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Lecture 9: Geometric Modeling and Visualization

Geometric Partial Differential Equations:
Non-Linear Surface & Volume Diffusion

Chandrajit    Bajaj
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Mean curvature plot: non-smooth functions at x=0, y=0, z=0

After three iterations After five iterationsInitial functions

Fairing Noisy Surfaces (Mean Curvature)
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Fairing Noisy Surfaces (Gaussian Curvature)

Initial data After 1 iteration After 4 iterations
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Fairing of  Scalar Function on Surface
Iso – Contours of Acoustic Amplitude

After 4 fairing iterationsInitial data
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Functions on Surface: Texture

Initial dada After 1 iteration After 4 iterations
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Refinement in the parametric space
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Open Surface
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Anti – Crease by Diffusion Tensor

Initial
Mesh

After
11,114
iterations

a=(area)
of triangle.
After 2228
iterations.

Limit
surface

0.45
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Change Shape by Diffusion Tensor

a(x) = x2
1+ x2

2; where x = (x1; x2; x3)
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Mean Curvature Plot

Initial data After 1 iteration After 4 iterations
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Overview: PDE based diffusion

Heat equation

    the solution is

     where        denotes the Gaussian filter of width σ
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Overview: Gaussian Filter
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Volumetric Image Rendering
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Isotropic Diffusion ( 1 timestep )
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Isotropic Diffusion ( 3 timesteps )
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Isotropic Diffusion ( 24 timestep )
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Nonlinear Image Diffusion

Early attempt: Perona-Malik model

   where diffusivity    becomes small for large       , i.e.
at edges

                   or
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Anisotropic Diffusion

Weickert’s anisotropic model:

Local structure:
Eigenvectors:
Diffusivity along edges
 Inhibit diffusivity across edges
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Anisotropic Volume Diffusion

Preuβer and Rumpf’s level set method for anisotropic
geometric diffusion
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decompose any local vector into three directions:
  two principal directions of curvature
  normal direction of local structure
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Level set based Geometric Diffusion

Diffusion tensor

     Curvatures enhancing( 1D features) along
two principal directions of curvature on
surface

No smoothing along normal direction
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• Any vector can be decomposed as

• Then

• so
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Level set based Geometric Diffusion
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Anisotropic Volumetric Diffusion: 3D curvature

• Three principal directions of curvature from volumetric
image--hypersurface in 4D

• use Gram-Schmidt to construct an orthogonal frame
of tangent space

• the mean curvature vector at point x is

• where
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⊥ denotes the normal component of a vector.

Anisotropic Volume Diffusion: Mean Curvature
Vector

and are the Riemannian connection in M and k
R      respectively ! and  

~

!

TM is the tangent space  !
TM  is the normal space
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is considered and then projected into the

Mean curvature vector
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• Calculate the second fundamental form
• Let      be a normal vector field on M and X be a vector

field tangent to M, according to the equation of
Weingarten, we have

• where           and           are respectively the tangent and
normal components
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The Second Fundamental Form (Tensor)
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Principal Curvatures and Directions

• The principal directions of curvature                are the unit
eigenvectors of matrix

• Principal curvatures                are the corresponding eigenvalues
• Anisotropic diffusion tensor
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Volumetric Image Rendering (Original Data)
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Anisotropic Volume Diffusion (1 timestep)
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Anisotropic Volume Diffusion (5 timesteps)
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Finite Element Method

• Discretize

Result

Where
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