EWD)I55a -0
EWD1155a.html

A prime is in o most A way the swum of’l squares

Tn EWDUIS4 we deall with D Zcxj'.er% }:)roor
+het o )’:r)me of Hhe —Qnrm 4% +1 is the sum oF
2 squares. For such o Frime, +his ”Square de -
comy)osi*}ion” 1S, N {%‘c)r, unigue. Here we show
+this lij roving that an odd mumber is not
T.Drime ig'r)‘ s -H')e Stam of) 2 d'ﬂ{ererﬂ- Fairs
o? Sc‘uuf‘es. /Provinj 'H‘na‘}‘ o number s not
]orime will be done b rewriting that num-
ber as +he Froc\uc)r ;?7 2 F]ura s. (B ”F\uml"

'S a Notural Number ?Q‘>

“Remo\r‘k The de«f)ini-}ion o rimalit thot we
use —and which T o@enlp{;c:und )ro:)be the

Nicest one~ 18

prime.n = <V><,:ji X22 AN Y220 XY & n> ;

+he existential uanjri-ﬁCmIion expressing non-
Pfimo\i’\‘b 1S dem0054ra+ed b COY)S‘}'I'U\C“‘}YWS
o witness., ( End o]p Remark.

X x *
There are —\-wo c\]s'}'mml GSTDeC}S to -nﬁs ]'.Drob]em,
There 1s the c.lﬁebraic oaspect OF QxPr‘ess}nj the
-)‘EZ roduet o() 2 F\u-
rals, and there is the notational ques%oh
og how o express that o number admilts
2 diﬁ%r’en-)- SGuare decom]aosi—}mns_

Sum o( 2z squares Qs
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Let us look ot the G]ﬁelomic QsFeC‘}' irst.

The simr]esjr —Formulcx 1T know +that eqguo
Yhe sum of 2 squares to a r)roducﬁ

(o) (o«+b)z+(0\-b)z = 2.(a%*+b")
Remark This -Formu}o» Is OF '}ndef)enden‘} interest

n -H';e Cow)'e.x-}- o? square decomn o;S':-]icmsz re

So.r-cness o\p )orimalj):j i+ establishes for 0;2
n
2

o one-to-one corresg;onclence lbelws een e
n

n and those of)

Squo. re deco.mloosig ions ©

(End 0{7 f]?emark’.)

We cannot wse (0) as is’ —](zar we have
Yo write odd numbers as the sum o{) 2
Sciucxr‘es. So we 3enera\ize the le.-@r-)womd

side 4o Ca+b)*a Ce-d) ', bt restrick
oufse\\)es +o ~H’7a situalions wﬂ%

(1) ab = ¢c-d R
so +hot we inherit -Gom (0) +thot 1he 2

Cross- )oroc(wAs cancel

(Q) &’b = C‘C‘l =>
Cox+bD? & Ce-d)* = a*+b*+*+ d*

Nole 4hoet he riﬁhl‘-honc\ side o’ the con-
Seolu.eﬂ¥ is an even @nc)-ion o{)+e varia bles,

So much —(é:r‘ the Qbebrm‘c aspec:+.

we mnow turn to +he ques-Hon of how
‘o ex]—:r‘ess 'Hﬁa‘]‘ an odd n admibks 2
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diﬁ?er‘en} Square deco m)—)os;'}} “Ns. -Here "H’)e
Y)f‘ab\em s 'Hﬂa:“ xz-!— = ancl 31+x1 count
GS —Hne. same S(?]uare CEZCOMFOSHHOY\S. \f\% can,

however, éx?‘oi}' Yhot n 13 odd; hence,
when n 15 written as sum of 2 Squores,

the ome square is odd and }the other
square s even, Consequen'}b, ';F) odd n
admits 2 di-ﬁ-?arew]~ square decompositiems,

we can choose ’gosi)rive a,b,c,d ‘such Yhot

(2) (aabd)? + Ce-d) = n A
Ca-b) + Ce+d) = n

Here o 15 the avernge o? Yhe numbers o?
the one arity , and  C the qvemje oF
Hhose of Yhe “Gther o.rl’rb; because we

are consic\er}nﬁ G\i]eé:ren)- Square decomPosj_
tions o? n , also b and 4 can ke

chosen Pos\ bive.

E\]mino‘}in QF)"}er +his choice n (;)“om
P b.:j EQV«;\}’}"\S ~Hne \e@-}\o\nc{ Sides,
we decuce q@er‘ simphi ;Ca)rioﬂ a«b:c-cl,
e. (1), and "]'hen,COm\D]Y\?ng (1), (2,
and (3D

(4 N = o24+bi4cird” ,

thus reo\ucinﬁ our }'Jroof oblicahion +to s)mow'arjj
Mot Hhonks Ao (1), the b-hand side
of (4) con e '?ctc#or'rZed as +he TDrOduc.‘)‘ OF
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dwo Flurcﬂs.

We wmeet Hhis lask roo? oblisatiemn in a
X ?014‘ (D, e.
Geb = c-d, b—cj So]\f'lnj the e.qu«c.)ricm

D) a,b,c,d @ G-b=c-d i

Hwen subsh%&e Yhe nem] so]uhczm into ‘he
ri&]na\]ﬂand side (4) ond look \hal we
can do with qu TQSMI“']Q? exrres‘sion.

'}ojro\\b classic manner: we ex

MMH-\F\]CC\%CM be)ng summelric and
cSsociahve | we have {ér o\n\j C),F,SoE

(q-r‘ﬁ'(‘s-f) = (q'S)~Cr'-‘c3
ond hence, (5) 'né solved b\?

(é) Q= Olef“ (i)
b= St Cii)
C=GeS (i)
d = r-k ('N) s

but Hhis observabion Cmb Yells us Yhol (6D
185 QA Orl"tC‘u}ou‘ Solu}-icrn D) equo\"'lcnn (5-)’
and we need Yhe loHer's Senercl solution,
we shall now show Yhat 8D is also

the Sener‘q\ solutieom o? (5) b{j showirg
Yhat Hdor any soluben of (5), here exist
norural o],r,s,?: satis mj- (6). We
shows  the existence b:j Ccms}ruo_}i@ a
witness :
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Qi= o g_cﬁi < )
, = C\/Cl {Cé)l)
J s:= </q §C6) S
3 Y= b/s Cof" t:= d/!" D, {(6) i and (6)\\}3
Pecause 9 13 a divisor &  ond <,
9, ond s ore 'm%-ejer; moreover, Since

s dhe areatest commmem divisor o oX
9 grearest

Gnel
(7) rgds =1

With () and Ciii) sakisfed, we deduce
gcrm (1) ~and q:f:O__.

r°b = S'd

€r0m which we comclude N viewd OF C}’)’
Jhal r divides & and that s divides b

and N yaeml - F%O and S#O-— b/S::d/r‘.
S erther GSSbnmen)‘ o +  does +he Jolo.

?

And now we are essenﬁa?\lj done, —()cr“
a® + b rct +d"
= iGN
Co,-r)z v (seb)® & (Q'S)z + Creb)®
5 olaghral
(g*+ €0« (r*+ s?)
and the romelers 9, .S, ¢ ol ﬁyer‘mﬁ
—?rcrm o, FC—;\OQ .()o.c,)rc,rs are I’Dluf‘&ls.

i
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Tor devosjra}inﬁ comments on an earlier
version —-Sross omisSions and major rabbits ~
1T am indebted Yo the ETAC, 3o Wim H.
Hesselink and (l‘?u*ger- P’I.’:ngs*ro‘. Lex
’Bs]sma was so kind o relriewe thatl -apart
fﬁ‘um less @r}uno\}-a r’lo}‘O\l‘lC}T\‘- m\j rook’
or‘g‘.nal\lj coneceivea beFueen Amarillo and
Akilene, had alse been d@siéhe::l b:) Euler.

The obove argument i3 r‘eloor*—‘recl becouse
7h r]orovioles Cn Sri\dnﬂ QXOLVV\F]Q o{)c foo
i which +he Q]fjeioro\ s torall Irivia 5
while ol Su'o*]eg? has lbeen infestecl in the

decision What Fo0 noame.
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