@unded, so IS 'Hﬁe. re\c;)"nm
i\-self).

/PmQ( We have o estoblish

(O) on Gccount
o? (1) and (3. To this end we ooserve {zﬂ‘
any i

L Pv S;F)
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=p {(13 , hence [S ap’R] , ond mono}oh&dij}
[ PATR;P]
= ()}
[P]
(End o? ’Prbo())

n > ¥*

“The chove theorems and Froof’s ore essen}ich\-j
the some os those n ﬁuSSB/E\JDw?'B “ Well-
{%undedness and the Yronsitive closure ” F}m
1990.04.28 . (The idgpl_-;ffers R ond S hove
?Xc‘ﬂonﬁe.d roles. T am Sorry obout ‘H'\o.}‘.) 1
hove wonted -Fér & lon& time Jo give these
Proo?s as rendered here, but did nol succeed
because n (0) 1 head restricted +he ronge
o{? ckumm.g P to ]e@—condihms: '

YR [Phe =Pl D

Last weekend, \OQ\cinj again or +the Fmb\em, T
recovered Go-m this mistcke.

T am {Gscincled lo;.) the chove Pmo@
becaw se 'H"fj are Carred owt n our :'Pcin’rless
\bﬁ‘ac": no need -@r 'Folrﬂ- Precl',cai-ee’ or line rele.
hens “ ' RAnd thet s ver Nice a‘() we contrast
that Jo the ohher _and T om affaid ypical ~
Wy Q—F de ining we“-@undedness.

“This is done either b\‘j s}‘okinj that each nmem]o!y
subset hos o minimal element or 1?3 s)-o.l-‘mj that all
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clecreo.s’urzf) chains are OF) ﬁnil-e. \enSH-.. Both
@rm(.tlo»}:wns most exP‘Bc}H reﬁer o the indi-
vidual elements. 1n (0) , the Yrird characlerize-
Fon o-P wel\-@undedness —Vviz. he vo\?di)j oF)
Fmo()s b(., mol—%ema’ﬁcc.[ induchion — is shled
—Cs 'asb-}he no\'icm o? -]*ransihva closure in (1) -

in the pointless relahonal calcalus., TF is now

clear leJ the third characlerization of well -

]andedness is to be Pre\@rred: wlqa}eder can

e achicved m\-hou}' os}ulc\}inﬁ 'Poin}s” is
K]Ou+ theém.

o :Simrlj done LJl

—

A am \.'er\xj F‘ecxsed L&nl.k Yhe cbove \"ZSMH‘S.

F\].o_pendix

"F'-orrnula CO) 1 'H'le ”Foinﬂess" 'Ir‘anscr'lfr}\on o()
(s) <VP <Vx,3:: x ._j.> &
<V"»,‘_‘)"’ x’P:j v {2 xSz A z?5>>>

Tn Yhis appendix , we shall show +hat (8) is
quixfc\ed with  (6), the dradibional we OP ex-
PrE‘SS'mS 'anﬁ- | 5 15 C wel\-(éunded re\c.)-}m:

(6) <VQ <VX:: QX){-—‘
<Vx:: @.x A4 <3-z.:: XSZ FaN ‘\@z)}) )

(Usuo\\b ‘%»S2" is rendered &S "x)z_h of "XIJZ".B
Qur Froof’ is ba mauta al imPlicc.Hon.
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()« (5)

- e s e R e

(6)
{quonﬁﬁco&ion over & Pms)'\ diwmme with a
non?mp‘b renge \s Jhe ‘udenh":j __?Pera\-ion'f
VQ <Vx,:j=: Q.x}_:é:
Vg Qx Vv {Az: xSz A A QW)
< {ea Predica)-e & corresponc\s Yo a relchon P
et does not dePend on the other argu-
menk. 'B:] ex’rend‘mﬁ -”"ae ronée -@r‘ Y te
ol l‘E‘a\%ar\S, -}he universq\ qu&n)’»ﬁca\'im
s ‘S\T‘enﬁ‘}hene:\}
(s) :

(6) = (5)

[ e i R

(6)
= { write QR.x as X’pv H "VQ" then

hbecomes "V'P,v "} o
<VP:'. <V3 <v><:: X’P¢3> f o
{vvxs: xPy v {Jz:xS2 /\’\‘Z.’\):j>>>>
=3 {mgnax-on'lmb OF) V‘-?

(s) . CEnd °f> QPPenc\‘rx) :

With oc\cnow\edgemenH ‘o the ATR<.
Aushin, 13 November 1991

N

rro? dr. Edsser us. 'Da\(s%q
':DePor+men+ o-? ComPu‘}er Sclences
“The Unwersib oF Texas ot Ausha

Rushin, TX 33712~ 188 , USK



