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Transitivity, _as on Cunexpea*]-ed?) Consequence
Y, 7

Al varables in Hthis nole are of)cm un speci-
-ﬁec\ bjpe on whic)ﬂ Cu r'elc-iion £ s degned,

A stanclard *\‘ec\nnique ’(Z:r {chlrion deﬁni‘]ion
is do de-ﬁna '}he -ﬁmc}} on &S —Hne so lea }i )y a?
an ec:!ua}-ion . We would  like 4o cle](i)ne Yhe

solut on o{;
(o) W <‘V’z:: wgz = Xs$z2 AJ$2>

Qs «ﬁmc\—ion o{) X and Y- This On\:j works
?rovided

(i) Solutiens of (0> are alwc:js un‘:que, and
Gi) Solutions 0{7 (1) 0‘1"‘55'2?5 exist.

To beain \m‘—nw, Loe inve.s—l'ijc,)re w}va* o T::os-
tlote about € so that Twe can )7rove
umci?. L et a,b be soluXons o() (o) ;
we ‘hen observe —@Df" arbi-}r‘a:j XY

trice
= 1 red.cc.lc.}

<\v/2:: xX<£2 A €2 = X$zZ A sz>
= ‘{ . Gand b bo”r) So\\fe (0333

<V‘2 o G2 = b \<2>
=> { ?'LS"}an\-'la*e w:-}h 2:2 6. onad \A.ft“’j 2::\)}

= {- assume S o be reﬂexwe
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bsa ’~ as\o
—— -[‘ ossume 6 —\o be o«nl-'\s(njmme%}c:?)

e
(o =b

TN view o the above Qrﬁumen'}' we.
Fos‘}v\‘o}e owur < +o be reﬁex}ve and

ant S Y v etrric,

“Kemark < be‘m bo~U\ re@exive cancl

S~

ontis mmelric s GXPFQSSEO\ ,23 -})16 Sinj]e

Brmida
(D D=y = g rygsx]

where we use [] +o denoie universal Ciucm~
)f‘\.ﬁcc\—}":on OC +)'1€ enclosed expression over il‘.s
ree varichles. Ps 4\ne a‘goue c.rf)umen} S)ﬂows,

(4D 'l‘mP\:‘es
(27 [x=5
() Y-Xz':j Wz z$x = 253)]
(Bnd of “Remark. )

i
<
N
X
IA
N

-_‘—-\(j$2>] and

Y]

Besides (1) we now ostulate (i),
viz. that (o) s alwags so veble. The rest
o{) this no‘\'e 1S deuﬂed Yo the Fr‘oo{)
Yhat () A Gii) imT)lies the ‘]'ransi-}ivll‘j o

*

3

* *

The Proo{), ‘hﬂ‘o\“(j e\emen“-o\(‘;j ond built qom

well-\fnown COMFOV}G’V‘)“S — See , qof 'mS‘]'once, [0 -
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s rother indirect: —g':,llowinj ”J,-'Zajeq' we wuse
(0's umicaue solubion o de—ﬁﬂe an 'mFix
oi’)er‘c.lror, OF w\'\icln we ]’M'O\Je (o numbef‘ o
Pro]':oerhes wusin (A) and C?-). "ﬁ”ﬂ"‘j, +he
4rc.nsi‘]-ivi\-3 o(?j < s s\nown. tere we 50-
We denote (0)'s solution b,j ij , ie.
defme the 'mﬁx oFerc..lror T \33

(4) [xTy <2 = x$2A ysz]

Lemma O T is ossociabve .

’Proof CO«T’D)TC {2
= G xyee CaB),
(ath) g2 A cxz2
{ EPX Xy = Q,’Z}
(a2 A bsz) A cx2
A is O.SSOC'IC-‘\"IVQS
asz A (bsz ~csz)
{ (@) x,q:= bel
a2z A (bltedsz
= -I (4 SURE Q,Cb’k‘)}
aT(ble) <z ;

o account of <‘2)
[(aTB) e = o (b1<)]

Nows @\lows. CEnd of /Proo(.))
Lemmao 1. [XSXTJ A jSXT&]

h

!

[
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/Pro?_( We observe -@r OJD X-,j

xsx?b A Yy s X1y
‘{CZI): 'Z:?:L_j X/YJ]J

xTy g XT
= J{ < réjﬁex?vejl

Arue ( End o{) /P\‘Uéf )

Lemma 2 [xTD =y = XSU]
“Proo We observe »(c:;r av(tj X,\j

xTy =
\j{ (‘\f% X = XTSB

ij Sy A I\js XB

; { Lemmal 1
xTy <y
= D‘{ C(J) L 'Z::\bs

X T AN :S\tj
= {j < reﬁexiue?]
4 Sj ) (End o{)/PrOcﬁP.)

n

N

Theorem: < s 4T‘Cmsi-}ive

/Prcujf_ We obsesve '(g)f‘ Ot'b a,b,c

asb A bgc
{ Lemma 2 - X,:j:: O,,,\D and X,\(j = b,C}

aTh =b A blTe =c
=) { Le'nbnlzl
(th)te =c¢ A blec =c
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QT(I:)TC) =C A b,‘\c:C.
= {Le'nbn'uz}

ale =c
= { Lemmo. 2 X4 = Q,C}
e sc " CEndl oP /Prooﬁ)
* * *

The roo?.s hove been included 4o make
+this note Sel{z contained (cmcl )oerho]as also
e couse il— s ah»fclujs . Flecsat‘e 40 write
them down). T+ is instruchve 1o check  how
essenhal LUse has been mode o? equq\ib,
(Lemma 2 replacec\ ) —?or instance, \C:j

£ or [XTU =y €« x?j:\(;

- Ox T\\)-s:j = X< jﬁ

would not have suﬁ?cc—-cl —Q)r the proe
the 'T]neorem.]
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